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Global solution

1. Introduction

This paper is intended to be a continuation of the papers [5-7], which are concerned with large
time behavior of small solutions to the Cauchy problem for a nonlinear system of Klein-Gordon equa-
tions in (¢, x) € R1*2;

(O +m})us = F1(u, du), (1)
(D—i—m%)uz:Fz(u,au), '
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where 0 =92 — 397 — 33, 3 = (3o, 81, &) with o = 8 = 9/dt, 9; = 9/dx; for j=1,2, while u =

(uj)j=1,2 is an R2-valued unknown function and du = (dqu;) j—12 is its first order derivative (R>*3-
a=0,1,2
valued). The masses my, m;, are supposed to be positive constants. Without loss of generality, we may

assume that my < my throughout this paper. The nonlinear term F;j = F;(v,w) is a C* function of
(v, w) e R? x R?*3 which vanishes at quadratic order at the origin, that is,

Fitv,w)=0((Jvl+Iw])?) as (v, w)— (0,0).

For simplicity, the initial data are supposed to be of the form

uj(0,x) =¢f;jx), 0cu;(0,x) =¢&gj(x), xeR?, j=1,2 (1.2)

with a small parameter & >0 and Cg° functions f}, g;.

From a perturbative point of view, quadratic nonlinear Klein-Gordon systems on R? are of special
interest because ratio of the masses and the structure of the nonlinearities play essential roles when
one considers large time behavior of the solutions. Let us recall known results briefly. In the case of
my # 2my (which will be referred to as the non-resonant case), it is shown in [5,11] that the solution
u(t) for (1.1)-(1.2) exists globally without any structural restrictions of Fq, F if ¢ is sufficiently small.
Moreover, u(t) is asymptotically free (in the sense that we can find a solution u®(t) of the homoge-
neous linear Klein-Gordon equations such that u(t) tends to u®(t) as t — oo in the energy norm)
and satisfies the following time decay estimate for all p € [2, o0]:

—(1=2
Sl utt ) oy <Ce(t+16) " e (13)
<1

with some positive constant C which is independent of &. Remember that this decay rate is same
as that for the linear case. On the other hand, the above assertion fails to hold in the resonant case
(i.e., the case where m; =2m;) because of counterexamples due to [6,7,10] etc. One of the simplest
example is

{F1=O,

2
F2:u1.

For this nonlinearity, we can choose fj, g; € CSO(RZ) and positive constants C, T such that the solu-
tion u(t) for (1.1)-(1.2) satisfies

> ottt )| > ce?logtl (1t >T)
<1

however small € > 0 is, whence the estimate (1.3) is violated. Thus we need to put some structural
condition on the nonlinearities in order to obtain global solutions for (1.1)-(1.2) satisfying (1.3) in the
resonant case. This is what we are going to address here. A sufficient condition on the nonlinearities
is introduced by Delort, Fang, and Xue [2], called the null condition, which admits a global solution for
(1.1)-(1.2) in the resonant case. They also give an asymptotic profile of the solution, from which the
decay estimate (1.3) follows immediately. However, their condition is not optimal since it does not
cover some important cases. For instance,

2 (1.4)

F1 =uquy,
F; =uj
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is excluded from their condition, while the system (1.1) with the nonlinearity (1.4) can be viewed
as a simplified model for some physical systems, such as Dirac-Klein-Gordon system, Maxwell-Higgs
system, and so on. Someone may call this type of interaction the Yukawa type one (see e.g., [3,11] and
the references therein).

Our aim in this paper is to give a new sufficient condition on the nonlinearities which includes
(1.4). Under this condition, we will show that the solution for (1.1)-(1.2) exists globally in time and it
enjoys time decay property (1.3) even in the resonant case.

2. Main result

In order to state the result, let us introduce several notations. For j =1, 2, denote by Q; the
quadratic homogeneous part of the nonlinear term Fj, that is,

Qj(v,w)= limA‘sz(kv, AW)
10

for (v, w) € R? x R%*3, Roughly saying, Qj(u,du) gives the main part of the nonlinearity while
Fj(u,du) — Q;(u, ou) is regarded as a cubic or higher order remainder if we are interested in small
amplitude solutions. Next we set

H={®= (00, 01,0) e R’: 0§ — 0] — w5 =1}
and
1
D (@) = f Qj(V(©®). W (@, 0))e "1 dp (21)
0

for @ € H, where V(0) = (cos2mkf)k=12, W(®,0) = (—wamysin2wkd) y=1, and i =+/—1. Note
a=0,1,2
that @; can be explicitly computed only from mj;, my and Fj. With these ®1(w) and ®,(w), we

introduce the following two conditions:

(a) Both @1(w) and @, (w) vanish identically on H.
(b) The real part of the product @1(w)®,(®@) is uniformly positive on H, while the imaginary part of
@1 (w) P, (w) vanishes identically on H.

Our main result is the following theorem.

Theorem 2.1. Let my = 2m1 > 0. Suppose that either the condition (a) or (b) is satisfied. Then (1.1)-(1.2)
admits a unique global classical solution for sufficiently small €. Moreover, for all p € [2, oo], the solution u(t)
satisfies (1.3), i.e.,

—(1-2
D Lttt ) ey < o1+ 1e) P
<1

with some positive constant C which does not depend on €.

Remark 2.1. The condition (a) is equivalent to the null condition in the sense of [2]. On the other
hand, the condition (b) is completely new, as far as the authors know. (1.4) is a typical example of
the nonlinearity which is excluded from (a) but included in (b). As our proof below suggests, it may
be reasonable to conjecture that the solution may not be asymptotically free under the condition (b)
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(while it is possible to prove that the solution is asymptotically free under the condition (a); see [4]
for the detail). This problem will be discussed in a future work.

Remark 2.2. Our main result remains valid for quasilinear systems if the definition of @; is slightly
modified and a suitable hyperbolicity assumption is imposed on Fj.

The rest of this paper is organized as follows. In Section 3 we make some reduction of the problem
along the idea of [1,2] with a slight modification. Section 4 is devoted to the derivation of some energy
inequalities. In Section 5 we specify the worst contribution of the nonlinearities in the resonant case.
Section 6 describes a lemma on some ordinary differential equations, which reveals the role of our
condition imposed on @;. After that, we get an a priori estimate in Section 7, from which global
existence follows immediately. Finally, in Section 8, the time decay estimate (1.3) is derived. In what
follows, several positive constants appearing in estimates will be denoted by the same letter C, which
may vary from line to line.

3. Reduction of the problem
In the following, we restrict ourselves to the forward Cauchy problem (t > 0) since the backward
problem can be treated in the same way. Also, we shall neglect the higher order terms of F; (i.e. we

assume Fj = Q;) to make the essential idea clearer.
Let K be a positive constant which satisfies

supp fj Usuppg; C {x e R: x| <K}

and let 7p be a fixed positive number strictly greater than 14 2K. We start with the fact that we may
treat the problem as if the Cauchy data are given on the upper branch of the hyperbola

{0 e RM™2: (6 +2K)? — x> =1, t > 0}
and it is sufficiently smooth, small, compactly-supported. This is a consequence of the classical local
existence theorem and the finite speed of propagation (see e.g., [1, Proposition 1.4] or [2, Proposition

1.14] for the detail). Next, let us introduce the hyperbolic coordinate (t,z) € [1g, o0) x R? in the
interior of the light cone, i.e.,

21 . 22 .
t 4+ 2K =t cosh|z|, x1 =t —sinh|z|, X2 =Tﬁ sinh |z|
z

|z|

for |x| <t + 2K. Then, with the auxiliary expression z; = p cos, z; = psin6, we see that

do 3 coshp —sinhp 0 O
(31>=<8x1>=<—sinhpcose cosh p cos 6 —sin@) %Bp ,
d2 Ox, —sinhpsind coshpsin® cosf Tsillthag
whence
12
do = wa(2)0r + — ; 10j(2)d; (31)

for a=0,1, 2, where
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wo(2) cosh p
w(z) = (wl(z)) = (—sinhpcos@),

2(2) —sinh p sinf
N01(2) NM02(2) X 5111 Y COS 0 5 ) sinh p siné
N2 n122) cosh p cos® 6 + smhp sin“0  (coshp — Slnhp) cos6 sinf
m21(2) n22(2) (coshp — smhp )cos@sin® cosh psin®6 + Smhp cos? 0

Remark that wq(z) and 7pj(z) can be regarded as C* functions of z € R? which satisfy
lwa(@)| + |1 ()] < Cel?!

fora,b=0,1,2 and j =1, 2. Moreover, w(z) € H for all z < R2. Also we observe that

1/, 1
Du:; 3,—§A0 (tu),

where

cosh p 1
Ag =02 9 2. 32
0 + sinhp * * sinh?p © (32)

Next we introduce a weight function x (z) = e *‘? with a large parameter «, where (z) = /1 + |z|2.
(In fact, we shall not always need the explicit form of x, but only the properties that x is smooth,
radial, as well as the estimates 0 < x(z) < Coe™?l and |38} x(2)| < C;x(2) for any multi-indices I
with some constants C;. Another choice for such y(z) may be Coshzw as was done by Delort et al.
in [1,2]. We also note that k¥ > 6 is enough for our purpose.) With this weight function, let us define
the new unknown function v;(t, z) by

x(2)

uj(t,x)= —v](r 2).

Then we see that v = (vq, vy) satisfies
2 1 2 5
(8, — ﬁA +mj>vj =Qj(t,z,v, 07 zv)
if u = (uq, uy) solves (1.1), where A is defined by
Av = e"<Z)Ao(e"‘<Z>v)
and

1
~ (2 Qujkii j (2) _
ez =220 e@iv)+ Y Y BBl ol el 33)

v=0 1<k,I<2
<L JISY

with some qyjur; € C*®(R?) satisfying

ad qulI](Z)’ CLe(2 el

for any multi-index L.



2554 Y. Kawahara, H. Sunagawa / J. Differential Equations 251 (2011) 2549-2567

At last, the original problem (1.1)-(1.2) is reduced to

1 ~
22— —A+m?|vi=0Qi(t,z,v,08; 7V), T >To, z€R2,
( T ) j j Q]( 7,2 ) 0 (3‘4)
(v}, 00V )lr=ry = (£ f}, €E}), zeR?,
where fj and g; are C* functions of z € R? with compact support.

4. Commuting vector fields and energy inequalities

In this section, we will derive a kind of energy inequalities for the operator

1
Pm=a$—§A+m2

with m > 0 which will be needed in Section 7. For this purpose it is helpful to introduce the following
function class.

Definition 4.1. Let v € R. We denote by S” the space of C* functions a(z) defined on R? satisfying

“u <|8§a(2)|>
o\ g ) =%

for any multi-index I.

We start with splitting A into three parts: A = Ag + A1 + A, where Ap is defined by (3.2) and

2
P Zj
Al =—2k—0, =—2K —0z;,
(o) ” j§<z> o

k2|z|2(z) —k  Kk|z|cosh|z|
Ay = - .
(z)3 (z) sinh |z]

Note that we can rewrite Ag as

2
1 ij
Aov=—os i; 3, (VG(2)8" (2)0,v)

when we put

(58 )0 )-Gsa) (5 ¥)
'@ g?@) \o 1 1z2 sinh?|z|) \—2122 2

and

. 2
G(2) = (smhlzl) .
|z|
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We observe that

2 2
: z
Y o= =t +—5—lzr¢F >0 (41)
= |z] sinh? |z|

for ¢ = (¢1,¢2) € R?, and that

G(2) = det(g (Z))l_;j,kgz'

Next, let us introduce the vector fields

sind

It = (t + 2K)0x, +x10; = (€0s6)0p — ———0p,
tanh p
. cos@

I = (t + 2K)0x, + X20; = (sin0)0, + —— g,
tanh p

I's = —X0x, + X10x, = 0g.

In what follows, we write |I[|=11 + 1, + I3 and I'' = 1"1’1 1"2'21"3’3 for a multi-index I = (I, I, I3). We
can immediately check that

[Ih, 2] =13, [, I3] =13, [I3, I3]= 17,
where [-,-] denotes the commutator. Another important thing is that Iy, I, are written as linear

combinations of d;,, 3, with S1-coefficients, while dz,, 0z, are written as linear combinations of I7,
I, with S%-coefficients. More precisely, we have

2
Fj = chk(z)azk

k=1
for j=1,2 and
2
Oy =Y (@I
I=1
for k=1, 2, where
c11(2) c12(2)\ _ [ cosé —sinb 1 0 cos®  sinf
012 2@ ) \sind coso J\0 g )\ —sind coso )

€11(2) C12(2) _ (cos® —siné 1 0 cosf sind
C21(2) €22(2) )~ \'sinf® cosé 0 % —sinf cosd )’

As for the commutation relation between Py and I'j’s, we have the following:

Lemma 4.1. For any multi-index I, we have

1
[Pm,F’]zﬁ > hy@r!
IS

with some hyj € SO,
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Proof. First we note that
[o+m?% r']=0

for any multi-index I, and that

Dtm? =02+ 29, —  Ag4m2=p +l(A + A3)
=0z T T T2 0 =Im 'L'2 1 2).

So we have
P I = — [ Ay + Ag, T
[ ms ] - _ﬁ[ 1 + 2 ]
1 1
I
:_ZZ pil, I ﬁ[Az,F],
where p;(z) = o € S°. By induction on I, we have the desired conclusion. O

Now, we turn to the energy inequalities for the operator P; which we need. For s € Z3o, we
introduce the energy Es as follows:

2
Es(t:v.m)=Y %/((atr’v)2 + ;—2 3" g @)(3z,7'v) (35, T'v) +m2(r’v)2),/g(z) dz.
11<s “ 32 jh=1

We also introduce the norm | - |5y by

IVils) == Z HFIVHLZ(JRZ;«/WM)'

HI<s
Lemma 4.2. For s € Z 3, we have
d 2« C 12
—Es(t;v,m) < | = + = ) Es(t; v,m) + CEs(t; v, m)'/?|| Ppv (D) | (4.2)
dt T 12 ©
and
dp (o <Lk ; CEs(t; 121p 43
37 Es(@vom) < 5 Egpa (Tv,m) + CEs(zs vom) | Pmv(@) |- (43)
Proof. First we consider the case of s = 0. As usual, we compute
d Eo(T;v,m)
FERUSERS
1 & 2 &
:/((a,v)afv +m?vdrv + = > &4 @) (05,v) 000, v — = > gf"(z)(azjv)azkv),/g(z)dz
R2 jk=1 jok=1
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2
/(82v+m V) (0:v)V/G(2) — Z (V6@ g™ @8, v) (9 v)dz
Jj.k=1

R2
1 1
=/<va - t—2A1v - ?A2v> (0:v)V/G(2)dz
RZ
12 1 |A1v|
< 1PmVlloyEo(T; v, m) +1—+, —7 19 vIVG(2) dZ+ Eo(f v,m)
R2

for I =0, 1. We shall estimate the second term differently according to [ =0 or [ =1. In the case of
I =0, from the relations

[A1v] = 2KH8p < 2K(dpVv|
and
2 ‘ 1
Z gﬂ‘(z)(azj\/)(azkv) - |apv|2 + sinn? 2] |0pv|? > |3pv|2
j.k=1

it follows that

1 AV 2K dpV
;/' t] ||8rV|\/g(Z)dZ<7/| ’; ||81'V|\/g(z)dz
R2 R2

< f/('aiv' + 190V )x/g(zwz

T
R2
1 &
< % / (; D g @ 0v) (05 v) + |afv|2)\/g(z) dz
R2 j.k=1

2K
< TEO(T; v, m),

which gives us (4.2) with s =0. On the other hand, using the relation

K
|A1v]|9rv] = |afv|<a(m2|rv|2+|afv|2),

2
7
2K 2 v
Z (2)"’
j=1
we have

1 C
;fmlvnafvn/g(z)dx ;/(m2|rv|2+|afv|2)\/g<z)dz
RZ

R2

c
< zEi(miv,m),
T
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which yields (4.3) with s =0. Next we consider the case of s > 1. It follows from Lemma 4.1 that

¢ c
“%H[Pm, FI]V”(O) S ﬁ”"”(ﬁ < ﬁEs(t; v,m)/2,

Therefore

dE(r'v m)
df N s Vo

_ d ol
= Z d_rEO(T’ r'v,m)
[<s
uC . IoN12 I
Z T+ — |Eo(z; T''v,m) + CEo(z; I''v,m) " | Pl v(r)H(O)

2
T
<s

/N

2 C
< (TK + ;)ES(‘L’; v,m) 4+ CEs(t; v, m)!/? Z (||F’va('c)||(0) + | [Pm. F’]v”(o))
H<s

Z_K £ . . 1/2
<\ 5 ) Es(mvom) + CEs(zi v, m) 2 Py (@) .

This completes the proof of (4.2). In the same way (4.3) can be derived. O

We close this section with the following lemma, which will be used in Section 7 to estimate
quadratic terms.

Lemma 4.3. For k > 9/2 and s € Z 3, we have
ey < C(le o] ¥ sy + s e 2w ] ).
provided that the right-hand side is finite.

Proof. First we note that

Ylr's@lVa@m<c 3 [P @) aalo )

[<s +j<s

2
’

whence
lelle <C Y e D015)6] 2 g.gs)

Hl+j<s

for any & > 0. By taking § =« — 9/2 (so that 1/2 4+ 6 =k — 4), we have

le™ oy (s)

<C 3 [l )]
Hl+j<s

=C Y e bRl {em k@] (e 2 g o2y |,
+j<s
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<C Y |23 g e @y,

Hl+j<s

clle2eln 3 Polalle 20+ e 2l 3 1200,

H+i<s +j<s

<c{le ol S 1wl + e 2wl Y1l e

1<s <s
<C{le o] ¥ lie + e v [ e lplle}. O
5. The leading part of the nonlinearity

The objective of this section is to extract the leading part of Q (v, @d;v) under some assumptions
on v. What we are going to prove is the following:

Lemma 5.1. Let my =2m1 > 0, @ = (wq)q=0.1.2 € H, T > 79 > 0 and & > 0. Suppose that v = (v1, vy) is an
R2-valued function of (t, z) € [tg, T) x R? which satisfies

1/2,2 2 2 Cel/2e?
[vi(t,2)| + |devj(T,2)| < Cel/2e?, |(2 +mj)vj(r,z)| < —
for (t,z) € [t0, T) x R%, j =1, 2. Then we have
e~imt D1 (w) __ Ce(w)2e
Q1(v,wairv) — ooy + 0y )| < T, (5.1)
e—imzr (0 Celw 2e4\z\
Q2(v, wdrv) — < ZT( Loz +3r)/2>‘ < T>2 ; (5.2)
where @ j(w) is given by (2.1), «j is defined by
—im;tT 1 9
aj(t,z)=e "1+ prly vi(t,2), (5.3)
m;j

a; denotes the complex conjugate of ot j, and y; is a function of (7, z, ®) satisfying

Ce{w)2etl!
lyj(t,z,w)| < —

for (t,z,®) € [19, T) x R? x H. In the above estimates, the constants C are independent of ¢, T, T, z, ®.

Proof. Because of the relations vy = Re(otxe™7), wqdz Vi = —wgMy Im(ctxe’™T) and my = 2mq, we
may regard Q (v, d;Vv) as a trigonometric polynomial in e"™7 (with coefficients depending on o,
my, @), that is,

Qj(V,(x)afV) — Z ]7{11(’2(&))“(0]) EUZ) i(o1k1+0o2ka)myT (54)
1<k <ka <2
01,026{+.—}

for j=1, 2, where ot,i“ = o, 06,5 ) =y and
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2w /my
v (@ )—— / Qj(V(0), W(w, 0))e @rkitoakmf gg
0

with V (6) = (coskm10)k=1,2, W (@, 0) = (—wamy sinkm;0) k=12 - Now we focus on the relation j =
a=0,1,2

o1k1 + o2k, which implies creation of e™7 in the right-hand side of (5.4). We see that this relation
is satisfied precisely when (j, k1,k2,01,02)=(1,1,2,—,+) or (2,1,1,+, +), and that

WO () = D1(w) if(j,ki,kz,01,02)=(1,1,2,—,+),
Vitaks Dy (@) if (j,k1,ka, 01,02) = (2,1,1,+,+).

This observation shows that

€_im1T @1 ((0) o
Q1(v,wdrv) — o100
and
e*imz‘[ ¢2(w)
(v, @3 v) — — o

are written as sums of the terms in the form

C(w)a,f”a,ﬁ‘z’z’

with some p € R\{0} and C(®) = 0 ((@)?) (|w| — co). Eventually we arrive at (5.1) and (5.2) through
the identity

(01) (02) pinT (01) ,(02) i
a(Ul)a(Uz)eM _ i k1 kz _ i ak] akz ettt
ke Tk g T int T T in

combined with the estimates
1
047 = vid + el < CeV2e

and

Cel/l2e2l2l
[orer”| = - (02 4 mPwi < —— O

6. A lemma on ODE

In this section we investigate the behavior as 7 > 7¢ of the solution (81(t, z), B2(7, 2)) of

i% _X1@%1(@(?)
T

92 _ x2@) P2 (@(2))
aT T

B1B2 +11(T,2),

T > 19, (6.1)
B2 +12(7, 2),
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with the initial condition

sup (|B1(10. 2)| + | B2(10. 2)|) < Ce. (6.2)
zeR?
Here w(z) = (cosh|z|, —z; %h‘lzl -7 Sir}lz’“z‘ ), ®j is given by (2.1), x; is a real-valued function satisfy-
ing
c< xX1(2) <c
x2(2)

with some C > ¢ >0, and r;(7, 2) satisfies

Ce
sup|rj(z,2)| < =
zeR? T

with some 0 < § < 1. Note that the condition (a) reduces the system (6.1) to a trivial one, that is to
say id;Bj = 0(sTt~21%), so it is easy to see that (81, B2) stays bounded when t becomes large. In the

following, we will see that a bit weaker assertion is valid under the condition (b).

Lemma 6.1. Suppose that the condition (b) is satisfied. Let (81, B2) be the solution of (6.1)-(6.2) on [, T).
Then we have

sup e 2(|pi(r, )|+ |Ba(t, 2)|) < Ce,

(1,2)€[19,T)xRR2
where C is independent of ¢, T.
Proof. We first note that both @1(w) and ®,(w) never vanish and that
|©1(@)P2(@)| =Re (@1 (@) P2(@)) = P1(@)P2(@) > Co

with some strictly positive constant Cq by virtue of (b). We put

Be(t,2) = (M @|B1(T, 2] + 02| far, 2)|° +62)"/?

r(z)=e?% w, Aa(z) =e 2@ n@e @)
x@|P1(@E)] X2(D|P2(@(2)]

Then we see that

o [0@ @@ o )
M@= O TR @nw) S (tle@l)<c

with

and

oy = D oz
2(2) = ) > Ce ™,



2562 Y. Kawahara, H. Sunagawa / J. Differential Equations 251 (2011) 2549-2567

In the same way, we have A (z) < C and Aq(z) > Ce~4l. Therefore

Be(t,2) > Ce 27(|p1(T, 2)| + | Ba(T. 2)). (6.3)
Next we observe that
M (2)x1(2)P1(@(2)) = 22(2) x2(2) P2 (@(2)),

which implies the matrix

(M(Z) 0 )( o x1(2)<1>1(w(2))ﬂ1>
0 222 ) \ X2@)P2(w(2))p1 0

is hermitian. Thus, by rewriting (6.1) in the form

<ﬂl> 1( o X1(2)<P1(w(2))/31><ﬁ1>+<n>
B2 X1 ®2(@(2)) B 0 B2 )’

we see that

Be(7.2)0;Be(1.2) = 1ar(xl|ﬁ1| +aalhal?)
Im{(m ﬂz)( fz)iaf(g)}
ol 2)(3)

C

&
< ﬂBs(T,Z)-

Therefore we have

oo
Ce
B¢ (7,2) < B¢ (0. 2) +f Fdn < Ce,

T0
which, together with (6.3), leads to the desired estimate. O
7. A priori estimate

Now we are in a position to obtain an a priori estimate for the solution of (3.4), which is the main
step of the proof of Theorem 2.1. We set

M(T) := sup e_2|z|(|v(r,z)|+|8fv('c,z)}+l|82v(t,z)|>
(1.2)€[10,T) xR2 T

for the smooth solution v = (v1, v3) to (3.4) on t € [19, T). We will prove the following:

Lemma 7.1. There exist &1 > 0 and C1 > 0 such that M(T) < €'/2 implies M(T) < C1¢ for any € € (0, &1].
Here Cq is independent of T.
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Once this lemma is proved, we can derive global existence of the solution in the following way:
By taking &g € (0, &1] so that 2C1€(1J/2 < 1, we deduce that M(T) < ¢'/2 implies M(T) < 1/2/2 for
any ¢ € (0, &g]. Then, by the continuity argument, we have M(T) < C1¢€ as long as the solution exists.
Therefore the local solution to (3.4) can be extended to the global one. Going back to the original
variables, we deduce the small data global existence for (1.1)-(1.2).

The rest part of this section is devoted to the proof of Lemma 7.1. The proof will be divided into
two steps: We first derive an auxiliary estimate for the energy

Es(7) := Es(t; v1,m1) + Es(T; v2,mp)
under the assumption that M(T) < £!/2. Remark that we do not need the special structure of the non-
linearity at this stage. Next we will prove the improved estimate for M(T) by using the condition (a)
or (b).
7.1. Energy estimate with moderate growth
Our goal here is to show Es, (7) < Ce?t® under the assumption that M(T) < &!/2, where s; > 4

and 0 < 8 < 1. We will argue along the same line as [8,9]. We apply (4.2) with s =sg + 57+ 1 at first,
where sp is an integer greater than 2«. Since Lemma 4.3 yields

- C C
[Qj(x. - v, o), < =M(T)Es(1)'/? < —&'/2Es(7)1/2,
J (s) T T

we have

2k +Cel2 ¢

d
d__[ESO+S1+1 (T) < (f + ;>E50+S1+1 (T) < <

soty C
+ﬁ E30+S1+1(T)-

It follows from the Gronwall lemma that

Fso+l ¢
S0+ 5 1
Esgts,+1(T) < Esyt5,4+1(T0) exp([ . 2 + Fdn) < Ce2rSotz,

To

Next, we apply (4.3) with s = sg + s1. Then we have

d C Ce 2 sp-3 , Ce
EESCH-S] (1) < ZES(H-S]-FI (T)+ TE50+51 (7)< Cet072 + TESO+51 (7),

which yields
Eqyps; (T) < CE2T5077
Repeating this procedure recursively, we have
Esyrs141-n(T) < C€27507n+%
forn=1,2,...,sq. Eventually we see that

Es+1(1) < Cer1/2,
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Finally, we again use (4.3) with s =s; to obtain

d c Ce Ce?  Ce
EES] (1) < ﬁEsﬁ-] (T)+ TEsl (1) < ) + ?Esl (1),

whence we deduce
Es1 (‘L’) 2 Cs
for T € [1g, T). By choosing ¢ so small that Ce < 8, we arrive at the desired estimate.
7.2. Pointwise estimate
We are going to prove M(T) < Ce. First we note that

Ce®—)lz]

-1 ¢
I(a$+m?)VJ|=‘Qf+;AV1 < MY + 7 B4

This implies the assumption of Lemma 5.1 is satisfied if we take ¥ > 6 and s; > 4. Next we introduce

aj(t,2) by (5.3). Then we see that ay satisfies

e~imt _xi (2)P1 (a)(z)) __

foron = —_ —— (32 +m?})vq 102 + R1 + 8. 51,

where x1(z) = x(2)/m1, S1(z,2) = x1(@)y1(7, z, ®(z)) with y; given by Lemma 5.1 and

efimlt B 2)P1(w(2)) _ efimlf
Ri(t.2)="——0Q1- Malaz 0S4+
1 1

Avi.

Since Q is given by (3.3), it follows from (5.1) that

e—K|Z| e—imit

[Ri(7,2)| < P1(@@) )\

Q1 (v, w(2)9,:v) — (f 102 + 3 1

Ce6—K)12] c
———M(T)? + — Eq(0)!/?

Ce(w(z))2e@—l cge<6w>|z| Ce
+ +

S 72 72 723
< Ce
= 7273
and
Cee®—0Zl (g
S1(1.2)| < ——— < —.
T T
Similarly we have
2)Pr(w(z
i0rap = XD (@) TZ( 2)) o + Ry +9: 52
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with x2(z) = x(z)/my and suitable R;, S; satisfying

C C
Ry(T.2)| < o5 [S2(T.2)| < —,
T T

Now, we set Bj =« +iS; so that (81, f2) satisfies (6.1) with

rn=R;— w(ialsz —i02S1 + S152),
ry=Ry — M(zims] -5%).
Since
(2—K)lz|

e _ ~ — Ce
Irl <|R1|+C (1111821 + le2l[S1] + 15111S21) € 5=+
T

=iz
[r2l < IRzl +C

2 Ce
(|O(1||S1|+|S1| )< P

we can apply Lemma 6.1 to obtain

sup e 27l|j(r,2)| < Ce.
(1,2)€[19,T) xR?

We thus deduce

laj(z,2)| < |Bj(x,2)| +|Sj(z,2)| < Cee.
Finally, from
Vi@, )|+ |3cvi(e. 2| < C(|vi(r. 2| +m2|acvi(r. 2)[*) " = Claj(r. 2)]
and
|0,vj(t,2)| < CE3(n)'/?

it follows that

M(T)<C  sup e‘z‘z‘<|ot(t,z)| + < Ce,

(1,2)€[19,T)xR2

E3(T)]/2>
T

as desired.
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8. End of the proof of Theorem 2.1

The remaining task is to show the decay estimate (1.3). Remember that our change of variables is

X (@)

uj(t,x) = Tv](r ,2)
with

7
t+ 2K =tcosh|z|, Xj= rﬁ sinh |z|
z

for |x| <t+2K, and that u(t, -) is supported on {x € R?: |x| < t+ K}. Moreover, we already know that
[v(T,2)| +13; v(T, 2)| < Cee?? and |8,v(t, z)| < Cet®2. So it follows that

X (2) cosh |z e” (el o €
tX)|=~—p—— | S ——— )| < —
wEN = o VRIS g Vel T
Also, by using (3.1), we see that
wa(2) X (2) 0z;v(7,2)
datt (£, %) = =0 (T.2) + le(z)naj(z) !
j
1 2
+ —X@wa(2) + Y (02X @)14j (@) {v(T, 2),
j=1
whence
Cee~ k=32l Cge= =Dl (g

ol ut, x| < < )
‘”Z:J“‘( ) t+2K + (t +2K)? 14t

To sum up, we obtain (1.3) with p = oco. As for the case of p € [2, c0), we have

Z” U, )|LP(]R2 Z“a ”(t")||LP({xeR2;|x|<t+K})

<1 <1

1/p
<O [0t ) ( / wx)

<t {xeR2: |x|<t+K}
< Ce(141)~1H2/p,
which completes the proof.
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