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1. Introduction

We are concerned with the stochastic Ramsey problem with a finite time horizon T > 0 in order to choose a consumption
rate processes ¢ = {c(t)} € Ar maximizing the discounted expected utilities with a constant discount rate o > 0:

AT
]T(c:x):E[ / e—“fu(c(t))dt+e—“<”‘c”>g(xﬁf_w)], (11)
0

where a controlled process X*¢ is governed by the stochastic differential equation (SDE, for short)

dXe =[f(Xe) — ¢ ]dt + o X dW;, >0, Xo=x>0; (1.2)
{W¢}t>0 is a standard one-dimensional Brownian motion on a complete probability space (2, F,P), endowed with a filtra-
tion IF = {F¢};>0 which is the P-augmentation of the filtration generated by the Brownian motion W; o > 0 is a diffusion
constant; f € C'(R}) is a concave function with f(0) =0 and f’(co) > —o0; Ar denotes the collection of all consumption
policies c(-) which are R, -valued, F-progressively measurable processes satisfying fOT c(t)dt < oo as.;

¢ =inf{t > 0: X*(t) =0}.

We assume that the utility function U has the following properties:

UeCRy)NC20,00), U'(c)<0<U'(c), U'(co)=U(0)=0, (1.3)

and g € C(R;) is a non-decreasing concave function with g(0) =0.
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The economic growth model in connection with the Ramsey problem has been studied by [4] and [9]. Recently,
[10] treats this problem for the constant elasticity of substitution (CES) production function F(z, y) with dF(0+, y)/9z < oo
producing the commodity for the capital stock z> 0 and the labor force y > 0 in the infinite time horizon case. The capital
stock z(t) and the labor supply y(t) at time t are governed by

dy(t) =py®dt —oy®)dWe,  y(0)=y>0, p#0,
dz(t) = [F(2(t), y(©)) —vz(t) —cy(®)]dt,  z(0)=z>0.

Changing the variables by X(t) = z(t)/y(t) and f(x) = F(x,1) — (u + v — 02)x for x = z/y, we observe that the optimal
consumption in the growth model can be obtained by a reduction to the stochastic Ramsey problem (1.1)-(1.2) with g =0.
However, [10] contains some incomplete proofs, which will be made correct later, for the existence results on viscosity
solutions of the associated Hamilton-Jacobi-Bellman (HJB, for short) equations of elliptic type.

The purpose of this paper is to present a synthesis of optimal consumption policy ¢* € Ar for the stochastic Ramsey
problem (1.1)-(1.2). The associated H]B equation is given by the parabolic PDE

2
ou=1u+ %xzuxx + f®ux+U(uy), te(0,T), x>0,

u(t,0)=0, u(T,x)=gx), tel[0,T], x>0, (1.4)

where the subscripts denote the partial derivatives and ﬁ(x) is the Legendre transform of —U(—x), ie. lNJ(x) =
maxc»o[U(c) — ¢x], x > 0. The difficulty in solving the problem lies in the fact that (1.4) is degenerate and U is non-
Lipschitz. Changing variables by

Vi, x) =u(T —t,x), tel0,T], x>0,

we have

2
aV =—V,+ %xzvxx + fX)Ve+U(Vy), te(0,T), x>0,

V(t,0) =0, V(0,x)=g(kx), tel0,T], x>0. (1.5)

Our method consists in finding a smooth solution V using the comparison results for solutions of one-dimensional SDEs.
By the viscosity solution technique, we show that the transformed HJB equation (1.5) admits a unique solution V, and the
restrictive conditions for the existence of u are relaxed. The optimal consumption rate c¢* € Ar can be represented in a
feedback form.

The remainder of this paper is organized in the following way: In the next section, we show the existence of viscosity
solutions V of (1.5) with T = oco. In Section 3, we derive the C'2-regularity of u, and we give a synthesis of the optimal
consumption ¢* € Ar in terms of u. Section 4 is devoted to an application of our results to the infinite time horizon
problem.

2. The transformed HJB equations
2.1. Stochastic control problems

Let us consider the stochastic control problem

TX.C/\t
V(t,x):=sup Je(c:x) =supE / e~ U(cs)ds +e ¥ g(XF ) Ljrresry |, x>0,
ceC ceC 0

where C = (7. Ar and 1 is the indicator function. Clearly, V (t,0) =0 and V (0, x) = g(x). By the comparison results for
solutions of one-dimensional SDEs, see e.g. Proposition 5.2.18 of [5], we see that the mappings x — Xf’c(a)) and x — t*%(w)
are non-decreasing for a.e. (t, w). Since U > 0 and g is non-decreasing, we note that

the function x — V (t, x) is non-decreasing for each t > 0. (2.1)

For each y R, we denote by &£, () the exponential martingale

y2
&y () =exp|:th — Tt]’ t>0.
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For t,x >0, c € C and B €R, by Itd’s formula, we then have

tAThe tAT™C
X+ (y +0) / e"@HPse, (5)Xs dWs = / e" @D (s)cods + e @HPNT e (£ A THC) Xeprre
0 0
tAT*C
b [ e @@ p-opx - fow]ds (22)
0
Since the function x — f(x)/x is non-increasing and f(0) =0, we note that
1= o0 < I < pon, x>0 23)

Thus, if 8 > f'(0+) — «a + oy, then the local martingale in the left-hand side of (2.2) is super-martingale, and thereby

tATHC
IE|: / e~ @PsE (s)cs dsi| <x, t,x=0,ceC. (2.4)
0

In this section and the next section, we set
y:=0 and B:=(f 0+ —a),
and thus (2.4) holds with &), (-) = 1. Further, by (2.2) and Jensen’s inequality, we have
Ele™ g(XF )L irresg] < e g(B[X7i, ]) <e™glxe ). t.x>0. cec. (2:5)

TXCAL

Proposition 2.1. Forallt,x,z > 0and y > 0,

t
V(t,x) > IE|:/ e~ U (xze!™23¢, (s)) ds + e g(xe21e, (t)):|, (2.6)
0
t
Vt,x) <U(y) / e ds +xyePt + e ¥ g(xe @A), (2.7)
0

Proof. Clearly, the above inequalities with x = 0 hold true because V(t,0) = U(0) = g(0) = 0. Let €(s) := z)N((s) =
zxe=25&_(s) for x > 0. Then, by (2.3),

dX(s) = (I — 2)X(s)ds + o X(s) dWs < [ f(X(5)) —Ts]ds + o X(s) dWs.

Thus the comparison results show 0 < X < X*C ae. and T At =t a.s. which gives (2.6).
Since £, (-) =1, by (2.4) and (2.5), we also have

T*CAL TXCAL
V(t,x) < supIE|: / e~ U (c(s)) — ye(s)] dsj| + ysupIE|: / e~%¢(s) dsi| +e ¥ g(xe@ L)
ceC ceC
0 0

t
<U®y) / e ds+xyeft +e ¥ g(xe@tA), y>0. O
0

Remark 2.2. We recall that the decreasing convex function U on (0, 00) has the properties
U(O+)=U(x), U(o)=U®0)=0, UK = ing[ﬁ(y) +xy], x>0.
y>
Thus we know from (2.6)-(2.7) that

V(t, 0+)=0, V(O0+,x)=g(x), t,x=>0,

t
V(t,00) = U(oo)/e“"S ds+e %g(c0), t>0.
0
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2.2. Auxiliary control problems and a dynamic programming principle

Let us next introduce the auxiliary control problems:

Va(t,x) :=sup Ji(c:X), t,x=0,n>1, (2.8)
ceCy
where C, ={ce(C: 0<c<nael}.

Proposition 2.3. Foreach t,x > 0, V,(t,x) / V (t,x) asn — oo.

Proof. Fix an arbitrary ¢ € C, and set ¢, :=n A c € C,. Since X*¢ < X% ae, and ¢ < t* as,, Fatou's lemma shows

TXCAL
lim V,(t,x) > lim Ji(cp:x) > lim IE[ / e_‘“U(Cn(s))ds+e‘“tg(Xf’C)]l{,x,c>t}:| > Je(c:x)
n—oo n—oo n—oo

0

which means lim,_, o, Vi (t,x) > V (t, x). Since V,, <V, we have the assertion. O

Let us define

w(t) :=E[(ef OV, 1) — 1) ]+ E[(e" e, 1) —1)F], t>o0.

Then we see w(t) >0 ast | 0.

Lemma 2.4. For 0 < s <t,0 <x< yand & > 0, V, satisfies the following properties:

0< Valt, y) — Valt, ) < t[U(@ + %U’(sg)n} et Tg(xe@ ), (2.9)
Vi(s, %) — Va(t, %) < g(xe @) [ae™ 5 (t — 5) + e w(t — )], (2.10)
Vi(t, %) — Va(s, 0 SUM(E —5) + e~ P g(xe P w(t —s). (211)

Proof. 1. Let c € C, be arbitrary, and set z:=x/y € (0, 1), ¢:=zc and X :=zXYC. Since x f(x)/x is non-increasing,
dXs = [2f Xs/2) = ()] ds + 0 Xs AW < [f (X5) —T(5)] ds + 0 Xs dWs.

By the comparison results we have zXY:¢ < X*C a.e. and 77¢ < %€ as. Let g, be the right-hand derivative of the concave
function g. Since xg’, (x) < g(x), x > 0, we obtain

TV At
Je(c:y) — Va(t, %) < ]E[ / e {U(c(s)) —U(T(s)) }ds + e g(X VLjrvesty — g(X?’E)]l{rx,E>t}}:|
0
t TV AL
< U(S)/e““ds—i—E[ / e **{u(c(s)) — U(zc(s))}ﬂ{c(s)%}ds]
0 0
+e B[ {g(x)) - (X Vs ]
TV At
StUE +(1-2)- E[ / e c(OU' (z¢(9)) Lies >8) ds}
0

+e (1 —E[X? g (2X! ) Lirvesy]
TYCAL

<tUE) +t(1 - 2)nU' (z8) + e””%%(zx” )]

Thus (2.9) follows from the above estimate and (2.5).
2. Let ¢ € Gy be arbitrary, and set C(v) := c(v)L{ygrxcasy € Cp. Since f(x) = xf’(co0) for x > 0, the comparison results
show

Xﬁ’z > X;(,cef/(oo)(v—s)-&-a(Wv—Ws)—(crz/2)(v—s) — X;(’CHS,V on {‘L’X’C > S}

for all v > s. This means {t*¢ > t} = {t*¢ > s} a.s. Since U > 0, we get
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Js(©:x) = Va(t, %) < Js(c:x) — Jo(T:x) <E[e™* g(XF) Lirness) —e“’”g(Xf’E)Jl{rxfx}]

<
< (7™ —e ) E[g(Xiicns) ] +e Y E[{g(XF) — g(XFHY ) Lirxess]
Sae (1 —)g(xe %) + e B[ (XYH ) XE(1 — HY,) Lpness]

1 +
< 1st term + e’“tE[g(Xg"CHgt) (H—O - 1) ]]_{-L—x.c>s}:|

st

+
< 1Istterm + e’“tE[g(X’T‘fEAS)]E[(HLO - 1) ]

s,t
< g(xe @) e ™ (t —s) + e w(t —9)] (212)
where we used the fact that Hgt is independent of F;. Hence we have (2.10).

3. Let ¢ € C, be arbitrary, and set C(v) := c(v)Ljygrrep and Yf := X;"E/x for x > 0. Since f(x) < xf’(0+) for x >0,
YE <el'OPte, () as. by the comparison results. This implies

Xxe ,
L <ef (O (E=5)+0 (We=Ws)—(02/2)(t=s) _. H!, on{r*¢>s).

Thus

Je(c:x) = Va(s, %) < Je(c:x) — Js(c:X)
SUMm)(t—s) +e  “E[{g(X) — g(X) }Lieres]
SUM)(t —5) + e CE[g, (XF) (XF = X2) Lprenq]
SUM)(t —s) +e *E[g(X})(H, ) Lirxess)]
0005+ e S5 EL (B 1)),

which yields (2.11). O
Next we will establish a dynamic programming principle for V.

Theorem 2.5. The following property holds:
Forall t, x > 0 and an F-stopping time 6 with 6 <t a.s.,

ONT*C

Va(t, x) = sup IE|: / e~ U(c(s)) ds 4+ e OV (£ — 6 A TV, X¥E(0 A r’“))}. (213)
ceCp
0

This property holds true even if 6 depends on a control ¢ € Cp,.

Proof. Since V,(t,0) =0, V,(0,x) = g(x) and %€ =0 a.s., the assertion is trivial if t = 0 or x = 0. Fix arbitrary ¢, x > 0 and
an F-stopping time 6 with 6 <t a.s. Denote 7°° := s A 7%, Then we observe

_ ) 7c
Va(t,x) =supE / e~ U(c(v))dv + IE|: / e~ U(c(v))dv + e_"‘tg(Xf’C)]l{foc>t}|]-‘9:| . I].{g<-[x,61:|
ceCp Lo o
_ )¢
=supE / e U (c(v))dv + Lig<rxcy ey (c: Xg’c):|
ceCp Lo
_ )¢
<supE / e U (c(v))dv + Lig<rrcy - e %y, (t—e, X"*C(G))i|
ceCp Lo
_ )
=supE / e U(c(v))dv + e %y, (t—1)°, X""(tg’c))i|, (2.14)
ceCp
-0

where € is the shifted process of ¢ by 6, i.e. T(s) = c(s + 0).
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Let x1,& > 0 and c € C, be arbitrary. To prove the reverse inequality, we take sequences

L Xj11:=X +N_Xl'
_MJ’ j+1=X1 M Js

j=0,....M,

for large numbers M, N > t. Let us define the Fy-measurable sets {A;;} as

Aij={weR:0€lti1,t), X©O) €[xj,xj41)}, i,j=1,....,M.
By means of (2.8), there is a {c;j} C Cy such that
Vit —ti,xj) —e < Je—g(Cij:xj), 1, j=1,...,M.

We may assume that c;j(v) =0 on {v > rt t”} Define Ce C, as

M
Ts) =c(5)Lis<oy + Y Cij(s — )T, Lis).-
i,j=1

Then we have

¢
KMN .= ]t(?:x)—E|:/e‘“”U(c(v))dv]
0

= E[e ™ g(X") Lporornc)] +1E[ﬂ{e<fx~c e Jeo(TO +: X5°)]

> E[e™Vn(t — 0, X)) Lipmtarre ] + Z LigogreyLage” * Je—o(cij : x))]

i,j=1
M
> 1st term + Z E[1{9<rf"}]lAije_“9{Vn(t —txp) —¢)]
i j=1

|
:Mg

E[]l{eqff}]lf\ije_ag{Jr—ti (cij : X)) — Je—o(cij : %)) }]
1

E[e™Va(t =0, X)L <rnc)]

L]

> —¢

+

|
ng

E[e*{Va(t =0, X5) = Va(t —ti, )} L, L5 _pxc]
1

<
Il

—E

—

eV (t — 0, X3) - Lo<x@y<x)] — E[e ™ Va(t — 0. X5) - Lix@)=n)]

I
IME

E[ *059{]{ t,(Cz] X])—]t Q(C,] X])} 0<‘L’tx'c}]]'Aij]

i,j=1
M M
=: —& + 2nd term — Z E[e*"‘eKU] —Ko—Kn — Z ]E[efaeLij]-
ij=1 ij=1

Moreover, Lemma 2.4 and (2.12) yield

Kij < [{Vn(t —0,Xj11) — Vu(t — Q,Xj)} + {V,—,(t —0,xj) — Vp(t — ti,Xj)}]]].Aij]l{g<rx,C}

tn g(Ne@+P) T N N N
<tU(x)1a, + | —U’ AR ] Un)— Ne@Aw( =) |1, ,
(x1)1a; + [X] <N> Li— 2y L | UM+ g(Ne ) w( o ) 114,

N N
Lii < g(Ne@P) o — + w( — ) [14,..
i < &( ) YRR

33
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By (2.7) and the standard results on solutions of SDEs with random coefficients, we also have
~( 1
Ko <E[Va(t —0,x1)] < tu(\/?> + et /xq + g(xe@ TP,
1

Ky < B[ Lispoc, o peciorzn (000 + 80 + €7 (14-g4.(D) sup [X(5)])]
<s<t

,11/2 1/2
<eo®[1+E[ sup x*¢(52] "p{ sup [x*<(9)| >N}
0<s<t 0<s<t
ci(t, x,n)
STN
for positive constants ¢y and c;, where we used the inequality g(x) < g(1) + g/_(1)x. Combining the above estimates, we
obtain

lim KMN > —e +E[e™*Vy(t — 0, X96)) - Lip<rr)]

M— o0

~( 1 (]
—[tUxp) +tU [ — ) +ePt/x x1e@ Py 4 |
[ (x1) + («/ﬂ>+ 1+8(x )+N

Letting &,x1 | 0 and N — oo, we have the part “>" of the equality (2.13). O

2.3. Viscosity solutions

Given a real-valued function w on Ri, we shall denote by w* (resp. w,) its upper (resp. lower) semi-continuous enve-
lope, i.e.

wH(t, x) = liirgsup{w(s, yilt—s|+x—yl<e s,y>0}, t,x>0, (2.15)
&
and w, = —(—w)*.
Definition 2.6. Let G be an R-valued continuous function on R; x R x (0, c0) x R, and consider the non-linear PDE

We(t,X) + G(x, W(t, X), wx(t, X), Wi (£, X)) =0, t,x>0. (2.16)

Assume further that a — G(x,r,q,a) is non-increasing. Let w be a locally bounded R-valued function on (0, 00)% and @ be
a smooth R-valued function on (0, c0)2.

(i) w is called a viscosity super-solution to (2.16) if

@1 (to, Xo0) + G(xo0, W (to. X0), @x(to. Xo), Pxx(to, X0)) = 0

for any local minimizer (to, xp) € (0, 00)? of (w4 — ¢) on (0, o).
(ii) w is called a viscosity sub-solution to (2.16) if

@t (to, X0) + G(xo, w*(to, X0), @x(to. Xo), ¢xx(to, X0)) <0

for any local maximizer (tg, Xg) € (0, 00)% of (W* — @) on (0, c0)2.
(iii) w is called a viscosity solution to (2.16) if it satisfies the above requirements (i) and (ii).

Let us define the differential operator £ as

o2
2
Lo = 7)( Oxx + f(X)px — .

Lemma 2.7. V,, is a continuous viscosity solution to the corresponding HJB equation

(Ve (€, %) — LV (t, %) — an((Vn)x(f,X)) =0, t,x>0,

where L~1n (x) = maxogcgn U (€) — cx].
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Proof. By (2.7) and Lemma 2.4 we first know that V, is continuous on Ri. Let (to, Xo) € (0,00)? and ¢ be an R-valued

smooth test function on Ri.
1. Assume that 0 = (V;; — ¢)(to, X0) = minRi(Vn — ). Fix an arbitrary c € [0, n]. For a large number m, let us define

1 X £
Om = — Ainfls >0: |X0C(s) —xo| > 201 0, proc,
m 2 2
Since ¢ < V), it follows from Theorem 2.5 that
0 = Va(to, x0) — ¢(to, Xo0)
— Om
>E /e“"SU(C) ds +e "V (to — Om, XXO'C(Qm)):| — ¢(to, Xo)

-0
— O

/E_O‘SU(C) ds + e~ g(to — bm, XXO’C(Qm))] — ¢(to. Xo)
-0

WV
=

O
=F /e’“s [U(©) —c- gx(to — 5, X)) + Lo (to — 5, X*(5)) — @ (to — 5, X*(5)) ] ds:|

1
1
—E[/ 1{s/m<9m}€7“(s/m)[U(C) —c- §0x<to ~ 3 X"O’C<i>)
m m m
0
S N S N
[: t _ —,XXO’C - _ t _ —,XXO’C - d

1
=:—Lpn.
m

The standard results about solutions of the SDEs give

0 <E[1—mop] <Pom <m™'} <P sup [X0(5) — x| >

X0 Co
og<sm™! 2

)

where cg = cg(Xp, 1) is a positive constant. Therefore, after passing to a subsequence, mé, =+ 1 a.s. Hence the domi-

nated convergence theorem shows
0> lim Ly = [U(c) — cx(to, X0) ] + Lo (to, X0) — ¢t (to, Xo).

This implies the super-viscosity property of V.
2. Suppose that 0 = (V, — ¢)(to, X0) = maxREr(Vn — ¢). To prove the sub-viscosity property of V,, we assume to the

contrary that —2& := —¢; (to, xo0) + L@(to, Xo) + ﬁn(gax(to, Xg)) < 0. Then there exists a § > 0 such that

—@r(t. %) + Lo(t, %) + Un(pu(t, %)) < —¢
for all (t,x) € [to — &, to + 81 X [Xo — &, xg + 8] C (0, 00)2. Let ¢ € C, be arbitrary, and define
0 =8 ninf{s > 0: |X*0(s) — x| > 8},
6o = min[inf{s > 0: X*:0(s) > xo + 8}, inf]s > 0: X*"(s) <xo — 8}].
By the comparison results, we note 0 < § A 6y < 0° a.s. Since ¢ > Vy, by Itd’s formula, we obtain

0C
@(to, Xo) = E[/e‘“U(c(s)) ds + e’“ecga(to —6°, X"O'C(OC)):|

0
o

- ]E|:/ e~ [U(c(s)) — c(s)@x(to — s, X)) ] dsi|

0
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o°
|:/ *[Lo(to — 5, X*(5)) — @ (to — 5, X*(s))] dsi|
0

0°¢ 0°
|:/ e~ (c(s)) ds + e~ Vy (to — 6°, X7 C(Gc)):| +8E|:/e‘“ ds:|
0 0
o
> IE|:/6_“SU(C(S)) ds +e 0V (to — 6°, x"o’f(ec))} +ge°E[8 A bp].
0

By the arbitrariness of ¢ € C; and Theorem 2.5, we see that the above inequality provides the contradiction:
e B[S A6 <0. O

Theorem 2.8. V is a viscosity solution to the associated HJB equation

Vet,x) — LV (t,x) — U(Vi(t, %) =0, £,x>0 (2.17a)

with the boundary conditions
V*(t,0) = V,(t,0) =0, V*(0,x%) = V,(0,x) =g(x), t,x>0. (2.17Db)
Proof. Thanks to Proposition 2.3, it is easy to check
Vi(t,x) = lim inf{Va(s,y):n>m, [t —s|+[x—yl<m™ !, s,y >0},
m—oo
V*(t,x) = lim sup{Vy(s,y):n>m, [t—s|+|x—y|<m™', s,y >0}
m— o0

In view of Lemma 2.7, the viscosity properties follow from the arguments in §6 of [1] because Up Va U as n— oo.
Taking (2.7) into account, we see

VEE0) < Tim [toU(y) +xyeflo + g(xe@+P0)] =T (y) 2= 0,
(t0.0)—(t.0)

V0,0 < lim_ [tU(y) +xoye’" + g(x0e @) ] = xy + g(x) 20, o (x),
(t,X0)— (0,x)

Vi0x> lim  Ji0:x0)> lim E[e*g(xoe" & (0)] > g®).
(t,x0)— (0,x) (t,x0)—(0,x)

Hence we have (2.17b). O

Theorem 2.9. Let u (resp. v) be an upper (resp. lower) semi-continuous sub-solution (resp. super-solution) of (2.17a) and

u,0)=v(,0) =0, u(0,x)=v(0,x)=gkx), t,x=0, (2.18)
[u(t, x)| + [v(t, )|

_— 219
tx>0  1+t+xeft ( )

Thenu < v onRZ.

Proof. Assume to the contrary that 2¢ := u(to, xo) — v(to, Xo) > 0 for some tg, Xp > 0, and let us work towards a contradic-
tion. For any m > 1 and n > 02 + 2| f/(04)| + 1, we define

Y (t,x) = (1+x%)e™,

m 2 2
@(t,x,5,y) =u(t,x) — v(s,y) — 5[(t -2+ X =] —e[vt. )+ sy,

Mm = sup @(t,Xx,s,Y),
R2 xR

where the constant € > 0 is chosen so that

Mm 2 @(to, X0, to, Xo) = u(to, Xo) — V(to, Xo) — 28y (to, X0) =
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Since > B = (f'(0+) — )™, (2.19) guarantees that My, = @(tm, Xm, Sm,» Ym) for some (tm, Xm), (Sm, Ym) € R%r, and

m 2 2
&+ 5[(% = Sm)” + (Xm — Ym) ] +8[1//(tm’xm) + ¥ (Sm, Ym)] < u(tm, Xm) — V(Sm, Ym),

which provides that {(tp, Xm)}m and {(Sm, ¥m)}m are located in a compact subset of Ri. Therefore, after passing to a subse-

quence, (tm, Xm) =% (t., X,) € R2.. Further, Lemma 3.1 in [1] gives

m[(tm - 5m)2 + (Xm — Ym)z] 1= 0,

M =25 Uty X0) =Vt Xo) — 269 (t 30) > €.

Hence we know from (2.18) that (t., x,) € (0,00)2 and s0 (tm, Xm), (Sm, ¥Ym) € (0, 00)? for sufficient large m. By virtue of
Theorem 8.3 in [1], there exist a, b € R such that

ax* —by? <3m(x—y)?, x,yeR,
(pm + eYe(tm, Xm), qm + EYx(tm, Xm), @ + EYxx (tm, Xm)) € P2 u(tm, Xm).
(Pm — €Vt (Sm. Ym) Gm — EVx(Sm, Ym) b — €Vxx(Sm, Ym)) € P>~ V(Sm, Ym). (2.20)

where py = m(tm —Sm), Gm = M(Xm — ym) and P21 w(z) (resp. P>~ w(z)) is the closed superjet (resp. subjet) of the function
w at the point z, see §8 in [1] for the definitions. By the viscosity properties of the functions u and v, (2.20) implies that

2 ~
0> au(tm, Xm) + Pm — f Xm)qm — %x,ﬁa — U (qm + &¥x(tm. Xm))
o? ,
+ gliwt(tm, Xm) — f Xm)Wx(tm, Xm) — 7xm1/fxx(tm, Xm)j|
2

g 2 ~
= au(tm, Xm) + Pm — f Xm)qm — 7xma —U@m) + &¥ (tm, Xm),
2
0 < av(sm, Ym) + Pm — fF(Ym)qm — 0—73’%117 - U(Qm — &Yx(Sm, }’m))
o? ,
- El}//t(smv Ym) — fm)¥x(Sm, Ym) — TYmex(smv Ym)]

2
o ~
< aV(Sm, Ym) + Pm — f(Ym)qm — 7y§1b — U(gm) — ¥ (Sm, Ym),

where we use the monotonicity of U. Putting these inequalities together, we get

2
Ot[ll(tm, Xm) — V(Sm, Ym)] + 8[1/’(tm,Xm) + ¥ (Sm, ym)] < [f(xm) _ f(.Vm)]Qm + %(sza _ ernb)
<[|F OB+ |f(00)] +202] - m@xm — ym)? =250,
which yields the contradiction: a¢ +2(1 + a)ey(ty, x) <0. O

Remark 2.10. By Theorems 2.8 and 2.9 and (2.7), we have V* <V, on Rf_. Since V, <V <V* on Rf_ by (2.15) and (2.17b),
we see that V is continuous on Ri.

Remark 2.11. The results in this section hold true even if U(0) > 0, exclusive of the continuity of V(t,-) at x = 0. Indeed,
we can easily prove that

. B _ +1_efott
V*(t,04) =V, (t,0+) =U(0) e t>0.

Adding the assumption U(oco) > 0 and replacing U (resp. U) with U+ (resp. UT) in (2.7) (resp. (2.9)-(2.10)), we do not
require the assumption U(0) > 0 in order to obtain the results in this section. However the concavity of V(t,-), which
is proved for the case U(0) =0 in the next section, may be no longer the truth if U(0) < 0. Although there is room for
argument on this point, we may leave the details to future studies.
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3. Classical solutions and optimal consumption

In this section, we study the C!:2-regularity of the continuous viscosity solution V(t,x) of (2.17), and we present a
synthesis of the optimal consumption c* € Ar for the optimization problem (1.1).

Lemma 3.1. The function x — V (t, x) is concave for each t > 0, and

A(to,t1,X):= inf DIV(t,x)>0, 0<to<ty, x>0, (3.1)
to <Kty

where D V denotes the right-hand derivative of the concave function V (t, -).
Proof. Fix arbitrary p € [0, 1], t, x1,%2 > 0 and c1, ¢ € C, and define

G =)Ly, i=1,2,  X(s)=pX1C(s) + (1 — p)X2(s).

Set x = px1 + (1 — p)xp and c(s) = pc1(s) + (1 — p)c2(s). Thanks to the comparison results, we then have X < X*¢ ae. and
¥ v 7202 L 7%€ a5 by means of the concavity of f. Since U and g are concave and non-negative, we observe

V(t.x) 2 Je(c:x) = pJe(cr:x1) + (1 = p)Je(c2 : X2),

and thus V (t, -) is concave.

To prove (3.1), we will assume that A(tg, t1, xg) =0 for certain 0 <ty <ty and xo > 0, and then contradict this assump-
tion. Then for all ¢ > 0 there is an s, € [to, t1] such that D} V (s, x0) < €. Since x > DV (se, X) is non-increasing, we see
that D}V (sg, x) < & for all x > xo, and hence

V(sg,x) < V(sg,X0) +&(X —X0), X=Xo.

. 0 . . . . .
Extracting a subsequence, s, LiLN So € [to, t1]. Letting ¢ | O in the above inequality, by Proposition 2.1, we have

S0 S0
E|:/ e~ U (xe =15, (5)) ds + e~ *0 g (e Do g, (so))i| <U®y) / e~ ds + xgePPy + e *S0 g(xge @ HF)50)
0 0

for all x > xp and y > 0. Letting x — oo, Fatou’s lemma gives
Utoo) < Inf[U(y) +x08y] + e~ 7% g (xoe %) — g(00)] < U (xoé).
where &1 :=e~FS% [0 e~*Vdy. This is in contradiction with (13). O
Define
u(t,x)=V(T —t,x), tel0,T], x=>0. (3.2)
Then we have the first main result.
Theorem 3.2. Under (1.3), u satisfies the following properties:

(i) The function x — u(t, X) is strictly increasing and concave on R. for eacht € [0, T).
(ii) u e C([0, T] x Ry) N CL2([0, T) x (0, 00)) is a solution to the HJB equation (1.4).

Proof. We have already proved the assertion (i) in the previous lemma. We can also deduce the assertion (ii) from the
following:

V e C(RL)NC"2((0,00)?) isasolution to (2.17). (3.3)
To show this claim, let Q := (to, t1) X (Xo,X1) be any bounded open subset of Rﬁ_. We consider the parabolic equation

vi—Lv—U(vyvA)=0 inQ (3.4a)
with the boundary condition

v(ti, x) =V (ti, X), vit,x)=V(t,x), (xeQ,i=0,1, (3.4b)

where the constant A = A(tg, t1,X1) > 0 is as in (3.1).
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According to [8], there exists a solution v € C(Q) N C"2(Q) to (3.4) since ﬁ(~ Vv 1) is Lipschitz. Clearly, v is a viscosity
solution to (3.4). On the other hand, we can deduce by the concavity of V that ¢x(so, yo) = Dy V(so, yo) for any ¢ €
C12((0, 00)?) and (sg, yo) € (0, 00) which gives an extremal value of (V — ¢). Therefore we know by Theorem 2.8 that V is
a continuous viscosity solution to (3.4). By the standard arguments as in Theorem 8.2 of [1], we can prove the comparison
results on viscosity solutions of (3.4). Hence V =v € C(Q) N C'2(Q). Thus we have (3.3). O

Let us define
I(x) = arg;r(l)ax[U(C) —cx]=UN'® - Lxevroy), x>0,
(>3
G(t,x) =I(ux(t,x)) - L1y - Lx=0y, t€[0,T], xR,

and consider the SDE
dXt*:[f(X;“)—G(t, X;“)]dt+GX§‘dW[, te[0,T], X5=x>0. (3.5)
Lemma 3.3. The SDE (3.5) has a unique non-negative solution X*.

Proof. 1. In view of (3.2) and (2.6), by L'Hospital’s rule and Fatou’s lemma, we have

T—t
U (I-y)s¢
U(t,0+) > JE[ / e~ lim Ytye 7o (9) dS}

x,0 X
- U’(o+)a_yTy[1 — e @THNT=0] Y22, gy (3.6)

which implies I(ux(t,0+)) = 0. Hence G is continuous on [0, T) x R and x — G(t, x) is non-decreasing.

2.Form>1,te[0,T] and x €R, let us define gn(t,x) := G(t,x vm~1) — G(t,m™1). Then we note that gn(t, -) is locally
Lipschitz on R and 0 < gy < gny1. Since f is Lipschitz on R4, Theorem V.1.1 of [7] guarantees that there is a unique
solution x,,; of the SDE

dxn (6) = [f (xm () — gm(t, xm (©)]dt + X () dWe, £ € [0, T], (3.7)
with an initial data x,;,(0) = x > 0. The comparison results show
Xm1(6) < xm(6) <xel @D g,8) as., te[0,TI.

Since f(x*) — gn(t,x) =0 for x < 0, by applying Itd’s formula to ¢(x) := (x7)> € C2(R), we have d¢(xny(t)) =
¢ (xm(D)[302dt + 30 dW(], ie.,

(Fm®7) =(x7) 7 E3,(0)=0 as., te[0,T],

which means x, > 0. Now we define X*(t) := limp_ o0 Xn(t), t € [0, T]. Sending m to infinity in (3.7), we know that X*
satisfies (3.5) because g, /' G as m — oo.

3. Let X° and X! be two non-negative solutions of (3.5) and set Z; := X? — Xg. Since G(t,-) is non-increasing, by Itd’s
formula, we have

dz2 =27Z:[f(X?) - F(X!) = {G(t. XP) — G(t. X})}] dt + 0° Z¢ dt + 20 Z AW
< Z2[Codt + 20 dW,],

where Cg = 2(| f/(0+)| + | f'(c0)|) + 2. Hence the comparison results prove that

72 <289 E5(1)=0, te[0,T],

which implies the uniqueness of X*. O
Now we obtain another main result.

Theorem 3.4. Under (1.3), ¢* = {c*(t) := G(t, X*(t))}r>0 € Ar is an optimal consumption process for the optimization problem (1.1).
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Proof. The previous lemma implies c* € Ar. Since u is a classical solution of the HJB equation (1.4), we can use It6’s formula
to get

O AT AT
u(0,x) = JE[ / e u(cy) dti| +E[e OOy (0 AT AT, X 7ar)]
0

< Jr(c*:x) + E[u(n. X5, ) Lo, <T A7) ] (3.8)

where T = 7% and 6, = inf{t > 0: X*(t) >n}, n > 1. Since X*(t) < xe/ OVt . £.(t), by (2.7), we have

E[u(0n, n)1(g,<Tar)] < €o(1 +n)P[ sup xel OH. g (t) > n]
0<t<T

1+n
gcoxzez(“ﬂg”E[ sup &,(t)z]—2 n=oo,
0<t<T n

where ¢g = cg(x, T) is a positive constant. Hence we obtain u(0, x) < J7(c*:x), i.e. ¢* is optimal. O

By the definition of u in (3.2), we observe that

TAGFC

e %y(t,x) = sup E|: / e~ *U(cs)ds + e‘“Tg(Y;’X’C)]l{etx.c>T}:|, te[0,T], x>0,
ceAT

where a controlled process Y&*¢ is given as a solution to the SDE
dYs=[f(Ys) —cs]ds+oYsdWs, se[t,T], Yi=x>0
and 6;°° =inf{s > t: Y**(s) = 0}.

Theorem 3.5. Assume (1.3). Let w € C([0, T] x R;) N C12([0, T) x (0, 00)) be a solution to the HJB equation (1.4) with polynomial
growth. Then w =u on [0, T] x Ry.

Proof. Since w(t,0) =0 and ﬁ(wx(t, X)) < oo, we first note w(t,x) > 0. Let (t,x) €[0,T) x (0,00) and c € At be arbitrary.
1. By Itd’s formula and (1.4), we have

TAOFC TAOFC
e Y w(t,x)+o / e Y wy(s, Ys)dWs > / e~ *U(cs)ds + e—“(“@x’C)W(T N YTAGtx,c) >0
t t

and thereby

TAGFC

e Yt w(t,x) > E|: / e YU (cs)ds + e“Tg(YT)]l{gtx.c>T}:|.
t

This implies w > u.
2. Since w > u and w(s,0) = u(s,0) = 0, we see that wy(s,0+) > uy(s,0+) > U’(0+). Thus, by the same line as
Lemma 3.3, we know that there exists a unique non-negative solution Y* of the SDE
dy§=[f(Y) = G"(s.YJ)]dt +0oY;dWs, sel[t, T, Y/=x>0,

where G (s, y) = [(Wx(s, ¥)) - Lir<s<T) - Liy>0}. Since w(s, y) < Co(1 + y¥) for some constants Co, k > 0, the same arguments
as in Theorem 3.4 give

TAO
e Y w(t,x) < E|: / e~ U (c)ds + e_“Tg(Y$)]1{9*>T}:| <e %u(t, x),
t

where ¢% = {c"(s) :=G" (s, Y*(5))}s>0 € Ar and 6* = Otx’cw. Hence the proof is complete. O
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4. Infinite time horizon Ramsey problem

In this section, we give an application of the above results to the infinite time horizon problem so as to maximize the
discounted expected utilities with a discount rate o > 0:

-[X,C

Joo(C:%) = IE|: / e U (c()) dtj| (4.1)
0
over the class C. In order to present the similar results to the theorems in Section 3, let us define
V(x) =sup Jos(c:X), x>0,
ceC

and we make the following hypotheses: There exist 8,y € R and & > 0 such that

a>f'(0+)—B+oy, (4.2a)
F (&) ::E|: f e U (s0e Pe, (1)) dti| < oo0. (4.2b)
0

Theorem 4.1. Let the conditions (1.3) and (4.2) hold true. Then the following assertions are valid:

(i) z is strictly increasing and concave on Ry.
(i) V € C(Ry) N C%(0, c0) is a solution to the HJB equation

—LVx) —-U(V'®)=0, x>0, V() =0. (4.3)

Proof. 1. Let us begin with showing

0< VX <F(€o)+xk0, x>0. (4.4)
Let x > 0 and c € C be arbitrary. By (2.4), we have
THCAT TAT THAT
]E|: / e—“fU(ct)dr} = E[ / e [U(c) —se7 e, (t)ct]dt} +51E[ / e~ @tPe, (D) dt}
0 0 0
o
< IE|:/ e U (ce~ e, (t))dt] +Ex.

0

Letting T — oo, Fatou’s lemma shows (4.4).
Also we can easily deduce the following analogue of (2.6):

o0
Vx> E[/e“tU(xze(’Z)tEJ (t))dt:|, x,z>0. (4.5)
0

2. The proof of Lemma 3.1 guarantees the concavity of V. We denote by V’+ the right-hand derivative of V. We shall
prove that V/ (x) > 0 for all x > 0 by the reduction to absurdity. Suppose that V;(XO) =0 for some xg > 0. By (4.4)-(4.5)
and the same line as Lemma 3.1, we then have

@ < F(&o) + &oxo < 0.

Hence we may assume U (0) = U(co) < co. Choosing y=0and 8= (f'(0+)— )T,

~ . ~ ? ~ 1— e—(XT - e—aT -
F(fo)=/e_MU(Soe_ﬁt)d“r/e_“tU(éoe‘ﬁt)dt< U(oe ") + ——0(0)
0 T

for all &y > 0. Combining two inequalities above, we obtain

BT
~ o oe

U(oo) < inf | U(f0e™T) + ———=&0x0 | = U ———5%0 ).
() E;>0[ (6o )+1—e—°‘T§O 0} (1—6—‘” O)

This is in contradiction with (1.3). Thus the assertion (i) holds true.
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3. Since F(’;’) N\ 0 as & — oo, we see V(O—f—) =0 by (4.4). Hence the concave function V is continuous on R;.
4. Let us introduce the auxiliary control problems

Vn(x) 1= sup Joo(c:X), x>0,n>1,

ceCp

and we will establish a dynamic programming principle for V,,:
For every F-stopping time 6 with 6 < co a.s., V, satisfies the following property:

OAT®C
Va(x) = sup IE|: / e~ *U(c(s))ds + e~ OOy, (X*€(6 A TX'C)):|, x>0, (4.6)

ceCp

where 6 may depend on a control ¢ € Cy,.
By the same calculation as in (2.14), it is clear that the part “<” in (4.6) holds. Let 0 <t < T and c € C, be arbitrary.
Theorem 2.5 provides

N7
Va(T, %) > ]E[ / e™*SU (c(5)) ds 4+ e~ T IV, (T — 0 A T4, XC(6 A z;“))},
0

T—o00

where 7°° = 7% At and g =0. Since V,, (T, x) =22 V,,(x), Fatou’s lemma gives

OATC
Vo(x) > IE|: / e~ *U(c(s))ds + e~ OOy, (X*(0 A rt”))i|
0

Letting t — oo, we obtain the part “>" in (4.6).
5. By the similar arguments to Lemma 2.7, we can prove that V,, is a continuous viscosity solution to the associated H]B
equation

—LVn(x) — Un(Vy(x) =0, x>0.

Also the same arguments as in Proposition 2.3 ensure that Vn(x) S V(x) as n — oo for each x > 0. Then Dini’s theorem
implies that Vn converges to Vv locally uniformly on Ry. Thus we can deduce from the standard stability results [1, §6] that
Visa viscosity solution to (4.3).

6. Let Q := (xo,x1) be any bounded open subset of Ry and set A :=V/ (x;) > 0. It is known in [3] that the following
boundary value problem has a smooth solution v:

—Lvx) —U(V(vi)=0, xeQ, vx)=V(), i=0,1. (4.7)

Clearly, v is a viscosity solution to (4.7). On the other hand, since V is the concave viscosity solution to (4.3), we see easily
that V is a continuous viscosity solution to (4.7). Thus, by the comparison results [1, Theorem 3.3] for viscosity solutions,
we have V =v € C(Q) N C%(Q). Hence the proof is complete. [

To obtain an optimal consumption process for the infinite time horizon problem, we make the following condition which
is slightly stronger than (4.2): There exist p € (0,«), 8,y € R and & > 0 such that

o0

a—p>fOf)—-p+oy and E[/ e T (goe ey () df} < oo, (48)
0

ThAeorem 4.2. Assume (1.3) and (4.8). Then c* = {c*(t) := E(X* (t))}t>0 € C is an optimal policy for the problem (4.1), where E(X) =
I(V'(x)) - Lix=0y and X* is a unique non-negative solution of the SDE

dX; =[f(X;) - G(X?)]dt + o X;dW, t=0, Xj=x20. (4.9)
Proof. 1. Taking account of (4.5), the same calculations as in (3.6) provide V/(O+) > U’(0+). Hence we can prove the

existence of a unique non-negative solution X* to (4.9) by the same line as Lemma 3.3, and thereby c* € C.
2. Let x >0 and c € C be arbitrary. We shall show

lim E[e~*T TV (X*¢(T A 74¢))] =0. (4.10)

T—o0
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To this end, let us define

.[X,C

h(x):supIE|:/e_(“_p)tU(ct)dt:|, x>0.

ceC
0

Thanks to Theorem 4.1, we know that h € C(R) N C2(0, co) satisfies

0<V®<h(,  Lhx)+phx)+U(h®)=0<h'(x), x>0.

Thus, by Itd’s formula, we have

TAT*C TAT*C
hx) +o / e~ X (Xs) dWs = e~ * TN Ih(Xp pxe) + f e~ *[esh'(Xs) = Lh(Xs)] ds
0 0
TAT®C

>p / e “h(Xs)ds > 0.
0

Hence we have

00
h
E[/e_ash(XS)ﬂ{SSTX"C}dS} < % < 00, (411)
0

which implies li_mT_wo]E[e*"‘Th(XT)Jl{Tgfx.c}] =0 and thereby (4.10).
3. By the definition of ¢* we know that It6’s formula gives

AT AT

Ve = E[ e u(c) dt] +E[e™ @OV (X5 arac)]

0

< Joo(€?) +E[e*BTOV(XE 1,10, (412)

where 7 = t*¢" and 6, = inf{t > 0: X*(t) >n}, n > 1. Since X*(t) <xe/ OVt . £, (1), by (4.4) and Doob’s maximal inequality,
we have

E[ sup V(X;,r170) | < F6o) + boxe!” TR sup £5(0)] < oo,

n>1 0<t<T

Letting n — oo and then T — oo in (4.12), by the dominated convergence theorem and (4.10), we obtain V(x) < Joo(C*), e,
c* is optimal as asserted. 0O

Theorem 4.3. Assume (1.3) and (4.2). Let w € C(Ry) N C2(0, oo) be a solution to the HJB equation (4.3) with polynomial growth.
Suppose further that either one of the following conditions holds:

(a) There exist p1 > 0, hg e Rand h € C(Ry) N C%(0, oo) such that

lim M < 00, Lh(x) + p1h(x) < ho, h(c0) > 0, h/(X) > 0.
X—00 h(x)

(b) lim udw'x)))

>2 or some py > 0.
m e ® P2 fi 02

Then w =V on R;.
Proof. Since w(0) =0 and U(w’(x)) < oo, we first note w'(x) >0 and w(x) > 0. Let x> 0 and ¢ € C be arbitrary.
1. By the same line as step 1 in the proof of Theorem 3.5, we have

TAT*C

w(x)>E|: / e"‘sU(cs)dsj|.

0

Thus Fatou’s lemma shows w > V.
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2. Since w > V and w(0) = V(0) =0, we see that w’(0+) > V'(0+) > U’(0+). Thus, by the same line as Lemma 3.3, we
know that there exists a unique non-negative solution Y* of the SDE

dy; =[f(Y;) = G¥(Y)]dt+oYdW,, t>0, Yj=x>0,
where GY (y) =1(W'(¥)) - L{y~0}. Denote T =inf{t > 0: Y*(t) =0} and we shall show

lim E[e T w(Y})Lir<7)] =0. (4.13)

T—o00

2-1. Assume that condition (a) holds. Similarly to (4.11), we have

- _ +
E[ et - h<0>]1{s<f}ds} <100 B0 PRODT o,
0 P1 fated

which implies limy_, o IE[e*“T[h(Y;) —h(0)]1{r<¢)] = 0. We choose a number N; > 0 so that

< @ <ni= lim M,
h(x) x—o00 h(x)

Then we get

Vx> Njq.

E[e T w(Y)Lir<r)] <e T [w(N1) +nh(0) "]+ nE[e T [h(Y}) — h(0)]Lir<r)] 7222 0.

2-2. Assume that condition (b) holds. We choose a number N3 > 0 so that U(I(w'(x))) > paw(x) for all x > N;. Then
Itd’s formula gives

Tht Tt
woo-+o [ e viw (v aws e T Ow(rg, )+ [ e Uli(w(r)) ds
0 0
TAat
2 P2 / e~ Cw(Y3) Ly zny ds >0,
0

which yields li_mT_,ooE[e_“Tw(Y;)]l{y;>N2} -1yr<7j] =0, and thereby (4.13).

3. Since w(y) < Co(1 + y¥) for some constants Co, k > 0, by the same arguments as step 3 in the proof of Theorem 4.2,
we have

W) < Joo(c™) <V (),

where c"* = {c"*(t) := G"(Y*(t))}r>0 € C. Thus the verification theorem is established. O
Here are two examples for the hypotheses (4.2) and (4.8) to be fulfilled.
Example 4.4 (HARA utilities). For a € (0, 1), we consider for the case

yTi, x>0, y>0.

XA -
U(x)=;, Uy =

Since E[U(ge~7&, (1)1 = U(&) exp([1% 8 + T V;]r), we need

o>A a B+ « 7
>Ai=——o —
1—a 1-a)? 2

to ensure (4.2b). Let B := f’(0+) — B + o y. Then we get

a(l—a) ,

r;}lin(AvB):n}/in[ y2+aay]+af’(0+):—Ta +af’(0+),
Y

_*
21 —a)

where y* = —(1 —a)o and g* = (1 —a)[f'(0+) — (2 — a)o'?/2] give the minimum value. Hence (4.2) is equivalent to

+
a1 —a)az}
2

o> [af/(0+) — (4.14)

because o > 0. Clearly, (4.14) also guarantees (4.8).
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Example 4.5. In addition to (1.3), we assume that
— xU’(x
U'(04+)=00 and AEWU):= lim *)
X—> 00 U(X)
By virtue of Lemma 6.3 in [6], we then have

e < (5) Tl 0<E <k,
o

for certain & > 0 and a € [AE(U), 1). Thus we observe

~ - —pBt P
B[l (ge €, ()] < U@o)@{se—f”sy > &) + E[(%) ])

for all £ > 0. Since o > 0, Example 4.4 implies that (4.8) holds true if o satisfies (4.14).
We are now in a position to make the corrections of Theorems 3.3 and 3.4 in the second author’s paper [10].
Remark 4.6. For the reference we use the list of references of the paper [10].

(i) We need to add the following assumption:
There exists a concave function ¥ € BN C2(0, oo) such that v (0) = 0 and

o2

—ay(z) + TZZW(Z) +(f@ - p2)v' @ +U(¥' (@) <0<y (2 (4.15)

for z> 0. Then, we replace ¢ in the estimate of J; in the proof of Lemma 3.2 by ¢ to have

J1 <Cplz=Z|+ ple@) + @(2)].

(ii) We replace 7, | 0 in the proof of Theorem 3.4 by the following: Choosing sufficiently small ¢ > 0, we have

E|: f e~ PT1/eNc(p) dt} <z+5[ f e~ P £ (2(D)) dti|

0 0
o0
<z+ f/(0+)E|:/e(ﬁ+1/8)tq(t)dti| —0 aszlO.
0

Then, by the concavity of U, we get

E|:/e_(5+l/8)tU(c(t))dti| — 0 aszO0.

0

By (i) and (ii), we can obtain the same conclusions as these theorems.

Remark 4.7. Let U(x) = x%/a be the power utility as in Example 4.4. Then we notice that v (x) = x? satisfies the condition
(4.15) if

+
o > [aff(O-i—) — QGZ e _a)a1/(a—1):| ,

where o and f are of this paper. (We remark that o and f(z) in (4.15) are different from those of this paper. The « in
(4.15) is a positive number which is smaller than the discount rate « of this paper, and the function f(z) — uz in (4.15)
corresponds to f(z) of this paper.) Obviously, the condition (4.14) is weaker than the above requirement. Hence our results
in this section are sharp as compared with [10].

Remark 4.8. We observe that (4.15) is analogous with the condition (V.2.11) of [2] for the exit time control problem in
the finite horizon. Excepting some simple cases, however, it is hard to verify whether there is a function v satisfying the
condition (4.15). On the other hand, given parameters o, o and functions f, U, it is easy to verify whether the conditions
(4.2) and (4.8) hold or not. In comparison with [10], the contribution of this section is to have provided the readable
conditions (4.2) and (4.8).
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