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Abstract

This paper discusses the existence of gradient estimates for the heat kernel of a second order hypoelliptic
operator on a manifold. For elliptic operators, it is now standard that such estimates (satisfying certain
conditions on coefficients) are equivalent to a lower bound on the Ricci tensor of the Riemannian metric. For
hypoelliptic operators, the associated “Ricci curvature” takes on the value —oo at points of degeneracy of the
semi-Riemannian metric. For this reason, the standard proofs for the elliptic theory fail in the hypoelliptic
setting.

This paper presents recent results for hypoelliptic operators. Malliavin calculus methods transfer the
problem to one of determining certain infinite dimensional estimates. Here, the underlying manifold is a
Lie group, and the hypoelliptic operators are given by the sum of squares of left invariant vector fields. In
particular, “LP-type” gradient estimates hold for p € (1, 00), and the p = 2 gradient estimate implies a
Poincaré estimate in this context.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

1.1. Background

Let M be a manifold of dimension d, and let {X i}f.‘zl be a set of smooth vector fields on M
satisfying

TuM =span({X(m) : X € L}), Vme M, (HC)
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where L is the Lie algebra of vector fields generated by the collection {X; }ﬁ.‘zl . This assumption is
the Hormander condition, and the collection {X; }fle is a Hormander set. Under this assumption,
by a celebrated theorem of Hormander, the operator

k
Lzz:x,.2 (1.1
i=1

is hypoelliptic. Recall that a subelliptic operator L is said to be hypoelliptic if Lu € C*°({2)
implies that u € C°°({2), for all distributions u € C®({2)’ on any open set {2 C, M.

Notation 1.1. Let C2°(M) denote the set of smooth functions on M with compact support, and
let C;;O(M ) denote the set of smooth, bounded functions on M. When M = R", let CEO(R")
denote those functions f € C°°(R") such that f and all of its partial derivatives have at most
polynomial growth.

Let V = (X1, ..., Xk). This paper continues the work begun in [10], considering L”-type
gradient inequalities of the form

IVe't2f1P < K,()e' 2V P, pell,00), (1.2)

for f € C°(M) and ¢t > 0. For p = 1, (1.2) is equivalent to a one parameter family of log
Sobolev estimates for the heat kernel; for p = 2, (1.2) is equivalent to a one parameter family
of Poincaré estimates. The former has implications for the hypercontractivity of an associated
semigroup; see [13,14].

When L is an elliptic operator, a lower bound on the Ricci curvature is equivalent to the
estimate (1.2) holding with some coefficients K, > 0 such that K,(0) = 1 and K p(0) exists. In
particular, in the elliptic setting, (1.2) holds with exponential coefficients K, (t) = eP¥" where
—2k is the lower bound on the Ricci curvature; see for example [2—4]. However, an operator
L of the form (1.1) need not be elliptic. The principle symbol of L at & € T,5M is given by
or(§) = Zle[é (XD By definition, the operator L is degenerate at points m € M where
there exists 0 # & € T," M such that o7 (§) = 0. At points of degeneracy of L, the Ricci tensor is
not well defined and should be interpreted to take the value —oo in some directions. Thus, there
exists no lower bound on the Ricci curvature in this case. Nevertheless, it is reasonable to ask if
inequalities of the form (1.2) might still hold, perhaps with some discontinuity in the coefficients
K, near t = 0. In particular, under what conditions do functions K, (t) < oo exist such that
(1.2) is satisfied for all f € C°(M) and t > 0?

The paper [10] addressed the special case of the real three-dimensional Heisenberg Lie group,
and the estimate (1.2) was proved to hold for all p > 1 with a constant coefficient K ,(¢) = K,
yielding a Poincaré estimate in this case. Using analytic methods in [20], Li was able to prove
(1.2) on the Heisenberg group for p = 1, yielding the log Sobolev estimate. Here in this paper,
the case is addressed where the manifold M is a general Lie group and the vector fields {X ,-}f.‘zl
are invariant under left translation.

Related results appear in Kusuoka and Stroock [19], Picard [26], and Auscher, Coulhon,
Duong, and Hofmann [1]. Also, [1,6] include some potential applications of the result proven
here.

1.2. Statement of results

Let G be a d-dimensional Lie group with Lie algebra g = Lie(G) and identity element e.
Let L, denote left translation by an element g € G, and let R, denote right translation. Suppose
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{X ,-}i-‘zl C g is a linearly independent Lie generating set; that is, there exists some m € N such
that

Span{Xiv [Xilv Xiz]s [Xi19 [Xi27 Xi3]]7 ) [Xip [ ce [Xim_lv Xim] o ]] :
iiell,. . khrefl,... m)=ag. (1.3)

Notation 1.2. Let X = Y := {Xy, ..., X}, and X, be defined inductively by
Y =A{lX;,V]1: Ve X_1,i=1,...,k},

for all € N. Since {X; }f?zl is a Lie generating set, there is a finite m such that
span(U)L %) = g.

Let go := span(Xp), and let {Y; }?;II‘ C U™, X, be abasis of g/go. Define an inner product (-, -)
on g by making {X; }fle u{y j}f;’f an orthonormal set. Note then that { X i}le is an orthonormal
basis of go. Extend (-, -) to a right invariant metric on G by defining (-, -), : TeG x T;G — R as

(v, w)g = (Rg-1,V, Rp-1,w), forallv, w € T, G.

8

The g subscript will be suppressed when there is no chance of confusion.

l\jotation 1.3. Given an element X € g, let X denote the left invariant vector field on G such that
X(e) = X, where e is the identity of G. Recall that the X left invariant means that the vector
field commutes with left translation in the following way:

X(foLg)=(Xf)oLg,

for all f € C'(G). Similarly, let X denote the right invariant vector field associated to X.

Definition 1.4. The left invariant gradient on G is the operator on C!(G) given by
V= (X1,..., Xp).

The subLaplacian on G is the second-order operator acting on C%(G), given by
k ~
L=> X}
i=1

Remark 1.5. Since {X; };‘: | is a Lie generating set, (X; }f.‘: | satisfies the Hormander condition
(HC) and Hormander’s theorem [15] implies that L is hypoelliptic.

Let L?(G) denote the space of square integrable functions on G with respect to right invariant
Haar measure. Then L is a densely defined, symmetric operator on L>(G) and the symmetric
bilinear form associated to L is given by E°(f1, f2) = (—=Lf1, J2)12(G)- Note that £V is positive,
and so £V is closable. The minimal closure £ is associated to a self-adjoint operator L, which is
an extension of L called the Friedrichs extension of L.

Definition 1.6. Let P, denote the heat semigroup ¢'“/?, where L is the Friedrichs extension of
Llcx(g) to L?*(G, dg) with dg the right Haar measure on G. By the left invariance of L and the
satisfaction of the Hormander condition, P; admits a left convolution kernel p; such that
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PG = £ pit) = [ F0p(eds
for all f € C°(G). The function p; is called the heat kernel of G.

The operator P; is a symmetric Markov semigroup. By Remark 1.5, L is a hypoelliptic
operator, and so p; is a smooth density on G. In the sequel, let L denote its own Friedrichs
extension. For the standard semigroup theory used here, see for example [7].

Notation 1.7. Let K, (¢) be the best function such that
VP fI? < Kp()P |V fI’, pell,o0), (Ip)
forall f € C°(G)andt > 0.

Theorem 1.8. For all p € (1, 00), K,(t) < oo forallt > 0. If G is a nilpotent Lie group, then
there exists a constant K, < oo such that K,(t) < K, forallt > 0.

This theorem was established in [10] in the case of the real three-dimensional Heisenberg Lie
group. The method of proof in this case is analogous. The heat kernel p;(g)dg may be realized
as the distribution in ¢ of the Cartan rolling map on G, the process & satisfying the Stratonovich
stochastic differential equation

k
ds =Y K@) odbl, withgo=e,
i=1

where b, ..., bX are k independent real-valued Brownian motions. Thus, for all f € C°(G),

Pif(e) = E[f(ED].

Sections 2.2 and 2.3 discuss properties of £. This representation of P; transforms the finite
dimensional problem to a problem on a Wiener space. Section 2.4 describes a standard “lifting”
procedure which constructs vector fields X; on a Wiener space from the vector fields X; via the
map &. Then Malliavin’s probabilistic techniques on proving hypoellipticity give componentwise
bounds of P, (X,-f) (e) = E[(X;f) (&)] = E[X;(f(&))]. Section 2.1 reviews some calculus on
Wiener space necessary for this argument.

Section 3 contains the proof of Theorem 1.8. Results from Section 2 show that for a Lie
group G, K,(t) < oo for all + > 0; however, this method does not give any estimates on
the behavior of K, with respect to ¢. In a generalization of the Heisenberg scaling argument
in [10], Section 3.2 addresses the special case of nilpotent and stratified groups. When G is
stratified, dilation arguments imply that the coefficients K, are independent of the ¢ parameter.
When G is nilpotent, covering G with a stratified group shows that there is a constant K, such
that K, (1) < K, for all t > 0, and this completes the proof of Theorem 1.8. This implies the
following Poincaré estimate for the heat kernel measure in this context.

Theorem 1.9. Suppose G is a nilpotent Lie group with identity element e. Then
Pif*(e) = (P f)*(e) < Kat IV [ (e),

forall f € CX(G) andt > 0, where K is the constant in Theorem 1.8 for p = 2.
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Note that this theorem gives an improvement in the elliptic case with negative curvature, giv-
ing linear coefficients where the estimate was previously known only with coefficients of expo-
nential growth. This is stated explicitly in Corollary 3.16. It could be conjectured that this is true
for every Riemannian manifold; that is, for any Riemannian manifold equipped with a Laplace
Beltrami operator, Poincaré estimates for the associated heat kernel hold with linear coefficients.

2. Wiener calculus over G

2.1. Review of calculus on Wiener space

This section contains a brief introduction to basic Wiener space definitions and notions of
differentiability. For a more complete exposition, consult [8,17,25] and the references contained
therein.

Let (# (RY), F, w) denote a classical k-dimensional Wiener space. That is, # = # (R¥) is
the Banach space of continuous paths  : [0, 1] — R such that wg = 0, equipped with the
supremum norm

ol = max o,
1€[0,1]

w is the standard Wiener measure, and F is the completion of the Borel o-field on % with
respect to . By definition of u, the process

bi(@) = (b} (@), ..., bK(w) = o

is an R* Brownian motion. For those w € ¥ which are absolutely continuous, let

1
E(w) = / | |2ds
0
denote the energy of w. The Cameron—Martin space is the Hilbert space of finite energy paths,
H=HR) ={lwe VR wis absolutely continuous and E(w) < 0o},

equipped with the inner product
1
(h, k) p = / hg - kgds, forallh,k € 7.
0

More generally, for any finite dimensional vector space V equipped with an inner product, let
# (V) denote path space on V, and S (V) denote the set of Cameron—Martin paths, where the
definitions are completely analogous, replacing the inner products and norms where necessary.

Definition 2.1. Denote by S the class of smooth cylinder functionals, random variables F :
# — R such that

F(w) = f(wy, ..., o), 2.1
forsomen > 1,0 <t <--- <t, < 1, and function f € C;O((]Rk)") (see Notation 1.1). For
E to be a real separable Hilbert space, let Sg be the set of E-valued smooth cylinder functions
F : W — E of the form

m

F=Y"Fje, (2.2)

j=1

forsomem > 1,¢; € E,and F; € S.
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Definition 2.2. Fix h € J#. The directional derivative of a smooth cylinder functional F € S of
the form (2.1) along 4 is given by

d noo
nF(w) = &’ Fo+eh) =Y Vif(w,.....o) " hy.
0 i=1

where V'’ f is the gradient of f with respect to the ith variable.

The following integration by parts result is standard; see for example Theorem 8.2.2 of
Hsu [16].

Proposition 2.3. Let F, G € Sand h € 5. Then
(OnF, G)p = (F,0,G) »
where 9 = —0) + fol hy - dby.

Definition 2.4. The gradient of a smooth cylinder functional ' € S is the random process D; F
taking values in 7 such that (DF, h) ;0 = 9, F. It may be determined that, for F of the form
2.1,

n
D[F = Zvlf(a)tl, ey a)tn)(tl AN t)v
i=l1

where s At = min{s, t}. For F € Sg of the form (2.2), define the derivative D;F to be the
random process taking values in 5 ® E given by

m
DF =) D/F;®e;.
j=1
Iterations of the derivative for smooth functionals F € S are given by
D F=Dy-- D, F e 2%,
for k € N. For F € Sg,

m
DF = "D'Fj®ej,
j=1
and these are measurable functions are defined almost everywhere on [0, 1]¥ x #. The operator
D on Sg is closable, and there exist closed extensions DX to LP(#, #®* @ E); see, for
example [25], Theorem 8.28 of [16], or Theorem 8.5 of [17]. Denote the closure of the derivative
operator also by D and the domain of D¥ in L? ([0, 1]¥ x #) by D¥P, which is the completion of
the family of smooth Wiener functionals S with respect to the seminorm ||-[|¢, p, £ on Sg given by

X 1/p
I Fllk.p.E = (Z E(IID’Fllﬁf@/@E)) ;

Jj=0
for any p > 1. Let
DK(E) = ﬂ DNP(E) and DX(E) = ﬂ ka’p(E).

p>1 p>lk>1

When E = R, write D¥P(R) = D¥-P, DK-2°(R) = D¥, and D®(R) = D*.
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Definition 2.5. Let D* denote the L?(u1)-adjoint of the derivative operator D, which has its
domain in LZ(”// x [0, 1], ##) consisting of functions G such that

[ELDF. G) 1l < CIIF | 12,

for all F € D2, where C is a constant depending on G. For those functions G in the domain of
D*, D*G is the element of L2(u) such that

E[FD*G] = E[(DF, G) »].

It is known that D is a continuous operator from D> to D*° (), and similarly, D* is
continuous from D> () to D*°; see for example Theorem V-8.1 and its corollary in [17].

Malliavin [21,22] introduced the notion of derivatives of Wiener functionals and applied it to
the regularity of probability laws induced by the solutions to stochastic differential equations
at fixed times. The notion of Sobolev spaces of Wiener functionals was first introduced by
Shigekawa [28] and Stroock [29,30].

2.2. Rolling map

Now, let G be a Lie group with identity e and Lie algebra Lie(G) = g, and suppose
{X ,-}le C g is a linearly independent Lie generating set, in the sense of Eq. (1.3). Recall that
{X; }i.‘zl is an orthonormal basis of the subspace go = span({X ,'}f.‘zl) with respect to the inner
product defined on g.

Notation 2.6. Let Ad : G — End(g) denote the adjoint representation of G with differential
ad = d(Ad) : g — End(g). That is, Ad(g) = Ady, = Lg*Rg—l*, for all g € G, and
ad(X) = ady = [X, -], for all X € g. For any function ¢ € C'(G), define @(p, Vo :G — g
such that, forany g € G and X € g,

(Vo(g), X) = (dp(g), Rg:X) = (X9)(g)

(Vo (), X) = (dp(2), LgsX) = (X@)(2).

The sequel will use the following facts:

(Vo(9). X) = (dp(g). LguLg-1,RguX)

= (dgp(8), LgxAdg—1X) = (Vo(g), Adg-1 X) (2.3)
and similarly
(Vo(9). X) = (Vo(g). AdgX). (2.4)
k

Now suppose {b; ¥

i— are k independent real-valued Brownian motions. Then

k
by = X;b} =Y X;b
i=1
is a (go, (-, -)) Brownian motion. In the sequel, the convention of summing over repeated upper

and lower indices will be observed. Let € : [0,1] x # — G denote the solution to the
Stratonovich stochastic differential equation

dg, = & odb; = Le,y odb, = Lg X; odbl = X;(&) odbi, with& =e. (2.5)
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The solution £ exists by the standard theory; see, for example, Theorem V-1.1 of [17].
Additionally, Remark V-10.3 of [17] implies that P, = e'L/2, with L = Y ¥_, X2, is the
associated Markov diffusion semigroup to &, where P; is as defined in Definition 1.6; that is,
v == (&)«p = pr(g)dg is the density of the transition probability of the diffusion process &;,
where dg denotes right Haar measure, and

(P f)(e) =ELf(EN], (2.6)

for any f € C2°(G), where the right hand side is the expectation conditioned on &) = e.
The following theorem is proved in [23].

Theorem 2.7. For any f € C°(G), f(&) € D* forallt € [0, 1]. In particular, D[ f (&)] €
QR and

) R ‘At
DLfE)) = <Vf<st>, | A X,-dr>, @)
fori =1,...,k, componentwise in €, and, for any h € I,
t . t .
onf (&) = <Vf($z), /0 Adgxxih'sds> = <df(§t), Rg,*/o Adsinhlst>~ (2.8)

Notation 2.8. Let (1), L” (1) =: L™~ (w).

2.3. Covariance matrix

The Malliavin covariance matrix of & is the matrix oy (@) = &/(0)§/(@)* : Tt w)G —
T:, ()G, where &/ (w) : £ — T, ()G is the Frechet derivative given by

oy 4
§(@h = — .

forall h € S, and its adjoint &/ (w)* : T¢, () — ¢ is computed relative to the Cameron—Martin
inner product on 57 and the chosen metric on G. Note that Eq. (2.8) implies that

t .
£/ (w)h = Re,» / Adg, X;hds (2.9)
0

Notation 2.9. In the following, let Ad denote the adjoint of Adg, as an operator on g, and let
P : g — go be orthogonal projection onto the subspace go.

Theorem 2.10. The Malliavin covariance matrix of & is
t
o1 =&/ (0)&/(0)" = Rg, < / Adg, PAdgsds> RE,. (2.10)
0

Let 6y = fot Adg, PAd;Y ds, and A; = deto;. Then A; > 0 a.e., and so &; is invertible a.e. for
t > 0. Moreover,

A7l e Lo ().
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Proof. To determine o, = &/(w)&/(w)*, first compute &/ (w)* : Tg, ()G — S, the adjoint in

&/ (w) with respect to the Cameron—Martin inner product and the right invariant metric on 7'G.
By Eq. (2.9), forany X € g,

&/ (@) (Rg X), W) = (Rgu X, §/(w)h)
t .
= <R§,*x, Rg,*/ Adgb,Xii‘zgds>
0

t . t .
=<X/ AdgA_X,-I'zlsds>:/ <Ad;x, Xi>hlsds,
0 0

where the penultimate equality follows from the right invariance of the metric on G. It then
follows that

d .
a[é‘{(a))*(Re;,*X)]fY = li< (Adng, Xi), 2.11)

componentwise in .#7. Combining Egs. (2.9) and (2.11),

t d .
(@& (0)" (R X) = Rg,*/o Adngia[ét/(a))*(Rs,*X)]éds

k t
= ZR&*/‘ AngX,'(Ad;X, X;)ds
0

t
R:,. / Adg, PAd] Xds,
0 Ss

and Eq. (2.10) follows.

The proof that A, > 0 and A, I e L%~ (w) is by now standard, and relies on satisfaction
of the Hormander bracket condition, Lie({ X ,-}f.‘zl) = g; for example, a simple adaptation of the
proof of Theorem 8.6 in Driver [8] will work. W

Remark 2.11. By the general theory, Theorem 2.10 implies v; = Law(§;) is a smooth measure;
see for example Remark V-10.3 of [17].

2.4. Lifted vector fields and L?-adjoints

Throughout this section, ¢ € [0, 1] will be fixed.

Definition 2.12. Given X € g, let X be the associated left invariant vector field on G. Define the
“lifted vector field” X of X as

X =X = § ()5 (@E (@)1 X&) = § ) o X&) € A, (2.12)
acting on functions F € D'? by

XF = (DF,X) .
Proposition 2.13. For any X € g, X € D*(J¢), and

X[fED] = (X )&,
forany f € C*(G).
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Proof. Combining Egs. (2.10) and (2.11) gives

d ! -
X =l <Adgs ( / Ad;, P Ad;dr> Adg, X, X,~>.
0

Thus, rewrite Eq. (2.12) explicitly as

) ‘At t
X = f Ad] < / Adg, PAd] dr)
0 *\Jo "
AL t -1
= Ad] ds Ade PAdl ds ) Adg X, X; ). (2.13)
0 & 0 s &s 1

A standard argument shows that w = fo Adg, ds € D*(H(End(g))); see for example
Proposition 5 of [24]. Note that W,]L = Ad; : W — End(g) satisfies the differential equation

—1
Adg, X, Xi>ds

dw, = adl, Wl odbl, with W] =1,
which is linear with smooth coefficients. Similarly, one may show that
A= f Adl ds € D® (A (End(g)).
0

Also, Theorem 2.10 implies that

/ -1
57 = ( / Adg, PAd] ds>
A :

exists and is in L°°~ (u) componentwise. Thus, Eq. (2.13) implies that X € D> (7).
For f € C®(G) and (h', ..., h*) € #,by Eq. (2.8),

t .
anlLf &N = (DLfED] h) =<%f(s,>, fo Adgsxiiz;ds>,
and so

X[fGED] = (DLFED] X) e

t t —1
- <% ) f Ade X; <Ad§s ( / AdgrPAdgrdr> Adg X, X,~>ds>
0 0

t t -
_ <% f&), / Adg, PAd] < / Adg,_PAdgrdr)
0 0

= (Vf(E), Adg, X) = (Vf (&), Ad—1 Adg, X)

= (X)),
where the penultimate equality used Eq. (2.3). W

1
Adg, de>

Definition 2.14. For a vector field X acting on functions of %, denote the adjoint of X in the
Lz(u) inner product by X*, which has domain in Lz(u) consisting of functions G such that for
all F e D'2,

E[(XF)G] < cllFll 2
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for some constant c. For functions G in the domain of X*,
E[F(X*G)] = E[(XF)G]
forall F € D2,

Note that for any lifted vector field X acting on function F € D2 as defined in
Definition 2.12,

E[XF] =E[(DF,X)_»]=E[FD*X].

Thus, X* = X*1 = D*X a.s. Recall that D* is a continuous operator from D (J¢) into D*°; see
for example Theorem V-8.1 and its corollary in [17]. Thus, for X a vector field on W as defined
in Eq. (2.12), Proposition 2.13 implies that D*X € D, This proves the following proposition.

Proposition 2.15. Let X be a left invariant vector field on G. Then, for the vector field on W'
defined by

X= 5;/(60)*[5,/(60)5,/(&0)*]_1X(fz (),
X* € D®, where X* is the L*(u)-adjoint of X.

3. Lie group inequalities

Again, let G be a Lie group with identity e and a Lie algebra Lie(G) = g, and suppose
{X; }f.‘zl C g is a Hormander set, in the sense of Eq. (1.3). The gradient V = (f(], ey )N(k) and
the subLaplacian L = Zle f(lz are operators on smooth functions of G with compact support.
Let L also denote the self-adjoint extension of the subLaplacian, and P; = e’L/? be the heat
semigroup as in Definition 1.6.

The following lemmas were proved in [10] in the context of the Heisenberg Lie group
(Lemmas 2.3, 2.4). The proofs are identical in the general Lie group case.

Lemma 3.1. By the left invariance of V and Py, the inequality (I,) holds for all g € G,
f € CX(G), and t > 0, if and only if,

IVP f1P(e) < Kp(t) P |V f1P(e),

forall f € CX(G) andt > 0, where e € G is the identity element.

Lemma 3.2. For X € g,
XP f(e)=PXf(e)
forall f € CX°(G). More generally,
XPf=PXf
from which the previous equation follows, since X=Xate.

(The proof of Lemma 3.2 is actually easier than its analogue Lemma 2.4 in [10], since working
with functions with compact support — versus functions with polynomial growth — requires only
the invariance of the Haar measure to justify passing the derivative through the integral.)
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3.1. LP-type gradient estimate (p > 1)

Notation 3.3. For each r € {0,1,...,m}, let A” = A% be the set of multi-indices & =
(ag, a1, ...,0) € {l,..., kY. Forany « € A", define
"= (ay,...,o,) and
o = (ap, ..., 00) = a reversed.

Define the order of @ by || :==r + 1. Let
Xo = [X()trv [, [Xotl s ono] ]l = aqur ce aanl ono and
X% = X, - Xy

When » = 0 and || = 1, that is, @ = (ap), then X* = X,, = X,. For each o € A", there exist
€g,a € Z such that

a = Z Eﬁ,aXﬂ.

BeAr
Proposition 3.4. For any X € g, X may be written as

X = i Z ca X, (3.1)

r=0 aeA"
with ¢y : G — R (some of these are 0) such that cy (&) € D, forallt € [0, 1].

Proof. Recall from Notation 1.2 that

e =X, ... [ X X 1N iy, ir € {1,000 k)
={Xy:ae A},
forr =0, ..., m.Recall also from Notation 1.2 that {X;, Y; :i € {1, ...k}, j € {1,...,d—k}}
of g is an orthonormal basis, where d = dim(G_) and, foreach j € {1,...,d — k}, Y; is some
commutator Xy ;) € Xy (j) for some a(j) € AP r(j) € {1,...,m}. Thus, for any g € G and
X eg,

X(9) = RgeX = LgsLg-1,RgX = Ly Ady1 X

k d—k
= Lg (Z(Adg_lx, X)Xi+ Y (Ad,iX, Y,-)Y,-)

i=1 j=1

k d—k
= L. (Z(Adg_lx, X)Xi+ Y D €aa(y(AdiX, Y,)X“)

j=laeAr()

k d—k
ZAd QX XDXi@) 4 Y Y €na( (A1 X, V)X ()
i=l1 j=laeAr()

where €y «(j) € Z. So

Z Z « X (),
eAr
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where

(2) = (Ad,-1X, X;) whenr =0and a = (i)
calg) = €(Ad,1X.Y)),e €Z whenr € {l,....m}.

Note that Adg, satisfies the Stratonovich stochastic differential equation
dAds = Adg o adgy = Adsady, odb’,  with Adg, = I.
By differentiating the identity Adg, Ad&_ = [, one may verify that AdS = Ad - satisfies
dAdg-1 = — 0 adgpAdg—1 = —ady, Adg-1 o db’,  with Ad1 =1

a linear differential equation with smooth coefficients. Then by Theorem V-10.1 of Ikeda and
Watanabe [17], Ad g1 € D*°(End(g)) componentwise with respect to some basis.
t

The function u : End(g) — R given by u(W) = (WX, Y) is a smooth function for any fixed
X,Y € g. Thus, u(Ad _1) € D*® for all t € [0, 1]. Since cy (&) = eu(Ad —1), with Y = X; or

Y, this implies that ¢y (St) e D, foralla e A”. N

Theorem 3.5. For all p € (1,00), K,(t) < oo, where K,(t) are the functions defined in
Notation 1.7.

Proof. Lemma 3.1 implies that the inequality (/,) is translation invariant on groups. Thus, it
suffices to determine a finite coefficient K, (¢) such that the inequality holds at the identity.
Note that for any X € g, Lemma 3.2 and Eq. (3.1) imply that

IXPifP(e) = IXP fI*(e) = PXfIP(e) <C Y Y |PicaX* fI*(e),
r=0 acA”

for a constant C = C(k, m). Eq. (2.6) implies that, for any f € C°(G), P, f(e) = E[f(&)],
where & is the solution to the Stratonovich Eq. (2.5). Thus, for any « € A",

|Pca XY fl(e) < Eleg(€) (X )(ED] = Blew(ENXY [(Xag £)EN]I
= E|(X) fea 61X (&)

—\ * q 1/a ~
< (E (X) [ea (€] ) (E|(X o £)(ENI)'/P

—\ * q 1/4 ~
= (u«: (x) [ca(E)] > (Pi| Xy f17 ()P

—\ g\ /4
< (E (X*) lea@)] > (PIV 17DV,

by Holder’s inequality, where g is the conjugate exponent to p, X is the lifted vector field

on W of the vector field X%, as defined in Eq. (2.12), and (X*)* = X} --- X} (so (X*)* =

X;l ~-~Xj;r). Propositions 2.15 and 3.4 imply that (XYY *[cq(€)] € L® (), foralla € A”.
So in particular, using the above with X = X; gives
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k p/2
v 2
(Z |Xi P, f| (e))
i=1
—\ g\ P/4
(E (X)) feratén] ) PIVfIP(e),

where C = C(k,m, p) and g = %. Thus, the inequality (Z,,) holds, with

k m . g\ Pla
Cp0) =Clem, YYD (E\(X) [cia &) ) . (3:2)
AT

i=1r=0ac

IV P f17(e)

M-
M=
]

Therefore, K, (t) < Cp(t) < ooforallt >0and p € (1,00). N

It is important to note that, in this general Lie group case, there is currently no good control
over the behavior of the functions C,, in Eq. (3.2) with respect to ¢. In fact, from certain scaling
arguments, it is expected that C,(#) — oo as t — 0; see for example [5,18]. However, these
coefficients are almost certainly not optimal.

To explore cases where the behavior of these coefficients is more understood, it will become
useful to extend the set of test functions considered. The following proposition relaxes the
condition of compact support to boundedness with bounded first order derivatives.

Proposition 3.6. Forall p € (1, 00),
IVP fIP < Kp®) PV fIP
forall f € Cp°(G) with bounded derivatives of first order and t > 0.

Proof. Let f € CZO(G) with bounded first order derivatives, and let ¢,, € C°(G, [0, 1]) be a
sequence of functions such that ¢, 1 1, ¢,,(g) = 1 when |g| < m (for some norm on G), and
SUP,, SUPycG |)~(<pm| < oo forall X € g; see Lemma 3.6 of [9]. Then f;, = ¢ f € C°(G), and
so there exists an optimal function K, (t) < oo such that

VP finl? < Kp(®) PV fin]”

forall > 0. For any X € g,
lim |Xfu—Xfl = lim [(Xgn)f +euXf—Xf|
m—0Q m— 00

lim [X@u |l f|+ lom — X fI =0
m— 00

IA

which implies that |V f,,,| — |V f| boundedly. Thus, by the dominated convergence theorem,
lim P |V finl? = PV fIP.
m— 00
Similarly,

lim |XP, f — XP, f| = lim |P,Xfn — P Xf]
m— 00 m— 00

A

< lim P|Xfn — Xf]
m—0o0

lim P (IX@mllf1) + Pr(lgm — 1IXf]) =0
m—00

A
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by dominated convergence, and hence
lim |V P ful =|VP [l
m—0oQ
Thus,
VP fIP = lim |VP, ful? < Kp(t) lim PV ful” = K,@)PVfI’. R
m—0o0 m—0o0

3.2. Poincaré inequality

The following result is a direct corollary to Theorem 3.5. The proof is completely analogous
to the proof of Theorem 4.2 in [10] in the Heisenberg Lie group context.

Theorem 3.7 (Poincaré Inequality). Let K»(t) be the best function for which (I,) holds for
p =2, and let p;(g)dg be the hypoelliptic heat kernel. Then

2
fG fz(g)pt(g)dg—( /G f(g)mg)dg) < A®) fG IV f12(g) p:(g)dsg, (3.3)

forall f € CX(G) andt > 0, where

t
A(t):/ K> (s)ds.
0

Proof. Let F,(g) = (P, f)(g). Then

iP F2=r —lLF2+FLF = —P,_ |VF?
ds t—st'y — I'f—g ) s K s] = t—s sho-

Integrating this equation on s gives us
t
PP 0P = [ PedVERS
0
' 2
- / P,V Py f|2ds
0

t t
< / Ka(s) Pr—s Ps|V fIPds = ( / Kz(S)dS) PV
0 0
where the inequality follows from Theorem 3.5. Evaluating the above at e € G gives the desired
result. W

This theorem is less useful in the general Lie group case, because nothing is known about the
integrability of K, (7). However, the next two sections show that when G is a nilpotent Lie group,
K, (t) is a bounded function for all p € (1, 00). In particular, when p = 2, this implies that the
Poincaré inequality holds with A(¢) < oo, for all ¢ > 0.

3.2.1. Stratified nilpotent Lie groups

Definition 3.8. A Lie algebra g is said to be nilpotent if ady is a nilpotent endomorphism of g
for all X € g, that is, if there exists m € N such that

adY] "'ade,lym =Y, [...,[Ym-1,Yul---11=0,
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for any Y1, ...,Y, € g. If m is the smallest number for which the above equality holds, g is
nilpotent of step m. A Lie group G is nilpotent if g = Lie(G) is a nilpotent Lie algebra.

Definition 3.9. A family of dilations on a Lie algebra g is a family of algebra automorphisms
{®,},~0 on g of the form &, = exp(W logr), where W is a diagonalizable linear operator on g
with positive eigenvalues.

Definition 3.10. A stratified group G is a simply connected nilpotent group for which there
e.xists a subset of the Lie algebra V| C g, such that g = EB’;’:I V; with V1 = [V1, V;], for
Jj=1,...,m—1,and V11 = [V1, V)] = {0}.

For a general exposition on nilpotent Lie groups and dilations, see [11,12] and the references
contained therein. If G is a stratified Lie group, a natural family of dilations may be defined on
g by setting &,(X) = r/X, forall X e V;. The generator W of this dilation acts on parts of
the vector space decomposition by WV; = jV;, for each j = 1,..., m. The automorphism
&, induces a group dilation ¢, via the exponential maps, ¢, = expo®, o exp~!. Since G is a
simply connected nilpotent group, the exponential map is in fact a global diffeomorphism on g,

and exp~! exists everywhere on G; see for example Theorem 3.6.2 of Varadarajan [31]. Then for
each X e Vi,
v d eX d eX
X(fodr)(g) = I (fogr)(ge™™) = —| f(Pr(g)dr(e))
€ o de |,
d reX d eX v
= 1% f(@r(9)e ") = —| rf(¢r(8)e"”) =r(Xfodr)(g), (34
€ o de |,

for all f € C'(G), where the second equality used the fact that ¢, is a homomorphism. Let
{X,~}£-‘=1 C V1 be abasis of V1, and consider the operators V = (X1, ..., Xi) and L = Zf-‘zl Xl2
Eq. (3.4) implies that

V(fodr)=r(Vf)od, (3.5

and thus the following proposition is obtained:

Proposition 3.11. Let L denote the self-adjoint extension of Zle X iz’ and P; = e'/? be as in
Definition 1.6. Then

L(fog¢,) =r*(Lf) o,
and

Pi(fod)=eL(fop) =" f)op, = (P f)ody. (3.6)
forany f € C°(G).

Proof. Let £9( f,h) = ZLI (f( ifs X ih) L2(G) be a Dirichlet form associated to L. Recall from
Section 1 that £° has a closed extension £. By definition,

f1eCE(G) and Lfi =h<= E(fi, ) = (h, fo), VYf»eDom(é).

Now note that
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k ~
o foon =3 [ (Kils oo (erdg
i=17G
k ~
= > [ 1 oo Pordg
i=1

k
= 3o [ 1Rif P g = 2o e 1),
i=1
where J () is the Jacobian of the transformation ¢,,
m .
Iy =T
j=1

with d; = dim(V;). Thus, J(r~!) = J(r)~!. So f € Dom(€) implies that f o ¢, € Dom(E),
and, in general, E(f o ¢r, h o ¢,) = r>J(r~HE(f, h), for f, h € Dom(E). Replacing h here by
ho@,-1 gives
E(fodrh) =r* T~ HEf, ho¢-1)
=r2J(r YLf ho ¢ 26
= r2J (OIS 0 by, h) 2y = r2 (LS 0 ¢ ) 126y,
which implies that if f € Dom(L), then f o ¢, € Dom(L) and L(f o ¢,) = r2Lf o ¢,.
Now, for r > 0, let U, : L>(G) — L?*(G) be the unitary operator given by U, f =

\/J(lr__l)f o ¢. Then

LU, = r?U,L = U,(r*L)

as operators, and thus Ur_lLU, = r2L. Then
U-letl2y. — er;lLU,/z _ erth/Z
r r - - )
from which it follows that
2 2
rzelL/2(f O¢r) — e[L/zUrf — Urer tL/2f — r2(er IL/Zf) 0¢r~ .
This gives the following proposition.

Proposition 3.12. Suppose G is a stratified Lie group with vector space decomposition @;”z Vi

Let {X,-}i.‘:1 C V1, V, and L be as above, and let p € (1, 00). If K, is the best constant such
that

IVPIfIP < K,P1|Vf|,

forall f € CX(G), then K,(t) = K, for all t > 0, where K (1) is the function defined in
Notation 1.7.

Proof. By Egs. (3.5) and (3.6),

IVP.(f o ¢ 12)I” = |VI(P1f) o p1nll? = [t V2(VP ) o ¢1palP
Kpt PI2(PIIVFIP) 0 g1 = Kpt PI2Pi(IVfIP 0 py-112)
Ky P (IV fop-1|P).

IA
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Replacing f by f o ¢,1/2 in the above computation proves the assertion. Moreover, reversing the
above argument shows that |V P, f|? < K, P;|V f|? implies that [VP f|P < K, PV f|?. R

3.2.2. Nilpotent Lie groups

Now let G be a general nilpotent Lie group. Because not all nilpotent Lie groups admit
dilations, the functions K p(2) are not scale invariant in this context. However, covering G with
a group which has a family of dilations adapted to its structure, shows that there exists some
constant K, < oo for which K, (t) < K, forall t > 0.

Definition 3.13. Let £ = L(k, m) be the free nilpotent Lie algebra of step m with k generators
{e; }i.‘zl. Then L is the unique (up to isomorphism) nilpotent Lie algebra of rank m such that, for

every nilpotent Lie algebra g of rank m and map I f{er,....ex) — g, there exists a unique
homomorphism IT : £ — g which extends II. Let N' = A (k, m) be the free nilpotent Lie group
of rank m with k generators, which is the simply connected group of L(k, m).

The Lie algebra L(k,m) admits a vector space decomposition by setting Vi =
span{ey, ..., ex}. Thus, A is a stratified Lie group with Hormander set {ei}f.‘:1 C L; for

definitions and further details, see [33]. Let V. = (1, ..., &), L = Zk ¢2 and 2, = e Z4/2,

i=1%>
Theorem 3.5 and Proposition 3.12 imply that, for all p € (1, 0o0), there exist constants K 5 < 00
such that

Ve P fIP < KEPVLSIP, 3.7)
forall f € C(N)andt > 0.
Proposition 3.14. Let G be a nilpotent group of step m with Hormander set {X ,'}f.czl. Then
Kyt < Kg forallt > 0, where K (t) is the function defined in Notation 1.7.

Proof. By definition of £ = L(k, m), there exists a unique Lie algebra homomorphism II :
L — g such that IT(e;) = X;. Then II induces a group homomorphism 7 : NV — G via the
exponential maps,

7w =expg Il o exp'/_\/1 .

Again, because A is a simply connected nilpotent Lie group, the exponential map on L is a
global diffeomorphism. Note that , = II,

Lk, m) L) g

exp, Nl lexpc

Nk, m) —— G

and the vector fields X ; and ¢; are mw-related; that is,
eu(fom)=Xof)om,

for any multi-index & € A" and f € C°(G). Note that f or € C}° (N) and has bounded first
order derivatives. Thus, by Proposition 3.6,

IVPf1P(e) = Ve 2i(f om)|P(en) < K5 PV L(f o )| (en) = K5 PiIV f1P(e),
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where e\ is the identity element of N Since K ,(7) is the best constant for which
IVP f1P(e) < Kp(@) PV f1P(e)
holds, the above implies that K, (t) < K 5 forallt >0. W

This method of lifting the vector fields to a free nilpotent Lie algebra was learned from [32,
33]. A generalization of this procedure may be found in [27].

Remark 3.15. Note that the above argument is independent of the minimality of the Hérmander
set {X; }i.‘zl . So suppose that the collection {X; }le spans the Lie algebra g. Since G is a nilpotent
Lie group (and thus unimodular,) it is then well known that the operator L = Z;{:I X 12 is in fact
the Laplace—Beltrami operator on the Riemannian manifold (G, (-, -)). Then it is well known that

the inequality (/,) holds with exponential coefficients:
VP fIP < e PV fI7,

where —2k is a lower bound on the Ricci curvature; see for example Theorem 1.1 in [10].
Proposition 3.14 improves this result by implying that there exists a K, < oo independent of ¢
such that

IVP fIP < KpPIVfIT,
forall f € C;°(G) and ¢ > 0. This implies the following corollary.

Corollary 3.16. Let G be a nilpotent Lie group of step m, and {X; }i.‘z | C g such that {X; }i.‘z |
spans the Lie algebra g. Then, for K ,(t) as in Notation 1.7,

Kp(t) < min{K 5, eP*},

where K[[J: is the best constant so that (I,) holds on L(k, m) and —2k is a lower bound on the

Ricci curvature associated to the Riemannian metric determined by L = Zf: 1 X 12

This also gives the following Poincaré inequality for nilpotent Lie groups.

Corollary 3.17. Suppose G is a nilpotent Lie group, and let K> be a finite constant for which the
inequality (I,) holds for p = 2. Then the inequality (3.3) holds with A(t) = Kt, for allt > 0.
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