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The controllability of a large scale dynamic system which depends singularly
upon a small parameter A is considered. When A — 0, the large scale system
degenerates into a reduced order subsystem representing its slow dynamics
while neglecting the fast phenomena. Another subsystem, often called a
boundary layer system, represents the fast dynamics. In this paper sufficient
conditions are established under which the controllability of the overall large
scale system is inferred from the same property of the two subsystems.

1. INTRODUCTION

Concepts of controllability and observability have been playing a central role
in modern control theory ever since they were introduced. On the other hand,
presently there is a definite focus on developing decentralized control methods
for large scale systems [1]. Singular perturbation methods [2] offer tools to
separate a system into subsystems. Thus it is important to characterize the
controllability of a high order system of singularly perturbed type in terms of
the controllability of its subsystems. In this paper we examine this problem.
Previously, Kokotovi¢ and Haddad [3] and Chow [4] considered this problem for
linear time invariant case while Sannuti [5] considered the same for linear time
varying case. Here, we consider a nonlinear system of the type

X =g(x,z,u,1) (la)
Az = Gy(x,t) + D(x, t) z + E(x, t)u £ G(x, z, u, t), (1b)

where x and z are n- and m-dimensional state vectors respectively, u is an
r-dimensional control vector, overddt denotes d/dt, and A is a small positive
parameter. The system defined by (1) is called the full system. The reduced
system of the full system is defined by setting A =0 in (1),

% = g(x, 2, u, t), (2a)
0 —G(x, 2, u,t). (2b)
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580 P. SANNUTI

Thus with the matrix D(x, #) invertible for each x and ¢, we can solve for 5 from

(2b),
5= —Dx, t) (Gyx, t) + E(x, 1) u) 2 F(x, u, t), (3)

and rewrite (2) as

¥ =g(x, F(x,u, 1), u, 1) = f(x, 4, t). (4)

In addition to the reduced system (4), we define an auxiliary system often called
a boundary laver system,

%: =D(x, 1)z + E(x, 1) u, (5)

in which x and ¢ are fixed parameters and p is an independent time variable.

We will say that the system (1) is completely controllable if for each ¢, and #,
there exists some control u(?) defined over the interval [¢,, f;] such that the
solution of (1) satisfies any prescribed boundary conditions,

x(fy) = Xy, X(t) =%, (6a)
z(ty) =z,  z(t) =12z . (6b)

The aim of the paper is to find conditions in terms of the subsystems (4} and (5)
such that the full system (1) is completely controllable. We accomplish this by
first constructing a formal solution X(t), Z(t), and U(t) which satisfy the system
(1) and the boundary conditions {6) within O(A), under the hypotheses that the
reduced and boundary layer systems (4) and (5) are completelv controllable.
Then the existence of a solution of (1) and (6) is rigorously established by
combining the successive approximation methods employed earlier by Sannuti
[6] and Lukes [7].

We assume that the functions g, G and f are twice continuously differentiable
with respect to all their arguments in an appropriately defined domain. Using
subscripts to denote matrices of partial derivatives in the usual way, we define
2:A8) = g,(x(5), 2(¢), u(t), t) with similar definitions for g,(2), g.(), f(t), f.(?)
and G,{t). Whenever there is no ambiguity, the arguments of the functions will
not be shown explicitly. The absolute value or norm of a vector or a matrix
denotes the sum of the absolute values of its elements.

2. CONSTRUCTION OF A FOrRMAL SOLUTION

We will construct a formal solution under the following two hvpotheses:

(H1) The reduced svstem (4) is completely controllable, i.e., for each ¢,
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and ¢, there exists a control #(¢) defined over the interval [, , #,] such that the
solution of (4) satisfies the boundary conditions

x(ty) =%, and x(t) =%, .
(H2) The rank of the matrix
[D(2), D) E(2),..., D"(2) E(t)]
is m for each fixed t € [t, , #,], where
D(t) =D(x(t),t) and  E(t) = E(x(t), ).

We note that the reduced system has no boundary conditions related to (6b),
i.e., 3(t) = F(x, u, £) will not be equal to the prescribed boundary conditions z,
at tyand z; at ¢, . Thus the system (1) is expected in general to exhibit boundary
layer phenomena at the end points ¢, and #, as A tends to zero. We impose the
hypothesis (H2) to construct formally these boundary layers.

Consider the following two systems called the left and right boundary layer
systems respectively:

dzfdr = D(to) 2, + E(to) u,, 2(0) = 2, — 2(t), (M

dzjdo = —D(t,) 7, — E(t)u,,  =/0) =2, — 2(t,). ®)

Here 7 and o are stretched time coordinates = (¢t — #,)/A and o = (¢; — £)/A.
An immediate consequence of (H2) is to guarantee the existence of matrices L,
and L, such that D, = D(t,) + E(t)) L, and D, = —D(¢t,) — E(t,) L, are stable,
i.e., each eigen value of D, and D, has a real part < —y < 0. With

u)(7) = Lyz,(7) and u (o) = L,z,(a),

an exponentially decaying solution can be constructed for both (7) and (8),

z(r) = exp[D7] (zg — 2(tp)), 0 <7 <o,
zr(a) = exp[Drc] (zl - z(’l))’ 0<

.8

[

Now let us define a formal solution,

X(t) = x(2),
Z(t) = 2(t) + 2t — 1)[A) + 2,{(t, — 1)/A), )
U(t) = u(t) + wf((t — 2)/A) + u,{((ty — 1)/A).
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We intend to show that (1) along with the boundary conditions (6) has a solution
and that .\, Z, and U approximate x, z, and u within O(A). However we need an
additional hypothesis on a linearized system of the reduced system.

(H3) The linear system (10),

& = f(t) o + fu(t) v (10)

(where « and v are treated as state and control variables respectively) is com-
pletely controllable. More specifically, we assume that w(t; , %),

11
Wiy, o) = | dalta s DSOS O Wt 1)

is nonsingular. The prime denotes the matrix transpose and (¢, ¢,) is the
fundamental matrix of f(t) given by

Ya(t, t) = Fol®) dalts to),  halty, b)) =1I.

Here and elsewhere I denotes an identity matrix of appropriate dimension.
Note that if the reduced system (4) is linear then (H1) implies (H3).

3. PRELIMINARIES

In this section we consider some preliminary results useful for the perturba-
tion analysis to follow in the next section. We first observe as in the previous
section that under the hypothesis (H2), there exists a matrix L(¢) such that
D = D(t) -+ E(t)L(t) has all eigenvalues with negative real parts for each fixed
telty, ty]-

LemMa 1. Define

§: = g«(t) + £u(t) L(2) D7Y(t) G.(2),
g. = £:8) + 2O L(2), (11)
G, = G,(t) + EQ@)L(t) D7¢) G.(1).

I

Then the system of equations

AM = Mg, — §,NYM — M(D + ANg,) — g,
AN = DN — AN(§, — §.N)— G

Jo
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has a bounded solution for all t € [t , t,] and for all X sufficiently small. Further M
and N satisfy the limits

Lim M = —g,0', Lim N = DG, .
A-0 A-0

Proof. 'This is a special case of the equations dealt in [8]. Since D(¢) is a
stable matrix, application of the standard theorem of Tikhonov [2] will yield
the result.

LEmMMA 2. Equations (11) imply the following matrix identities:

ém — ézD_léz :g:t_gzD—lG:t :fxv (12)

g — §.DE = (g, — g.DE) (I — LD-'E) = f(I +- LD'E)".  (13)
Proof. From the identity
DD = DD + EL)=(D + EL) D =1,
we first note that
Dt = D' — D-'ELD-! = D-1 — D-ELD-L. (14)

Then consider

DG, = b-G, + DELD'G,
= (D' — DELD') G, + D-ELD-'G, = D'G,,.

(15)
It is easy now to show the first half of identity (12) from (15). The second half
of (12) follows from the definition of the function f. Similarly,

§.D1 =g (D' — DELD-Y) + g LD
=g,D' — g,DELD-! 4 g LD,
g, — §.DE =g, — g.D'E + g,D'ELD'E — g LD-'E
= (g, — g.DE) (I — LD1E).

This establishes the first part of identity (13). Using (14), it is easy to check
I —LDE = (I + LDE)™. (16)

Equation (16) and the definition of the function f establish the second part of
(13). We remark that identities similar to (12) and (13) were used earlier in [4].

409/64/3-6
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~

LeEmMMA 3. Let

A, — ¢, — §.N, Ay =D = NG,
B, — g, - ME + AMNGg, , B, — E -~ ANg,,
‘/;I(t’ ty) = Aiy(t, 1), dulte, to) =1,
'\‘Lz(t» to) = fl-z‘/’2(t: 10), ¢2(to ’ ’0) =1,
n (e, 1) 0 B
b 1) = | 0 dlt, to)] ’ B = [Bz/A] ‘
Mo =["  Wu.) B,
cwo=1emam = Fos— = [ $ee

505500 sato] = [,y w0 00 6

S*:ft:l¢(5)¢'(3)ds— ! (f:lvﬁ(s)ds) (flqs'(s)ds).

t, — to

Then the matrix S* is symmetric, positive definite and ts equal to S(t,). The matrices
&(t), C(t) and S(t) are bounded as A tends to zero. In particular,

Cor) = AC*(t), Siolt) = APy(2), Saolt) = APy(2) (17)
Jor A sufficiently small where C*,(t), P\(t) and Pyt) are bounded as X tends to zero.

Furthermore, S~Y(t,) is of the form

ORI FANAR

where 0; , 1 = 1 to 3, are bounded as X tends to zero.

Proof. Consider the linear system

&, = Ay, + By,

(18)
/\d2 - flzaz + BzV.

Lemmas 1 and 2 imply that

Lip 4= s Lig 42 = D,

Lim B, = f(I + LD'E)"',  Lim B, = E.
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Hypothesis (H2) implies that the rows of ,(t, ¢,) By(t) are linearly independent
and (H3) implies that the rows of (¢, t,) By(¢) are linearly independent for A
sufficiently small and for te[t,, t;]. This then guarantees that the rows of
(1, t,) B(t) are linearly independent [5] on [t , #,] and hence (18) is completely
controllable for A sufficiently small. Then Lemmas (2.1) and (2.2) of Lukes [7]
show that S* is symmetric positive definite and is equal to S(¢;). We remark
that Lukes proves the required results for time invariant case. However, with
the modified definitions for ¢, C and S as given here, extension of Lemmas
(2.1) and (2.2) of Lukes for time varying case is straight forward (see Appendix).
Since <1, is a stable matrix, the boundedness and the particular form (17) of the
matrices ¢(t), C(t) and S(¢) follow from the observation [9] that

dalty ,5) = expld(ty) (6 — ] + OQ), s <1y,

and that
J e 9 T s — — 430 T + 4300 T) explAstt) (¢ — )] + O

for any I'(t) continuous at £, , Finally, noting that S(¢,) is symmetric and positive
definite, the form of S—(t,) is a consequence of the well-known formula [10] for
inverting a partitioned matrix.

4. MaiN ResuLT

THEOREM. Under the hypotheses (H1)~(H3), the system (1) along with the
boundary conditions (6) has a solution which is of the form

x(t) = X(t) + x*,
z(t) = Z(t) + =%, (19)
u(t) = U(t) + u*,

where x*, 2* and u* are all of O(X) uniformly throughout t, <t < t, for A suffi-
ciently small.

Proof. Existence of the variables x*, 2* and #* having the required property
is shown through a method of successive approximations. We first need to
develop a set of differential equations for the variables x* and 2* with u* as a
control variable. Equations (1), (4) (7)~(9), and (19) imply that

&% = g () &% 4 g.(1) 3% + gu(t) u* + g¥(x*, 3%, w4, 1),

20
As* = Go(t) x* + D(t) 2% + E(t) w* + G*(x*, z*, u* A, 1), 20
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where the functions g* and G* are given by
gr=gX +x5Z -+ 25U+ u*t) —gly s, ut)
— &) 87 — g(t) #F — g (1) u¥,
G =G,(X + x5 1) + DX 5 a*, ) (Z -+ 2%) + E(X + x*, 1) (U + u¥)

— D(to) z(7) — E(ty) wi(7) — D(t) z:{0) — E(t,) (o)
— G(t) x* — D(t) 2* — E(t)u* — \s.

Here 7 and ¢ are stretched time variables 7 = (t — #,)/Aand ¢ = (t; — t)/A. Now
by conveniently linearizing g* and G* along the solution of the reduced system
and then using the mean value theorem we see that g* and G* satisfy the follow-
ing two properties:

Property 1.

1£%(0,0,0, A 1) < Ky(exp[—y(t — #,)/A] + exp[—y(t; — t)/A] + A),
| GX(0,0,0, X, 1) < KA

Here K, and y are positive constants.

Property 2. For each § > 0, there exists an €(8) > 0 such that for | £* [,
| %], etc., and A <,

| g=(&%, 8%, 6%, A, £) — g*(F%, &%, @, A, 1)|
SO &% — &% | + | £ — 5% | + | @r — a* ),
| GH(E*, 3%, 4%, A 1) — GH*&E*, %, d* A t)|
SO £ — ¥ 4 | £ — FF| | a@* — a¥ ),

Boundary conditions (6), and (19) imply that

x*(ty) =0, x%(t) =0,

Bty = —2{(ty — LH)[A), ¥(ty) = —2{(t; — LH)/A).

(1)

Since z;(r) and z,(o) decay exponentially to zero away from ¢ = ¢, and t = ¢,
respectively, we have

2H(ty) = O(\?)  and  2*(t,) = O(?),

for any positive integer p arbitrarily large.
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Now we consider a transformation of variables so that the linear part of (20)
can be written in a block diagonal form,

a = x* + AMNx* + AMz*,
B = Nx* + 2%,
v =u* — LD 1Gx* — Lz*.

Here the matrices L, M and N are as defined in Lemma 1. The inverse trans-
formation is given by

x* = o — AMB,

g*¥ = —Na + B + ANMB,

u* =v + LD G x* + Lz*.
This change of variables transforms the system of equations (20) into the follow-
ing form,

& = Ay + By + hy(e, B, v, A, 1),

. (22)
AB = AsB + By + hy(e, B,v, A, 1),
where .4; and B; are as defined in Lemma 3 and
hy(a, B, v, A, 1) = (I + AMN) g* + MG*, 23
2

hy(a, B, v, A, 1) = ANg* + G*.

In view of (23) and Properties | and 2, we see that h, satisfy analogous properties
aand b:

Property a.

1810, 0,0, 4 2)] < Ky(exp[—y(t — #)/A] +- exp[—y(t; — 1)/A] + A),
| hE(O, 0) 01 /\7 t)] < KIAv
where K; is a positive constant.

Property b. For each 8 > 0, there exists an € > 0 such that for | &|, | &1,
etc., and A < ¢,

| hi(&’ B, i}) A) t) - hi(&) B, l‘;, )‘y t)‘
<d(d—al+IB—fl+1p-75) i=1L2
Further, the boundary conditions (20) imply that

oty) = OA),  o(t)) = OQY),  B(to) = O(),  Bt) = O(W).  (24)
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Now we are in a position to show that the variables a, 8, and v satisfving the
set of equations (22) and the boundary conditions (24) exist and are all of O(A).
For this purpose we first convert (22) into a system of integral equations and then
use a successive approximation scheme. The procedure is identical to the
method used by Lukes [7] even though his theorems are not directly applicable.
As can easily be verified, the system of equations (22) with auxiliary conditions,
afty) == ay, ofty) = oy, B(ty) = By and B(t;) == B, , is equivalent to the following
system of integral equations:

! o Pty s 5) (s)
Y = SAl(fl) [‘xl - ¢1(t1 > t(i) ‘10] _ Sil(fl) ds,

Br — alty . 1) Bo ty it s)h—z(s)
2\*1» A i

Wt) = C(1) Y, (25)
Pi(t, 8) hy(s)
a(t) Pi(t, ty) ag - t
— +So Y+ | ds,
[/3(’)] [‘I‘Z([» tu) /80] ity ¢I2([, S) ﬁ)\i (S)

where ¢, , C and S are as defined in Lemma 3 and
hi(s) = hy(a(s), B(s), v(s), A, 5), j=1,2.

Successive iterates are defined by of(f) = 0, S8%) = 0, %) = 0 for all
t, <t <t , and for each integer i == 0,

# ity s 5) Bii(s)

gl ay — ity fo) % g
VSOl ol ~ ), O L0 *
vi-i(ty = C(t) Y7, ‘
. e, ) (o)
WO el 1) 0] | o vs o [
Y + S@) Yi + ; ds,
gl = e ) ) b L 2
where
hji(s) == hj(ai(s)) Bi(s)' Vi(s)? Av S), 7 - l’ 2.
Taking x,, B, , ® and B, all of O(A), noting that
Lio(2, $)| << K exp[—y(t — 5)/A], o <s <t <1y, (26)

for some positive constant y and K , and using Property a and the properties of
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the matrices C(¢), S(¢) and S-1(t,), it is easy to verify that «!, 8 and ! are all
O(A). Then using Property b and (26), one can easily get that the estimate

[ il — of | 4 | Bith — Bi | 4 | pitl — pé |
<K(|of — it | [ B — B o — i),

is uniformly valid throughout ¢, < £ <{ ¢, , where K is an appropriately selected
positive constant. Thus we find that the successive iterates are well defined for A
sufficiently small and that there exists a 8§ > 0 such that the sequence of suc-
cessive approximations converges uniformly to a solution of (22) and (24). Also,
the estimates that a, B, v are all of O(}) follow from the iteration. This proves the
theorem.

5. CONCLUSIONS

Controllability of a large scale system of singularly perturbed type is analyzed.
Sufficient conditions are given under which the controllability of the overall
system is inferred from the same property of its two subsystems.

APPENDIX

The following lemma extends some of the results of Lemmas (2.1) and (2.2) of
Lukes [7] for linear time varying systems.

Levmma. Consider a completely controllable linear system,

% = A(t) x + B(t) u, )
and let

Bt o) = AWVt 1), Wty t) =1,

2

0 =] w9 B ds
st = [ s090d— L (["08) ([ 40 ),
co=[" sos— 1= s0a

S(t) = ft L0t 5) B(s) C(s) ds.

Then the matrix S* is positive definite and is equal to S(t,).
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Proof. It is obvious that S* is symmetric. To show that S* is positive
definite, we compute the quadratic form,

rs*r—. $'(s) 2 ds—wkf]' qs(s)ms2
[ rea— o[ 190 ra)

.tl l ty Wl )
’ 2 — 4 2
NI ,1_,0£0 do | 146 T ds

=0

by Schwarz inequality in which equality holds only if | ¢'(s) I"| is a constant for
all se[t,, t,]. But clearly that constant would be zero and hence we would have
() I =0 fort, <s < 8y, ie,

1

B(s)¥(t;,s) Tds =0 forallty <t <t,.

=

Jt1+to—t

However, this would then contradict the complete controllability criterion of the
linear system (*). Hence I"S*I" > 0 for all I" 5£ 0.
Now let us compute S(t,),

S(tl):vl't Pty s B(s)l L #)dods

§) B(s) (s — £,) f[ ' #(0) do ds.

By interchanging the order of integration, we note that

#(0) do ds = | “[ Nt ) Bls) dsf(0) do

+iy—s to Ytittg—o

f #tr ) BE) f

=] s ds

and that

f Wty , 8) Bs) (s — 1,) ds = f $(t, , $) B(s) do ds

ti+tp—s
ftl.l.

t1+tg—0

(t, , $) B(s) ds do — jt ' $(0) do.

This then shows that S(z,) = S*.
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