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Abstract

We show that a system of a domain wall coupled to a scalar field has static negative energy density at certain distances from
the domain wall. This system provides a simple, explicit example of violation of the averaged weak energy condition and the
guantum inequalities by interacting quantum fields. Unlike idealized systems with boundary conditions or external background
fields, this calculation is implemented precisely in renormalized quantum field theory with the energy necessary to support the
background field included self-consistently.

0 2003 Elsevier Science B.V. Open access under CC BY license,

PACS 04.20.Gz; 11.27.+d; 03.70.+k; 03.65.Nk

1. Introduction The weak energy condition is obeyed by the usual
classical fields, but quantum fields can violate it. Per-

In the absence of any restriction on the matter haps the simplest example of weak energy condition
stress-energy tensdf”’, general relativity permits  Violation is a superposition of the vacuum and a single
the construction of arbitrary spacetime geometries. mode with 2 photons. The negative energy densities
One simply writes down the desired geometry and are confined to particular regions of space and partic-
solves Einstein’s equation in reverse to deternfit. ular periods of time. In this system, and in any system
Thus it appears that the feasibility of producing exotic made from free fields [8], the energy density satisfies
situations such as closed timelike curves (however, the averaged weak energy condition,
see [1,2]) and superluminal travel depends on whether
energy conditions restricT#". In particular, if one T VEVY >0, (1)
assumes the weak energy conditidf, V#V"Y > 0
for all timelike vectorsV#, or equivalently that no
observer sees negative energy density, then one carwhere the integral is taken over a complete timelike
show that superluminal travel [3] and the construction geodesicG with tangent vectorV#. This energy

of closed timelike curves [4—6] are impossible. density also satisfies quantum inequalities [9] of the
E-mail addresses: kdo@cosmos.phy.tufts.edu (K.D. Olum), 1 Itis, however, violated by non-minimally coupled scalar fields
graham@physics.ucla.edu (N. Graham). [7].
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form same phenomenon of static negative energy density in
a simpler system, consisting only of two scalar fields
/,o(X, HwW()dt > —cto_d, (2) in 24 1 dimensions. Negative energies have appeared
previously in calculations of quantum energy densi-
wherep = Too, W is a window function of widttro, ties (see, for example [15]); our emphasis here is that
d is the number of spacetime dimensions, anis the complete energy density, including the energy re-
a constant depending af, the type of field being  quired to support the background field, is negative in a
considered, and the particular shapeiof self-consistent approximation with definite renormal-

On the other hand, the best-known system exhibit- jzation conditions.
ing negative energy density is the Casimir problem.
Casimir [10] computed the energy density of the quan-
tum electromagnetic vacuum between perfectly con- 2. Model
ducting plates separated by a distadand found
In order to have a system of scalar fields that is
- (3) static and does not dissipate, we will use a topological
7204 defect. For simplicity of calculation and similarity
Laboratory measurements [11] of the force associated to the Casimir problem we will use a domain wall,
with this energy have found good agreement with and to decrease the number of divergences requiring
Casimir’s result. While a question has been raised [12] renormalization we will work in 2- 1 dimensions. We
whether the energy density between metal plates (asthus define a real scalar field to form the domain
opposed to idealized perfect conductors) is actually wall and a second real scalar figddvhose interactions
negative, it does appear to be so [13] as long as thewith x will produce the negative energy density. The
separation of the plates is large enough. Since the Lagrangian is
negative energy density in the Casimir effect is static,
it can be averaged for arbitrarily long times. Thus L= 5[8HX8MX +0,00"¢ + U(x, ¢)], (4)
the Casimir effect violates the averaged weak energy |
condition and the quantum inequalities. with
One way to think of the (_:a5|m|r eﬁegt is as Fhe U(x, ®) =A(X2 _ n2)2+m2(1— X2/772)¢2 +ﬂ¢4.
energy of the electromagnetic vacuum with specified ®)
boundary conditions or with interaction with fixed
materials. In that model, the electromagnetic field ~ With 8 > m*/(4in?) we find thatU is positive
energy is subject to “difference quantum inequalities” definite, and the classical ground state is given by
[14], which restrict the energy density to be not ¢ =0 andy =n or x = —n. If we specify different
much more negative than that in the vacuum with the vacua forx — oo and x — —oo, we find a static
specified conditions. However, one can also think of classical domain wall solution. Taking the wall to lie
the Casimir effect as the energy of a system of coupled On they axis, we find
fields, including both the electromagnetic field and the _
fields of the matter that makes up the plates. In that x () =ntanttx/a), ©)
case, the Casimir system is just a particular excitation where a = 1/(+/An). The wall is invariant under
of some interacting quantum fields above the vacuum. translations and boosts in the direction. It has
It contains static negative energy densities and is not classical energy density
restricted by any quantum inequality, because those
apply only to free fields. p(x) = 2" secttx/a). )
Unfortunately, the actual Casimir system is quite Now we quantize our fields. If we work in the
complicated, and to be certain to understand it one regime wherem < /A7, the back reaction due to
must take into account many effects associated with the quantizedy will have a negligible effect on the
physical metals, such as the true dispersion relation domain wall. We can thus consider the domain wall,
and surface roughness. This Letter demonstrates thefor the purposes of the calculation, to provide a fixed
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background potential fap. The effective Lagrangian  exponentially away from the wall because is a

is then massive field.
1 i ) Thus the positive energy density associated with the
Ly = E[axﬂ’a ¢ — V)], (8)  wall declines exponentially, while the negative energy

density associated with declines only as a power law.
For large enough, the negative energy will dominate,
V(x) =m?(1— x?/n?) = m*sech(x/a) 9) and the total energy will approach the form of Eq. (10).

where the potential

acts as a position-dependent mass ternpf@uantiz-

ing x produces a correction to the shape of the domain
wall and to its energy, but the energy density still falls
exponentially as one goes away from the center of the
wall. The change of shape will affect the Casimir en-
ergy associated wity, but only at higher order, which
we will not consider here [16].

4, Calculation

The general calculation of the Casimir energy
density for a scalar field with a background potential
will be presented elsewhere [19]. The energy density
can be computed from the Green’s function for the
given potential in scattering theory,

3. A simpleargument

o0
. . ()c):—iv/d/c|:2163G(x,x,i/c)—/(2+M
We would like to show that a negative energy 8 2
density exists somewhere. The energy density in the 0
background potential can be calculated exactly, and —Kd—ZG(x X i:c)} (12)
we will do so below, but a detailed calculation is dx2 "7 ’

not necessary to demonstrate the existence of negat'vewhereG(x, ', k) is the Green’s function that satisfies
energy densities.

Suppose that instead of the background potential —G”(x, x', k) + V(x)G(x, x', k) — kK2G(x, x’, k)
we had a perfectly reflecting boundary.at 0, i.e.,

!/
¢(0) = 0. Then the computation would be straightfor- =d(x—x) (13)
ward and the energy densityawould be and has only outgoing waves ¢**1) at infinity.
1 The problem of the potential of Eg. (9) can be
Pp(x) =— (10) solved exactly. The normal modes are associated

32mx3
In this computation the main contribution to the
energy density at comes from those modes whose G (x,x’, k)
wavelengthh is similar tox. If we takex sufficiently a . .
large, then we will be interested in large and for =50 (A +s —ika)l'(=s — ika)

sufficiently largei, any potential barrier is perfectly jka jka (_

reflecting? Therefore, for sufficiently largex, the <Py (tan“b/a))P‘; ( tank(x</a)), (14)
energy ing approaches the form of Eq. (10). To this Wherex. andx.. are, respectively, the smaller and the

Legendre functions and the Green’s function is

energy we must add the energy of thdield, given in larger ofx andx’, P (x) is the associated Legendre

the classical approximation by Eq. (7), fromwhich ~ function defined as in [20] for-1 < x <1, ands =
_ajxl/a (V1 —4m2a2 —1)/2. We have

py(x) ~e . (11)

Even if we take into account quantum corrections to X+ %+ %)

the domain wall profile, we still expegt, to decline = c—zlr(l +s+xa)l(—s +«ka)

- x P (tanf‘(x/a))Ps_"a(— tani’(x/a)). (15)
2 The only exceptions to this rule are potentials with a bound . .

state precisely at threshold [17,18], which include reflectionless |f. we p.Ut Eq. (15). into Eg. (13) and introduce the

potentials. We will not consider this exceptional case. dimensionless variables= xa andy = x/a and the
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Fig. 1. Energy density in the wall (dotted) and the figl(dashed) and the total energy density (solid) in units whetel for parametera = 1
andm? = 0.1. For sufficiently large values aof, the total energy density is negative.

242, we get rect in the case of interacting fields, so the failure of
attempts to prove them is not due merely to technical
reasons.

The present system does, however, satisfy the

< g d? averaged null energy condition, given by Eq. (1) with

X /dq [F(lJr s+q)l'(=s +61)< 3 Eﬁ) V# null, which is sufficient to rule out superluminal
0 Y travel and the construction of time machines. It is
% (Ps_"(tanhy)P;q(—tanhy)) obeye_d because if the ge(_)t_jesic runs parallel to the

domain wall, then the positive pressure cancels the

—¢°+ Y seck y} (16) negative energy density arf,, V# V¥ = 0, while if

2 the geodesic is not parallel to the wall it must cross

We are concerned with the regime wheweis small ~ through the region of high positive energy. It is not

compared to the inverse width of the wall/al so clear at this point whether some similar arrangement,

v < 1. Fig. 1 shows the energy density in the case suchasadomainwallin-81 dimensions with a hole,

where v = 0.1. For y > 3, the energy density is Might violate the averaged null energy condition for

negative, as predicted above. certain geodesics.

parametep =m

1
8 as
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