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Abstract The modified simple equation (MSE) method is promising for finding exact traveling

wave solutions of nonlinear evolution equations (NLEEs) in mathematical physics. In this letter,

we investigate solutions of the (2 + 1)-dimensional Zoomeron equation and the (2 + 1)-dimen-

sional Burgers equation by using the MSE method and the Exp-function method. The competence

of the methods for constructing exact solutions has been established.
� 2013 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.
1. Introduction

The study of the traveling wave solutions for nonlinear evolu-
tion equations (NLEEs) plays an important role to look into
the internal mechanism of intricate physical phenomena. Most

of the physical phenomena such as, fluid mechanics, quantum
mechanics, electricity, plasma physics, chemical kinematics,
propagation of shallow water waves, and optical fibers are
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modeled by nonlinear evolution equation and the appearance

of solitary wave solutions in nature is somewhat frequent.
But, the nonlinear processes are one of the major challenges
and not easy to control because the nonlinear characteristic

of the system abruptly changes due to some small changes in
valid parameters including time. Thus, the issue becomes more
complicated and hence ultimate solution is needed. Therefore,
the study of exact solutions of NLEEs plays a vital role to

understand the physical mechanism of nonlinear phenomena.
Advance nonlinear techniques are significant to solve inherent
nonlinear problems, particularly those are involving dynamical

systems and related areas. In recent years, there become signif-
icant improvements in finding the exact solutions of NLEEs.
Many effective and powerful methods have been established

and improved, such as, the Hirota’s bilinear transformation
method [1,2], the tanh-function method [3,4], the (G0/G)-
expansion method [5–13], the Exp-function method [14–18],
in Shams University.
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the homogeneous balance method [19,20], the F-expansion
method [21], the Adomian decomposition method [22], the
homotopy perturbation method [23], the extended tanh-func-

tion method [24,25], the auxiliary equation method [26], the Ja-
cobi elliptic function method [27], the Weierstrass elliptic
function method [28], the modified Exp-function method

[29], the modified simple equation method [30–33], and so on.
The objective of this article is to look for new use relating to

the MSE method and Exp-function method for solving the

(2 + 1)-dimensional Zoomeron equation and the (2 + 1)-
dimensional Burgers equation and demonstrate the advantage
and straightforwardness of these methods. Burgers equation is
a fundamental partial differential equation from fluid mechan-

ics. It occurs in various areas of applied mathematics, such as
modeling of gas dynamics and traffic flow [34,35].

The article is organized as follows: In Section 2, the MSE

method and Exp-function method are discussed. In Section 3,
we exert these methods to the nonlinear evolution equations
pointed out above, in Section 4, interpretation and graphical

representation of results, and in Section 5 conclusions are
given.

2. The methodology

In this section, we will discuss the MSE method and the Exp-
function method.

2.1. The MSE method

Suppose the nonlinear evolution equation is in the form

}ðu; ut; ux; uxx; utt; . . .Þ ¼ 0 ð2:1Þ

where } is a polynomial of u(x, t) and its partial derivatives
wherein the highest order derivatives and nonlinear terms are

involved. The focal steps of the MSE method are as follows
[30–33]:

Step 1: Suppose the traveling wave transformation [13]

uðx; tÞ ¼ uðnÞ; n ¼ kðx� xtÞ ð2:2Þ

where x is the speed of traveling wave, k is the wave num-
ber, permits us to reduce Eq. (2.1) into the following ordin-
ary differential equation (ODE):

Pðu; u0; u00; . . .Þ ¼ 0; ð2:3Þ

where P is a polynomial in u(n) and its derivatives, foras-
much u0ðnÞ ¼ du

dn.

Step 2: Suppose the solution of Eq. (2.3) can be written in
the form

uðnÞ ¼ A0 þ
XN
i¼1

Ai

U0ðnÞ
UðnÞ

� �i
: ð2:4Þ

where N is a positive integer and Ai(i = 1, 2, 3, . . . , N) are

arbitrary constants to be determined, such that AN „ 0 and
U(n) is an unknown function to be determined afterward.
Step 3: We determine the positive integer N appearing in

Eq. (2.4) by balancing the highest order derivatives and
the highest order nonlinear terms occurring in Eq. (2.3).
Step 4: We substitute Eq. (2.4) into Eq. (2.3) and then we
account the function U(n). As a result of this substitution,

we get a polynomial of U�j(n) with the derivatives of
U(n). We equate all the coefficients of U�j to zero, where

j P 0. This procedure yields a system of equations which-
ever can be solved to find Ai and U(n). Substituting the val-
ues of Ai and U(n) into Eq. (2.4) completes the

determination of the solution of Eq. (2.1).

2.2. The Exp-function method

We now present the Exp-function method for solving the non-
linear partial differential equation of the form of Eq. (2.1).

Step 1: Suppose the solution of Eq. (2.3) can be expressed in
the following form [14–18]:

uðnÞ ¼
Pd

n¼�cAn expðnnÞPq
m¼�pBm expðmnÞ

¼ A�c expð�cnÞ þ � � � þ Ad expðdnÞ
B�p expð�pnÞ þ � � � þ Bq expðqnÞ

; ð2:5Þ

where c, d, p and q are positive integers which are unknown

to be determined, An and Bm are unknown constants. Eq.
(2.5) can be rewritten in the following equivalent form:

uðnÞ ¼ Ac expðcnÞ þ � � � þ A�d expð�dnÞ
Bp expðpnÞ þ � � � þ B�q expð�qnÞ

: ð2:6Þ

This equivalent presentation plays an important and funda-
mental role for finding the solitary wave solutions of
NLEEs [14–18].

Step 2: For determining the values of c and p, we balance
the linear term of the highest order to the highest order
nonlinear term, and for determining the values of d and

q, we balance the lowest order linear term to the lowest
order nonlinear term in Eq. (2.3). This completes the deter-
mination of the values of c, d, p and q.

Step 3: Putting the values of c, d, p and q into Eq. (2.6) and
then substituting Eq. (2.6) into Eq. (2.3) and simplifying, we
obtainX
j

Cj expðjgÞ ¼ 0: ð2:7Þ

Setting each coefficient Cj = 0, yields a set of algebraic
equations for Ac’s and Bp’s.
Step 4: Suppose the unknown Ac’s and Bp’s can be obtained

by solving the set algebraic equations obtained in step 3.
Substituting these values into Eq. (2.6) we obtain the exact
traveling wave solutions of Eq. (2.1).
3. Applications

3.1. The (2 + 1)-dimensional Zoomeron equation

In this subsection, we will exert the MSE method and Exp-
function method to find the exact solutions of Zoomeron equa-

tion. Let us consider the Zoomeron equation

uxy
u

� �
tt
� uxy

u

� �
xx
þ 2ðu2Þxt ¼ 0 ð3:1Þ

where u(x, y, t) is the amplitude of the relative wave mode.

The traveling wave transformation

uðx; y; tÞ ¼ uðnÞ; n ¼ xþ y� xt ð3:2Þ

reduces Eq. (3.1) into the following ODE:
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ðx2 � 1Þu00 � 2xu3 þ Ru ¼ 0 ð3:3Þ

where R is a constant of integration.

3.1.1. Solutions for Zoomeron equation via MSE method

Balancing the highest order derivative u00 and nonlinear term of
the highest order u3, yields N = 1.

Through the MSE method, for N= 1 Eq. (2.4) becomes

uðnÞ ¼ A0 þ A1

U0

U

� �
ð3:4Þ

where A0 and A1 are constants such that A1 „ 0, and U(n) is an
unidentified function to be determined.

Substituting Eq. (3.4) into Eq. (3.3) and equating the coef-
ficients of U0, U�1, U�2, U�3 to zero, yields

�2xA3
0 þ RA0 ¼ 0: ð3:5Þ

ðx2 � 1ÞU000 � ð6xA2
0 � RÞU0 ¼ 0: ð3:6Þ

3ðx2 � 1ÞU00 þ 6xA0A1U
0 ¼ 0 ð3:7Þ

ð2A1 � 2xA3
1 � 2x2A1ÞU03 ¼ 0: ð3:8Þ

Solving Eq. (3.5), we obtain

A0 ¼ 0;�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2x

� �s

Again solving Eq. (3.8), we obtain

A1 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 � 1Þ

x

� �s
since A1–0:

From Eqs. (3.6) and (3.7), we obtain

U0ðnÞ ¼MA expð�LMnÞ ð3:9Þ

Integrating Eq. (3.9) with respect to n, yields

UðnÞ ¼ A

�L expð�LMnÞ þ B ð3:10Þ

where L ¼ � 6xA2
0
�R

x2�1

� �
;M ¼ � x2�1

2xA0A1

� �
and A, B are constants

of integration. Now using Eqs. (3.9)and (3.10); Eq. (3.4) yields

the following exact solution

uðnÞ ¼ A0 � A1

LMA expð�LMnÞ
A expð�LMnÞ � LB

� �
: ð3:11Þ

Case-I: When A0 = 0, Eq. (3.11) yields an absurd solution.
Hence, the case is discarded.

Case-II: When A0 ¼ �
ffiffiffiffi
R
2x

q
, substituting the values of

A0, A1, L, M Eq. (3.11) yield the following exact solution

uðnÞ ¼ 1

�
2A cosh

ffiffiffiffiffiffiffiffiffiffiffiffi
R

2ðx2�1Þ

q
n

� �
� sinh

ffiffiffiffiffiffiffiffiffiffiffiffi
R

2ðx2�1Þ

q
n

� �n o
2RB
x2�1þA
	 


cosh
ffiffiffiffiffiffiffiffiffiffiffiffi

R
2ðx2�1Þ

q
n

� �
þ 2RB

x2�1�A
	 


sinh
ffiffiffiffiffiffiffiffiffiffiffiffi

R
2ðx2�1Þ

q
n

� � :
ð3:12Þ

Since A and B are arbitrarily constants, therefore, if we set
A ¼ 2RB

ðx2�1Þ, from Eq. (3.12), we obtain
u1;2ðx; y; tÞ ¼ �
ffiffiffiffiffiffi
R

2x

r

� tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2ðx2 � 1Þ

s
ðxþ y� xtÞ

 !
: ð3:13Þ

Again setting A ¼ � 2RB
ðx2�1Þ, Eq. (3.12) reduces to:

u3;4ðx; y; tÞ ¼ �
ffiffiffiffiffiffi
R

2x

r

� coth

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2ðx2 � 1Þ

s
ðxþ y� xtÞ

 !
: ð3:14Þ

If R< 0, using hyperbolic identities Eqs. (3.13) and (3.14)
yields

u5;6ðx; y; tÞ ¼ �
ffiffiffiffiffiffi
R

2x

r
tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2ðx2 � 1Þ

s
ðxþ y� xtÞ

 !
ð3:15Þ

and u5;6ðx; y; tÞ ¼ �
ffiffiffiffiffiffi
R

2x

r

� cot

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

2ðx2 � 1Þ

s
ðxþ y� xtÞ

 !
ð3:16Þ

respectively.

3.1.2. Solutions for Zoomeron equation via Exp-function method

Now, we apply the Exp-function method to construct the gen-
eralized traveling wave solutions of Zoomeron Eq. (3.1).

According to Step 1 of Section 2.2, the solution of Eq. (3.3)

can be written in the form (2.6). To determine the values of c
and p, according to Step 2, we balance the linear term u00 of the
highest order in Eq. (3.3) to the highest order nonlinear term

u3. With the aid of Maple, yields to the result p= c.
To determine the values of q and d, we balance the linear

term u00 of lowest order in Eq. (3.3) with lowest order nonlinear
term u3, which leads to the result q= d.

We can arbitrarily choose the values of c and d, but the final
solution does not depend upon the choices of them. We are
interested to obtain nontrivial solutions of Eq. (3.3). By a non-

trivial solution, we mean the solution except the solution
u= a, where a is an arbitrary constant.

Now suppose p = c = 1 and q = d = 1. Since there are

some free variables, for simplicity, we suppose B1 = 1. Hence,
we obtain

uðnÞ ¼ A1 expðnÞ þ A0 þ A�1 expð�nÞ
B1 expðnÞ þ B0 þ B�1 expð�nÞ : ð3:17Þ

Now, substituting Eq. (3.17) into Eq. (3.3) and by employing
the computer algebra, such as Maple, we obtain the following

seven algebraic equations.

�2xA3
�1 þ RA�1B

2
�1 ¼ 0:

x2A0B
2
�1 � x2A�1B�1B0 þ A�1B0B�1 � A0B

2
�1 � 6xA0A

2
�1

þ 2RA�1B0B�1 þ RA0B
2
�1

¼ 0:

2RA0B0B�1 þ 2RA�1B�1 � x2A0B�1B0 � A�1B
2
0 þ 4x2A1B

2
�1

� 4x2A�1B�1 þ x2A�1B
2
0
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� 6xA1A
2
�1 � 6xA2

0A�1 þ A0B�1B0 � 4A1B
2
�1 þ 4A�1B�1

þ RA1B
2
�1 þ RA�1B

2
0 ¼ 0:

2RA1B0B�1 þ 2RA�1B0 � 12xA1A0A�1 þ 6A0B�1 � 2xA3
0

þ 3x2A1B0B�1 � 6x2A0B�1

�3A�1B0 � 3A1B�1B0 þ 3x2A�1B0 þ 2RA0B�1 þ RA0B
2
0 ¼ 0:

�4A�1 � 6xA2
1A�1 þ 4x2A�1 � 4x2A1B�1 þ 4A1B�1 þ RA1B

2
0

þ x2A1B
2
0 þ A0B0

þ2RA0B0 � 6xA1A
2
0 þ RA�1 þ 2RA1B�1 � A1B

2
0 � x2A0B0

¼ 0:

�x2A1B0 þ RA0 þ 2RA1B0 þ A1B0 � A0 � 6xA2
1A0 þ x2A0

¼ 0:

RA1 � 2xA3
1 ¼ 0:

Solving the above algebraic equations for A�1, A0,

A1, B�1, B0, x, R, we get the following two valid sets.

Set 1 R ¼ 1� x2; x ¼ x; A�1 ¼ 0; A0 ¼ A0;

A1 ¼ 0; B�1 ¼ �
xA2

0

4ðx2 � 1Þ ; B0 ¼ 0

Set 2 R ¼ 1

2
ðx2 � 1Þ; x ¼ x; A�1 ¼ 0;

A0 ¼ �
B0

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 1

x

r
; A1 ¼ �

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 1

x

r
; B�1 ¼ 0;B0 ¼ B0

For the values of Set 1 and Set 2, Eq. (3.17) gives the following
traveling wave solutions.

u1ðnÞ ¼
4A0ðx2 � 1Þ

ð4x2 � 4� xA2
0Þ coshðnÞ þ ð4x2 � 4þ xA2

0Þ sinhðnÞ
ð3:18Þ

and u2;3ðnÞ ¼ �
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 1

x

r
1þ tanhðnÞ � B0 sec hðnÞ
1þ tanhðnÞ þ B0 sec hðnÞ

ð3:19Þ

respectively, where n = x+ y � xt.
3.2. The (2 + 1)-dimensional Burgers equation

In this subsection, we will avail the MSE method and Exp-

function method to look for the exact solutions and then the
solitary wave solutions to the (2 + 1)-dimensional Burgers
equation

ut � uux � uxx � uyy ¼ 0 ð3:20Þ

where u ¼ uðx; y; tÞ; n ¼ kðxþ y� xtÞ; uðx; y; tÞ
¼ uðnÞ ð3:21Þ

By means of the traveling wave transformation (3.21), Eq.
(3.20) reduces to the following ODE:

�xu� uu0 � 2ku00 ¼ 0: ð3:22Þ
Integrating Eq. (3.22) with respect to n and regarding integrat-

ing constant to zero, we obtain

2xuþ u2 þ 4ku0 ¼ 0: ð3:23Þ
3.2.1. Solutions for Burgers equation via MSE method

Through the MSE method, balancing the highest order deriv-
ative u0 and nonlinear term u2, we obtain N = 1.

Therefore, Eq. (2.4) takes the shape

uðnÞ ¼ A0 þ A1

U0ðnÞ
UðnÞ

� �
; ð3:24Þ

where A0 and A1 are constants such that A1 „ 0, and U(n) is an
unidentified function to be determined. It is easy to make out

that

u0 ¼ A1

U00

U
� U0

U

� �2
" #

ð3:25Þ

u2 ¼ A2
0 þ 2A0A1

U0

U

� �
þ A2

1

U0

U

� �2

ð3:26Þ

Substituting the values of u; u0 and u2 from Eqs. (3.24)–(3.26),

into Eq. (3.23) and then equating the coefficients of U0, U�1,
U�2 to zero, we respectively obtain

2xA0 þ A2
0 ¼ 0: ð3:27Þ

2kU00 þ ðxþ A0ÞU0 ¼ 0: ð3:28Þ

ðA2
1 � 4kA1ÞðU0Þ2 ¼ 0: ð3:29Þ

From Eq. (3.27), we obtain

A0 ¼ 0;�2x

And from Eq. (3.29), we obtain

A1 ¼ 4k; since A1–0

Solving Eq. (3.28), we obtain

U00

U0
¼ �l ð3:30Þ

where l ¼ A0þx
2k

	 

.Integrating Eq. (3.30), we obtain

U0ðnÞ ¼ c1 expð�lnÞ ð3:31Þ

where c1 is a constant of integration.
Integrating Eq. (3.31) with respect to n, we obtain

UðnÞ ¼ c2 �
c1
l
expð�lnÞ ð3:32Þ

where c2 is a constant of integration.
Substituting the values of U and U0 into Eq. (3.24), yields

uðnÞ ¼ A0 þ A1

c1l expð�lnÞ
c2l� c1 expð�lnÞ

� �
: ð3:33Þ

Case-I: When A0 = 0, Eq. (3.33) becomes
uðnÞ ¼ A1

c1l expð�lnÞ
c2l� c1 expð�lnÞ

� �
: ð3:34Þ

We can arbitrarily choose the constants c1 and c2. Therefore,
setting c1 ¼ xc2

2k
and substituting the values of A1 and l into

Eq. (3.34), we obtain
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u1ðx;y; tÞ ¼ �x 1� coth
x
4

xþ y�xtð Þ
� �n o

; x> 0: ð3:35Þ

Again if we set c1 ¼ �xc2
2k

, Eq. (3.34) reduces to:

u2ðx;y; tÞ ¼ �x 1� tanh
x
4
ðxþ y�xtÞ

� �n o
; x> 0: ð3:36Þ

If x < 0, Eqs. (3.35) and (3.36) yields

u3ðx; y; tÞ ¼ �x 1� cot
x
4
ðxþ y� xtÞ

� �n o
ð3:37Þ

and u4ðx; y; tÞ ¼ �x 1� tan
x
4
ðxþ y� xtÞ

� �n o
: ð3:38Þ

Case-II: When A0 = �2x, Eq. (3.33) becomes

u5ðx; y; tÞ ¼ �2x

þ 4xc1ð1þ tanhðxðxþ y� xtÞ=2ÞÞ
2c1ð1þ tanhðxðxþ y� xtÞ=2ÞÞ þ c2x sec hðxðxþ y� xtÞ=2Þ :

ð3:39Þ

The free parameters may imply some physical meaningful re-
sults in fluid mechanics, gas dynamics, and traffic flow.

3.2.2. Solutions for Burgers equation via Exp-function method

Now, we apply the Exp-function method to construct the gen-
eralized traveling wave solutions of Burgers Eq. (3.20).

According to the parallel course of action discussed in Sec-

tion 3.1.2, the solution of Eq. (3.23) can be written in the form
of

uðnÞ ¼ A1 expðnÞ þ A0 þ A�1 expð�nÞ
expðnÞ þ B0 þ B�1 expð�nÞ : ð3:40Þ

Now, substituting Eq. (3.40) into Eq. (3.23) and by employing
the computer algebra, such as Maple, we obtain the following

seven algebraic equations.

�A2
�1 � 2xA�1B�1 ¼ 0;

� 4kA0B�1 � 2A0A�1 � 2xA0B�1 � 2xA�1B0 þ 4kA�1B0 ¼ 0;

� 2A1A�1 þ 8kA�1 � 2xA1B�1 � 2xA0B0

�A2
0 � 2xA�1 � 8kA1B�1 ¼ 0;

� 2A1A0 þ 4kA0 � 2xA1B0 � 4kA1B0 � 2xA0 ¼ 0;

� 2xA1 �A2
1 ¼ 0

Solving the above algebraic equations for A�1, A0,

A1, B�1, B0, x, R, we get the following five valid sets.

Set 1 k ¼ �x
2
; x ¼ x; A�1 ¼ 0; A0 ¼ 0; A1

¼ �2x; B�1 ¼ 0; B0 ¼ B0

Set 2 k ¼ �x
4
; x ¼ x; A�1 ¼ 0; A0 ¼ 0; A1

¼ �2x; B�1 ¼ B�1; B0 ¼ 0

Set 3 k ¼ A1

4
; x ¼ �A1

2
; A�1 ¼ 0; A0 ¼ A0; A1

¼ A1; B�1 ¼ B�1; B0 ¼
B�1A

2
1 þ A2

0

A1A0
Set 4 k ¼ x
4
; x ¼ x; A�1 ¼ �2xB�1; A0 ¼ 0; A1

¼ 0; B�1 ¼ B�1; B0 ¼ 0
Set 5 k ¼ x
2
; x ¼ x; A�1 ¼

A0ðA0 þ 2xB0Þ
x

; A0

¼ A0; A1 ¼ 0; B�1 ¼ �
A0ðA0 þ 2xB0Þ

4x2
; B0

¼ B0

Now substituting Set 1–Set 5 into Eq. (3.40), we deduce abun-
dant traveling wave solutions of Eq. (3.20) as follows.

u1ðnÞ ¼ �2x
coshðnÞ þ sinhðnÞ

coshðnÞ þ sinhðnÞ þ B0

� �
; ð3:41Þ

where n ¼ � x
2
ðxþ y� xtÞ.

u2ðnÞ ¼ �2x
coshðnÞ þ sinhðnÞ

ð1þ B�1Þ coshðnÞ þ ð1� B�1Þ sinhðnÞ

� �
; ð3:42Þ

where n ¼ � x
4
ðxþ y� xtÞ.

u3ðnÞ ¼
ðA1ðcoshðnÞ þ sinhðnÞÞ þ A0ÞA0A1

ðcoshðnÞ þ sinhðnÞÞA0A1 þ B�1A
2
1 þ A2

0 þ ðcoshðnÞ � sinhðnÞÞA0A1B�1

 !
;

ð3:43Þ

where n ¼ A1

4
ðxþ y� xtÞ.

u4ðnÞ ¼ �2xB�1
coshðnÞ � sinhðnÞ

ð1þ B�1Þ coshðnÞ þ ð1� B�1Þ sinhðnÞ

� �
;

ð3:44Þ

where n ¼ x
4
ðxþ y� xtÞ.

u5ðnÞ ¼ 2xA0

ðA0 þ 2xB0ÞðcoshðnÞ � sinhðnÞÞ þ 2x

ð4x2 � A2
0 � 2xA0B0Þ coshðnÞ þ ð4x2 þ A2

0 þ 2xA0B0Þ sinhðnÞ

 !
;

ð3:45Þ

where n ¼ x
2
ðxþ y� xtÞ.

4. Explanations and graphical representations of the solutions

In this subsection, we will discuss the physical interpretation of

the results of the (2 + 1)-dimensional Zoomeron Equation
and the (2 + 1)-dimensional Burgers Equation.

The (2 + 1)-dimensional Zoomeron Equation:

(i) Applying the MSE method, the (2 + 1)-dimensional
Zoomeron Equation provides the traveling wave solu-
tions from Eqs. (3.13)–(3.16). In these equations the

arbitrary constant R „ 0. The shape of Eqs. (3.13) and
(3.15) are represented in Figs. 1 and 2 respectively with
wave speed x = 2, y= 0 and R = 9 within the interval

�3 6 x; t 6 3. Fig. 1 represents kink wave and Fig. 2
represents periodic wave.

(ii) And applying Exp-function method, the (2 + 1)-dimen-

sional Zoomeron Equation provides the traveling wave
solutions Eqs. (3.18) and (3.19). In Eq. (3.18), the con-
stant A0 „ 0. Eqs. (3.18) and (3.19) are hyperbolic func-

tions solutions. Fig. 3 represents the bell-shaped profile
of Eq. (3.18) with A0 = 1, y= 0, x = 0.75 within
�3 6 x; t 6 3.
The (2 + 1)-dimensional Burgers equation:

(i) Applying the MSE method, the (2 + 1)-dimensional
Burgers Equation provides the traveling wave solutions



Figure 1 Profile of Eq. (3.13) with R= 9, y= 0, x = 2 within �3 6 x; t 6 3.

Figure 2 Profile of Eq. (3.15) with R= 9, y= 0, x = 2 within �3 6 x; t 6 3.
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Figure 3 Profile of Eq. (3.18) with A0 = 1, y= 0, x = 0.75 within �3 6 x; t 6 3.

Figure 4 Profile of Eq. (3.36) with y= 0, x = 2 within �3 6 x; t 6 3.
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from Eqs. (3.35), (3.36), (3.37), (3.38), (3.39). The shape
of Eq. (3.38) is represented in Fig. 4 is a periodic wave
solution with wave speed x = 2, y = 0 within the inter-
val �3 6 x; t 6 3.
(ii) And applying Exp-function method, the (2 + 1)-dimen-
sional Burgers equation provides the traveling wave
solutions from Eqs. (3.41), (3.42), (3.43), (3.44), (3.45)
which are expressed through hyperbolic functions. In



Figure 5 Profile of Eq. (3.42) with B�1 = 1, y= 0, x = 2 within �3 6 x; t 6 3.

Figure 6 Profile of Eq. (3.44) with B�1 = 1, y= 0, x = �2 within �3 6 x; t 6 3.
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Eq. (3.41) the constant B0 „ 0, in Eq. (3.43) the constants

A0, A1 „ 0, in Eq. (3.44) the constant B�1 „ 0 and in Eq.
(3.45) the constant A0 „ 0. Figs. 5 and 6 represent kink
profile of Eqs. (3.44) and (3.45) with B�1 = 1, y = 0,

x = 2 and B�1 = 1, y= 0, x = �2 respectively within
the interval �3 6 x; t 6 3.

Furthermore, the graphical demonstrations of some ob-

tained solutions are shown in Figs. 1–6 in the following
subsection.

Some of our obtained traveling wave solutions are repre-

sented in the following figures with the aid of commercial soft-
ware Maple:

5. Conclusions

In this article, we considered the (2 + 1)-dimensional Zoomer-
on equation and the (2 + 1)-dimensional Burgers equation.

We put forth the modified simple equation (MSE) method
and Exp-function method for finding exact solutions of these
equations. It is significant to observe that comparing the

MSE method with the Exp-function method, we assert that
the MSE method is direct, easy, concise, and straightforward.
To calculate the coefficients A0, A1, A2, etc. it need not use any
computer algebra when the MSE method is used. On the other

hand, the Exp-function method must needs computer algebra
to compute the coefficients A0, A1, A2, etc. The MSE method
can be applied to many other nonlinear evolution equations

in mathematical physics. This study shows that the MSE meth-
od is quite efficient and practically well suited to be used in
finding exact solutions of NLEEs.
Acknowledgement

The authors would like to express their sincere admirations to
the anonymous referees for their valuable comments and
suggestions.

References

[1] Hirota R. Exact envelope soliton solutions of a nonlinear wave

equation. J Math Phys 1973;14:805–10.

[2] Hirota R, Satsuma J. Soliton solutions of a coupled KDV

equation. Phys Lett A 1981;85:404–8.

[3] Malfliet M. Solitary wave solutions of nonlinear wave equations.

Am J Phys 1992;60:650–4.

[4] Nassar HA, Abdel-Razek MA, Seddeek AK. Expanding the tanh-

function method for solving nonlinear equations. Appl Math

2011;2:1096–104.

[5] Wang M, Li X, Zhang J. The (G0/G)-expansion method and

travelling wave solutions of nonlinear evolution equations in

mathematical physics. Phys Lett A 2008;372:417–23.

[6] Zayed EME. Traveling wave solutions for higher dimensional

nonlinear evolution equations using the (G0/G)-expansion method.

J Appl Math Infor 2010;28:383–95.

[7] Zayed EME, Gepreel KA. The modified (G0/G)-expansion method

and its applications to construct exact solutions for nonlinear

PDEs. WSEAS Trans Math 2011;10(8):270–8.

[8] Akbar MA, Ali NHM, Zayed EME. Abundant exact traveling

wave solutions of the generalized Bretherton equation via (G0/G)-
expansion method. Commun Theor Phys 2012;57:173–8.
[9] Akbar MA, Ali NHM, Zayed EME. A generalized and improved

(G0/G)-expansion method for nonlinear evolution equations.

Math Prob Eng 2012;2012:22. http://dx.doi.org/10.1155/2012/

45987.

[10] Akbar MA, Ali NHM, Mohyud-Din ST. Some new exact

traveling wave solutions to the (3 + 1)-dimensional Kadomtsev–

Petviashvili equation. World Appl Sci J 2012;16(11):1551–8.

[11] Gepreel KA. Exact solutions for nonlinear PDEs with the variable

coefficients in mathematical physics. J Infor Comput Sci

2011;6:003–14.

[12] Gepreel KA. A generalized (G0/G)-expansion method for finding

traveling wave solutions of nonlinear evolution equations. J

Partial Diff Equ 2011;24:55–69.

[13] Shehata AR. The traveling wave solutions of the perturbed

nonlinear Schrodinger equation and the cubic-quintic Ginzburg

Landau equation using the modified (G0/G)-expansion method.

Appl Math Comput 2010;217:1–10.

[14] He JH, Wu XH. Exp-function method for nonlinear wave

equations. Chaos, Solitons Fract 2006;30:700–8.

[15] Akbar MA, Ali NHM. Exp-function method for Duffing equation

and new solutions of (2 + 1) dimensional dispersive long wave

equations. Prog Appl Math 2011;1(2):30–42.

[16] Naher H, Abdullah AF, Akbar MA. New traveling wave

solutions of the higher dimensional nonlinear partial differential

equation by the Exp-function method. J Appl Math 2012:14.

http://dx.doi.org/10.1155/2012/57538 [Article ID 575387].

[17] Naher H, Abdullah AF, Akbar MA. The Exp-function method

for new exact solutions of the nonlinear partial differential

equations. Int. J. Phys. Sci. 2011;6(29):6706–16.

[18] Bekir A, Boz A. Exact solutions for nonlinear evolution

equations using Exp-function method. Phys Lett A

2008;372:1619–25.

[19] Wang M. Solitary wave solutions for variant Boussinesq equa-

tions. Phys Lett A 1995;199:169–72.

[20] Zayed EME, Zedan HA, Gepreel KA. On the solitary wave

solutions for nonlinear Hirota-Sasuma coupled KDV equations.

Chaos, Solitons Fractals 2004;22:285–303.

[21] Zhou YB, Wang ML, Wang YM. Periodic wave solutions to

coupled KdV equations with variable coefficients. Phys Lett A

2003;308:31–6.

[22] Adomian G. Solving frontier problems of physics: the decompo-

sition method. Boston, M A: Kluwer Academic; 1994.

[23] Mohiud-Din ST. Homotopy perturbation method for solving

fourth-order boundary value problems. Math Prob Eng

2007;2007:1–15. Article ID 98602, http://dx.doi.org/10.1155/

2007/98602.

[24] Fan EG. Extended tanh-method and its applications to nonlinear

equations. Phys Lett A 2000;277:212–8.

[25] Abdou MA. The extended tanh-method and its applications for

solving nonlinear physical models. Appl Math Comput

2007;190:988–96.

[26] Sirendaoreji. New exact travelling wave solutions for the Kawa-

hara and modified Kawahara equations. Chaos Solitons Fract

2004;19:147–50.

[27] Ali AT. New generalized Jacobi elliptic function rational expan-

sion method. J Comput Appl Math 2011;235:4117–27.

[28] Liang MS et al. A method to construct Weierstrass elliptic

function solution for nonlinear equations. Int J Modern Phys B

2011;25(4):1931–9.

[29] He Y, Li S, Long Y. Exact solutions of the Klein-Gordon

equation by modified Exp-function method. Int Math Forum

2012;7(4):175–82.

[30] Jawad AJM, Petkovic MD, Biswas A. Modified simple equation

method for nonlinear evolution equations. Appl Math Comput

2010;217:869–77.

[31] Zayed EME. A note on the modified simple equation method

applied to Sharma–Tasso–Olver equation. Appl Math Comput

2011;218:3962–4.

http://refhub.elsevier.com/S2090-4479(13)00071-3/h0005
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0005
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0010
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0010
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0015
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0015
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0020
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0020
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0020
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0025
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0025
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0025
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0025
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0030
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0030
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0030
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0030
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0035
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0035
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0035
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0035
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0040
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0040
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0040
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0040
http://dx.doi.org/10.1155/2012/45987
http://dx.doi.org/10.1155/2012/45987
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0045
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0045
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0045
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0045
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0045
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0050
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0050
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0050
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0055
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0055
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0055
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0055
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0060
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0060
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0060
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0060
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0060
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0065
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0065
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0070
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0070
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0070
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0070
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0070
http://dx.doi.org/10.1155/2012/57538
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0080
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0080
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0080
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0085
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0085
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0085
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0090
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0090
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0095
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0095
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0095
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0100
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0100
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0100
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0105
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0105
http://dx.doi.org/10.1155/2007/98602
http://dx.doi.org/10.1155/2007/98602
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0115
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0115
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0120
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0120
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0120
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0125
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0125
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0125
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0130
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0130
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0135
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0135
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0135
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0140
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0140
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0140
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0145
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0145
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0145
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0150
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0150
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0150


256 K. Khan, M. Ali Akbar
[32] Zayed EME, Ibrahim SAH. Exact solutions of nonlinear evolu-

tion equations in mathematical physics using the modified simple

equation method. Chinese Phys Lett 2012;29(6):060201.

[33] Khan K, Akbar MA, Ali NHM. The modified simple equation

method for exact and solitary wave solutions of nonlinear

evolution equation: the GZK-BBM equation and right handed

non-commutative Burger equations. ISRN Math Phys

2013;2013:5. Article ID 146704. http://dx.doi.org/10.1155/2013/

146704.

[34] McAsey M, Rubel LA. Some closed-form solutions of Burgers

equation. Stu Appl Math 1993;88:173–90.

[35] Wazwaz AM. Partial differential equations and solitary wave’s

theory (Nonlinear Physical Science). Springer; 2009.

Kamruzzaman Khan has received his B. Sc.

(Hons) in Applied Mathematics from Univer-

sity of Rajshahi, Bangladesh in 2006. He has

received his M. Sc. in Applied Mathematics

from the same university in 2007. Currently he

is a Lecturer at the Dept. of Mathematics,

Pabna Science and Technology University,

Bangladesh. His fields of interest are nonlinear

ordinary and partial differential equations,

fluid mechanics and biomathematics.
M. Ali Akbar has received his M. Sc. in

Mathematics from University of Rajshahi,

Bangladesh in 1996. He has received his PhD.

in Mathematics from the same university in

2005. At present he is an Associate Professor at

the Dept. of Applied Mathematics, University

of Rajshahi, Bangladesh. His fields of interest

are nonlinear ordinary and partial differential

equations, population dynamics, computa-

tional mathematics and fractional calculus.

http://refhub.elsevier.com/S2090-4479(13)00071-3/h0155
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0155
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0155
http://dx.doi.org/10.1155/2013/146704
http://dx.doi.org/10.1155/2013/146704
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0165
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0165
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0170
http://refhub.elsevier.com/S2090-4479(13)00071-3/h0170

	Traveling wave solutions of the (2+1)-dimensional Zoomeron equation and the Burgers equations via the  MSE method and the Exp-function method
	1 Introduction
	2 The methodology
	2.1 The MSE method
	2.2 The Exp-function method

	3 Applications
	3.1 The (2+1)-dimensional Zoomeron equation
	3.1.1 Solutions for Zoomeron equation via MSE method
	3.1.2 Solutions for Zoomeron equation via Exp-function method

	3.2 The (2+1)-dimensional Burgers equation
	3.2.1 Solutions for Burgers equation via MSE method
	3.2.2 Solutions for Burgers equation via Exp-function method


	4 Explanations and graphical representations of the solutions
	5 Conclusions
	Acknowledgement
	References


