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Evolution-type partial differential equations in one space variable are formu-
lated in terms of exterior differential systems. The space of conservation laws is
discussed in this geometric context, and a familiar classical condition for conserva-
tion laws is derived. It is shown that the generic even-order evolution equation with
one space variable possesses no conservation laws of order greater than the order
of the equation.  © 1999 Academic Press

1. INTRODUCTION

It is well known that some partial differential equations, such as the
Korteweg—de Vries equation [5, 8] and the vortex filament equation [6],
are completely integrable systems; in particular, they possess infinite
sequences of local conservation laws. Some other equations, such as the
lubrication equation and modifications, possess finite numbers of local
conservation laws which can be exploited in the analysis of the equation
(see, for example, [2]). A generic equation, on the other hand, possesses no
local conservation laws, and the task of computing the space of conserva-
tion laws of a given equation remains difficult in general. Some progress in
this direction is given by the following theorem (see Theorem 5-1 and
Theorem 5-2 for a more precise statement and the precise meaning of
generic):

THEOREM 1-1. The generic even-order system of evolution-type partial
differential equations in one space variable possesses no local conservation
laws of order greater than the order of the equation.
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In this context, the term ‘‘generic” encompasses every scalar equation,
including the heat equation, Burger’s equation, and the lubrication equa-
tion, as well as many of the vector-valued generalizations of these.

The organization of this paper is as follows. In Section 2, precise
definitions and explicit assumptions are given. Sections 3 and 4 contain a
geometric description of evolution equations, the main result of which is a
well-known necessary condition for existence of conservation laws, Propo-
sition 4-3. Section 3 also contains a technical result concerning local
existence of solutions, Lemma 2-3. In Section 5 (which can be read
independent of Sections 3 and 4), the generic non-existence theorem for
high-order conservation laws is proved.

2. DEFINITIONS

Let F(t, x,uq,...,u,) be an R"-valued function of r € R, x € R or S,
and ug, ..., u, € R". An evolution equation with one space variable, for the
R"-valued function u(z, x), is a partial differential equation of the form

u,=F(t,x,u(t,x),u,(t,x),...,un(t, x)). (2-1)

The order of this evolution equation is r. (Assume that the n X n matrix
F, is non-zero; that is, F depends explicitly on u,.) The u; can be thought
of as coordinates representing J‘u/dx’; this will be made precise in
Section 3.

Associated with this differential equation, define differential operators
D, and D, as follows. Let H(¢, x, u,, ..., u,) be a function (scalar or vector

valued) of a finite number of variables; define

JH JH JH
DH=—+—u + - +—u

X p+11
ox dug Ju,

(2-2)
where the notation (dH/du,)u;,, represents matrix multiplication,

u.
du,;

u
du,;

=) augui[j—l

oH oH “ JH*
i+1 = i+1
B

i
(similar matrix notation is used throughout). Define functions

F,=(D,)'F (2-3)
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for i =0,1,2,... (F, = F); and finally, define

JH  oH JH
DH=—+_—F,++—F, (2-4)
Jat dug du,,

It is worth noting that D,u; = u;,, and that D,u; = F,. Moreover, if

u(t,x) is any (smooth, local) solution to (2-1), and if u,(t, x) =
d'u(t, x)/dx", then

(DXH)(t,x,uo(t,x),...,up+1(t,x))

_ &—i(H(t,x,uo(t,x),---aup(t’x)))

(DtH)(t,x,uo(t,x),...,up+,(t,x))
0
= E(H(t’ x,u(t, x),..., up(t, x)))

Thus, D, and D, represent space and time differentiation, respectively, on
solutions of (2-1). (Also see Section 3, where the operators D, and D, are
seen as dual to the forms dx and dt.)

A local conservation law density for the equation (2-1) is a pair of
functions

H(t,x,uo,...,uq), K(t,x,uqg,...,uy)

such that
D H=DK. (2-5)

If such a pair exists, the function K is determined up to addition of an
arbitrary function k(¢) by the function H; for this reason, the local
conservation law density will be referred to by the function H without
reference to K (but, for technical reasons, it is better to think of the pair
(H, K)).

If H(t, x,ug,...,u,) is a local conservation law density, then, for any
(local, sufficiently smooth) solution u(z, x) of the evolution equation (2-1),

J
E(H(t, x,u(t,x), ..., uw(t,x)))

Jd
= E(K(t,x,u(t,x), o uw(t, X)));
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moreover,
d
EfH(t, x,u(t,x), ..., uo(t, x))dx

=fa—{iK(t,x,u(t,X),---:Ux<k>(t’x))dx

will vanish modulo boundary terms. (This is the motivation for the termi-
nology: [H dx is a quantity which is conserved whenever u(z, x) evolves by
(2-1), assuming appropriate behaviour at the boundary.)

The local conservation law density H is trivial if

H=DG

for some function G(¢, x, ug, ..., u,). If (H, K) is a trivial local conserva-
tion law density, then K = D,G (up to a function k(¢)), and D,H =
D,D,G =D,D,G = D.K.

Recall (see, for example, [1] or [9]) that the Euler—Lagrange operator
(often referred to as the variational derivative 5—i) in x,

J

EL = L (=D)'e—, (2:6)
l 1

has the property that EL, > D, = 0. Moreover, if EL (H) = 0, then lo-
cally, H = D(G) for some function G. Thus, the non-trivial local conser-
vation law densities are (locally) described by their images under the
Euler—Lagrange operator. Define the space of conservation laws for the
evolution equation (2-1) to be the set of all R"-valued functions

A(t, x,ug,...,u,) ="EL (H), (2-7)

where H is a local conservation law density as above. (This formalism
requiring the Euler—Lagrange operator can be bypassed; see the remark
near the end of Section 4. However, this formalism motivates the defini-
tion, below, of the order of the conservation law.)

If A(t, x,uq,...,u,) is a conservation law, and A4, # 0, the order of
the conservation law A is the number m. (If A = A(¢, x), then the order
m is —1) Let C,, be the set of all conservation laws of order at most m.
C, is a vector space over R, for every m; and

C_,cC,cC,cC,cC . (2-8)

Note. This definition of the order of a conservation law differs from
the definitions given by some other authors. The definition used here is
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useful mainly for the purposes of Section 5. In the scalar (n = 1) case, a
different definition would be the minimum of the order of the function H,
over all local conservation law densities H which differ from each other by
a trivial conservation law density; this definition corresponds to one-half
the order as defined here. However, in the vector (n > 2) case, the
correspondence between definitions is more subtle.

The main result which will be proved below is that, when r is even, and
F is a generic (in a precise sense) function of order r, this sequence (2-8)
of vector spaces stabilizes at C,. (The scalar case (n = 1) was proved in
[10], and generalizes one of the result in [4] for scalar parabolic second-
order equations of evolution type.)

This provides a useful first step in the search for conservation laws: in
this generic even-order case, all of the conservation laws depend on at
most r space derivatives of u, and therefore the PDE system which
describes conservation laws involves a bounded number of independent
variables, a fact which greatly simplifies the problem.

3. PROLONGATION

A more geometric description of the evolution equation (2-1) will now
be constructed. This will give (among other things) a more precise meaning
to the interpretation of the u; as space derivatives of u (see Lemma 3-1).

For each kK = 0,1,..., define

X = (1% ug,. o uy,,)) = REIESTD (3-1)

and, on X, define the differential forms

0% =du;, —u;, ,dx — F,dt i=0,...k
(3-2)
U0 = (duy, oy — tyy prq dx) A dt a=1,...,r—-1

(In the future, the superscript (k) will be suppressed, except where it will
be needed to distinguish between different k.) Let .#, be the differential
ideal in Q*(T*X,) defined by

i = {91‘1%}’ (3-3)

that is, the ideal which is algebraically generated by {6;, d6;, ¥, dy,}. (See
[3] for an exposition of the theory of differential ideals.)
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LEMmA 3-1.  Let
U:R?* > X,:(t,x)~ (tx ug(t, x), uy(t, x),..., ue,,(t,x))
be a (sufficiently smooth) function. Then
us, = {0} (3-4)

if and only if u(t,x) =uy(t,x) is a solution of (2-1) and u/t,x) =
du(t,x)/dx) forj=0,....k +r.

Proof. Let u(t, x) be as above. Suppose (3-4) holds; that is, given any
¢ €5, u*¢ = 0. In particular, for every i =0,1,2,...,k,

0 = %,
= (u;), dx + (u;),dt —u;,,dx — F, dt
= ((u) (8, %) = uzia(2, x)) de
+((u;) (1, x) = Fi(t, x,uq(t, x), ..., uiﬂ(t,x))) dt.

Thus

U (2, x) = (u;), (1, x),

d'u
u,(t,x) = (9—xl.(t,x) i=0,...,k,

and
(u) (t,x) = F(t, x,ug(t, %), ... upy (1, %)),

In particular (when i =0), (uy) (¢, x) = F(t, x,uyt, x),...,u,lt x)), so
uy(t, x) satisfies (2-1). Moreover,

0 = @y,
= ((uk+a)xdx T Upi a1 dX) A dt
= ((uk+a)x - uk+a+1) dx A dt

SO

ak+au
(uk+a)x(t’x):W a=1,...,r.
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Conversely, suppose u(t, x) = uy(t, x) is a solution of (2-1), and u,(t, x)
= uxm(t, x). Then

0 = ((uo)(#,x) —uy(2,x)) dx
+((up) (. x) — F(t,x,up(t, x),...,u,(t,x)))dt
— 7+,
Moreover,

Fy(tx o1, %), 4, )) = Dy(F) (2, t6(8,2) oty o(1,5))

= &—ﬁx(F(t,x,uo(t,x),...,u,(t,x)))
so
0= (1) (1, %) — up(t,x)) dx
+((up) (£, x) = F(t, x,up(t,x),...,u,(t,x))), dt
= ((uy) (1, x) = up(t, 2)) dr
+((uy) (£, x) = Fy(t, x,uo(t,x), .. u, (2, x))) dt
= Uu*,.
Continuing in this manner, it is easy to see that
0 = %6,
forall i =0,...,k; and
0= ((upy1),(t,x) —up,,(t,x))dx Adt
= ((Upyr) (1, x)de —up (1, x) dx) Adt
= ((upr1) (£, x) dx + (upy ), (8 x)dt —uy ,(t,x)dx) Adt
= (dug,((t,x) —u;,,(t, x)dx) Adt
= iy

and similarly for the other .
Since .7, is generated by {6;, ,}, it follows that z*.7, = {0}, as desired.

1
A function @ as above is an integral manifold of .7,.

The following lemma justifies the fact that the u; can be treated as
“independent variables on solutions.” This is so that expressions such as
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D,H — D,K can be differentiated with respect to the u;, “on solutions,”
and therefore there must be a family of solutions parameterized by the
varying u;. The method of the proof used below can also be applied (with
appropriate modifications) to an arbitrary (analytic, involutive) system of
(possibly overdetermined) PDE.

LEMMA 3-2.  Assume the function F is analytic. Then, given arbitrary
(t, X, 1y, . .., ﬁq) (for any q) in an open dense subset of R?>*"4*D there is a
local solution u(t, x) of the evolution equation (2-1) such that

u(t,%) =i,

Proof. The open dense subset condition arises from the requirement in
the following proof that rk F, be constant; henceforth, assume that it is
constant.

By Lemma 3-1, it suffices to show that there is an integral manifold
passing through the point

(?, R gy g0y aq) e X,
for some i, y,...,4,,,. In other words, it suffices to show that, for any &,
there is a local integral manifold through any point in X,.
Note that (for any fixed k)
i+r
=00 Adx — Z (Fi)u,-oj A dt
j=0

do, =
fori=0,....k—r,

i+r

k
= =0 Adx— ) (E)ujej Adt— ) (E‘)u,‘pj—k

j=0 j=k+1

do

fori=k—-r+1,...,k—1,and

k k+r—1
do, = —du, ., Ndx — ), (Fk)ujej ANdt— ) (Fk)“fll/j—k
j=0 j=k+1
k+r—1

—|(F), + > (Fy uljpg dt A dx — (Fk)uH,, duy., A dt;
j=0
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or, briefly,
d6, = 0mod{ 6} i=0,....k—r
d6, = 0mod{ 8, i} i=k—-r+1,... k-1
do, = — | (F)ugy, dug,, (3-5)

k+r—1

—((F).+ X (Fk)u,-u/+1) dx) A dt mod{ 6, ¢}
j=0

Before continuing, it is useful to introduce some notation which will
avoid some possible confusion. Let

e =4

t

e =4

X

ey, = (0 )

1
MJ llj

represent the coordinate basis of tangent vectors on X,, dual to the basis
(dt, dx, du;) of 1-forms. (Note, in particular, that e, is a row vector.)

By the structure equations (3-5), the space of mtegral 2-planes on which
dt A dx # 0,

Vo(£) = {E, € Go(TX,): dt Adxlg, # 0, ¢lg, =0 forall p €4},

which is defined by the (algebraic) equations

0=6
0 =4,
0 = do,

(because the forms of degree three and higher all vanish on every 2-plane),
is a smooth sub-bundle of G,(TX,) — X,, given by

Vz(,j‘}()={e+kile F. + Ze a*)

k r
€y + Ze u1+l+ Zeu,\+auk+a+l)}

i=0 a=1

=X, X {(Ups i1, 0200 0,))
= X, X R".
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(Note that u, ., is a fiber coordinate; labelling it as u, ., , rather than
v, will prove to be convenient.)

The prolongation (X, #) of (X,,.%) is defined to be the pullback of
the tautological differential ideal on G,(TX,) to V,(.%) (see Chap. VI
of [3]). In this case, V,(_.%) is smooth, and .7 is generated by

n =du; —u;,,dx — F, dt i=0,...,k+1

n, =du; —u; dx —v;_, dt i=k+2,....k+r.
Define
= k+r
F=(F.),+ E(Fk+1)u,”j+1;
j=0

then the structure equations of _Z® are
dg,=0 i=0,...k
dnk+1 = _((Fk+1)uk+r+1 duk+r+1 - (F + UZ) dx) A dt

Ay, = —(dv, — v, dx) Adt a=2,...,r—1
dney, = —dup,, g Ndx —do, A dt

where congruences are mod{n,, ..., n,.,}. These structure equations can
be rewritten (noting that (Fy ),  =F,)as
I Mo 1 [ 0 0 1
- 0 ~ 0
dl Mt | = - Fu s = (F o+ vg) do ° A [dt] mod({ 1}
Mess dv, — vy dx 0 dx
Mh+r—1 dU,71 - U’dx 0
B Mie+r | L dUr duk+r+1_

(3-6)
The integral 2-planes of .Z® are defined by the algebraic equations

0=m
0=dnj
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which can be solved as follows. Any 2-plane on which »; = 0 is defined by

duy,,., =Pldt + P?dx
dv, = P} dt + P? dx a7
- mod(n) &)

dv, = P! dt + P2 dx

(with parameters Pf € R"); and then the equations dr; =0 become
(using (3-7)) the following system of equations for the P:

0=F+uv,~FF

0=uv,— P}

: (3-8)
0=0v,— P2,
0= —-P*+ P}

Suppose the matrix F, has rank rk F, =n —p. (If p =0 then the
equations (3-8) for the P always have solutlons in which case much of the
following discussion is unnecessary.) The first of the equations (3-8) has a
solution only when F + v, is in the image of the linear map F, . Recalling
the assumption that p is constant (which is true on an open dense subset
of X,), the set of all v, satisfying this condition can be parametrized by

v, =A,0, +B,,
where 7, e R"?, A, R"? - R" and B, = —F is a function of the
variables (¢, x,uq, ..., Uy, Uy, ). (Note, in particular, that B, depends

on the fiber variable u,,,,;.) This defines a submanifold Y, , of X",
given by

Yo ={(t,x ug, .., UpsriUpsrsr, ADy + By, 0g,...,0,)}
- {(t’x’uO"'"uk+r;uk+r+1'U2’U3""’Ur)} =X

Pull back the differential ideal 7" to Y, ,; then repeat the above
computations, with the following modifications. The 2-planes over Y, , on
which n, = 0 are parametrized as in (3-7) except for

db, = P} dr + P2 dx
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where P}, P? € R"~7; and therefore
dv, = A,(P} dt + P} dx) + d(A,)7, + d(B,)
= A,( P} dt + P} dx) + ((A,), dx + (A,), di)7,
+((By), dt + (B,), dx + (By)y,,,, dug,,.,) mod{n}.

Upon substituting this into the equations dx; = 0 (analogous to (3-8))
defining integral elements on Y, ,, another restricting condition arises,
namely, that v, lie in a certain (n — p)-dimensional subspace of R"; and
this defines another submanifold,

Y, 3= {(t’x7u0""'uk+r;uk+r+17A2U2 + By, A3U; +BZvU4v---vUr)}
C{(t % tgy o UpyiUpans AgDp + By, 05,0400 0g)} = Y
. 1
C{(t X g, Upey Upy i1, 02,03, 0, 0,) ) = X,

where U, € R"7?, and B, is a function of (¢, x, ug, ..., Uy i Upipiq, Dy
This process continues, resulting in v,,...,v, lying in certain (n — p)-
dimensional subspaces of R" and defining the sequence of submanifolds

Y,=Y,,C - CY,,cX®.

(Note, though, that there are no conditions imposed on u,,,,,) On Y,,
there is also a differential system 7, the restriction of 7%,

It is now clear (by construction) that, over every point of Y, the
equations (3-8) (restricted to Y,) for the P have solutions, and the solution
space is parametrized by P;, Pi,..., P}, P?, and p of the P? (because
dimker F, = p); in other words, the space V,(_.%) of integral 2-planes of
the differential system _#, has dimension r(n — p) + p:

dimV,(.#,) =nr — pr + p.

Finally, the Cartan characters s; (see Chap. IV of [3]) can be easily
computed. Briefly, s, is the maximal (allowing invertible row and column
operations) number of independent 1-forms in the first column of the
matrix II, where

dn= —TII A [Egc] mod{n};

s, is the maximal of additional independent 1-forms in the second column;
and so on. In the case considered here, by adding a generic multiple of the
second column to the first, all of the 1-forms can be put into the first row,
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and therefore s, =n + (n — p)(r — 1) and s, = 0. Note that s, + 2s, =
nr — pr + p = dimV,(_%,), and therefore, by Cartan’s test, the differential
ideal .#® pulled back to Y, is involutive, and therefore by the
Cartan—Kadhler theorem, there are local integral manifolds through every
point of Y, (and hence over every point of X,). (Recall the assumption of
constant rank n — p. To be precise, Y, should be defined not as above, but
restricted to those points at which p is minimal.) Since the integral
manifolds of %, on Y are in one-to-one correspondence with the integral
manifolds of %, on X,, there are integral manifolds through every point of
X, as desired. I

Note that, although Matsushima’s theorem (see Chap. VI of [3]) guaran-
tees that all prolongations of an involutive ideal are involutive, it is, in this
case, rather inconvenient to work with the prolongations of the involutive
ideal on Y, as constructed in the preceeding proof. Instead, it is simpler to
work with the ideals .7, defined above.

Consider now the sequence

7Tk_+>1Xk+1 Zk)kangkq Wgz EXl 2Xo-
Observe that
mEoR) = okt i =0,...,k
T = O A d
mip = k1D a=2,...,r—1,

and therefore 77, C.% , ;; in other words, there is a sequence of inclu-
sions

E * sk *
o m Tk—2 k-1 Tk Tk+1

DA D Sy 2 TP Sy
Define X to be the inverse limit

let 7,: X - X, be the projection. Define .# on X by .#= U, 7j7.
Formally, X = {(¢, x, uy, uy,...)}; functions on X are functions of a finite
number of variables and hence well-defined on some X,; and a form
in .7 is a form in some .%.. (More precisely, the element ¢ .7 is ‘¢,
for some ¢, €.7.) Clearly .7 is a differential ideal in Q*(T*X) =
U, 75 Q*(T*X,), and .7 is generated by

{6, =du; —u;,,dx—F,dt:i=0,1,2,...}
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with structure equations

do. =

14

— 0,1 Adx — Y (F)u,6; Adt. (3-9)
i

(Note that, even though d6 = 0 mod{6}, the Frobenius theorem cannot be
applied, because .# has an infinite number of generators 6;.)

The horizontal derivatives D, and D, can be interpreted as follows.
A basis of TFX is (dt, dx, 0, 60,,...); the dual basis of 7,X is
(D,, D, d/duy, d/duy,...).

Let .7/ be the j-forms in the differential ideal .7, that is, .#/ =.# N
Q/(X). The following normal form decomposition for .#2 will prove useful
in computations.

LEMMA 3-3. Let
&? = {’Aeo Adx + Y.'Bio, Adt + Y, 'ClG A ej} c.72,
i i\
where all sums are finite, and A, B',C"/ are functions of a finite number of
(¢, x,uqg, uy,...). Then
st=gr o d(SY).
Proof. Any 2-form ¢ €_#2 can be written as

ks
— t4i tni ij
¢ = ‘ZOAGI-/\dx+ ZB@,./\dt+ ZCJO,./\ 0,
i= i i,]

where the summation indices 7, j have a finite range, and the functions A
B, and C" are functions of a finite number of the variables (¢, x, u, ...).
Given any k, > 0,

ko, A dv = —d(‘4h6, ) - DANO, A dx

X ((D)“F), 0 Adt+ X (A)00, A 0,
u j

= =DM, Adx— Y'Bio; Adt+ Q(6,0) +da,
j

where Q(6, 0) is a quadratic term (i.e., a linear combination of 6, A 6,)
and a €7 is a 1-form in 7.

Thus, by modifying 4%2~%, Bi, and C" in the expression for ¢, the A%
coefficient can be absorbed into BY, C”/, and a term in d('); iterating
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this, all but the A4° coefficients can be similarly absorbed. This yields the
desired normal form. |

(An easy modification of this proof shows that Q2(X) = &2 & d(/1) @
span{dt A dx}.)

4. CONSERVATION LAWS

The preceding formulation of the evolution equation can now be applied
to the search for conservation laws.

ProrPosITION 4-1. Let

be the space of all finite-order conservation laws. Then C, is locally isomor-
phic to

ker d| -

2 —
=) {d(6): 0 €71}

Proof. Let U={(H,K): D,H=D_K} be the vector space of local
conservation law densities, and let U, € U be the space of trivial local
conservation law densities. Recall that, by the discussion preceding (2-7),
EL.: U—- C, has kernel U, and therefore induces an isomorphism
U/U, = C,. Thus it suffices to show that U/U, = H%(.#); this will be
done by constructing a map ¢: U — ker d|_2, which induces an isomor-
phism ¥: U/U, » H*(.%).

Given (H, K) € U, define

Y(H,K)=¢=d(Hdx + Kdt).
Observe that
¢ =d(Hdx + Kdrt)
= (D,H —D,K)dt Ndx + Y (H, 6, Adx + K, 0, Adr)
= Z(Huﬁi Adx + K, 0, Adt),

4

so ¢ €.72; clearly ¢ is closed.

The linear map ¢ induces a linear map [¢]: U — H?(.#) defined by
[¢1(H,K) =[y(H,K)] (the equivalence class of ¢ in the quotient
H?(7)).
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If [¢] € H%(¥), then choose a representative closed 2-form ¢ €.72. By
the converse of the Poincaré lemma, ¢ = da for some 1-form «. This
1-form can be written as « = Hdx + Kdt + 6 + dG, where 0 €7, H
and K are some functions, and G is an arbitrary function. Then da =
(D,H — D,K)dt A dc mod.#, but da €., so (H,K) < U. Moreover,
d(Hdx + Kdt) = d(a — 0 — dG) = da mod d(_71); thus [d(H dx + Kdt)]
= [¢]. Therefore [] is a surjective map.

The kernel of [] can be computed as follows. Recall that

Uy={(H,K): D,H =D,K,H = D,G)
= {(H,K): D,H=D.K,H=DG,K=DG),
where G and G differ by some function g(z). Now compute

ker[¢] = {(H,K): D,H = D.K,d(Hdx + Kdt) € d(5*)}

{(H,K): D,H = D,K,d(Hdx + Kdt) = do, 6 €7}
{(H,K): D,H =D,K,Hdx + Kdt = 0 + dG)

(H,K): D,H = DK, Hdx + Kdt

=60+ DGdx + D,Gdt + ZGM,(?,-}

l

u; it

= {(H,K): DH=DK,0=—Y.G,0, H=DxG,K=D,G}

=U,.

Since [¢]: U - H?(¥) is surjective and has kernel U, it induces an
isomorphism W: U /U, - H?(.¥) defined by W((H, K)D) = [¢(H, K)]. |

PrRoPOSITION 4-2.  The space of conservation laws is

C, = kerd|g2.

Proof.
ker d|j2
=T oA
ker d|gzead(fl)
d(fl)

l

I

by Lemma 3-3; note that d(_#*) C ker d|s24 4.5 because d? = 0. |
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Finally, the preceding results can be used to obtain the following

ProposITION 4-3.  For every m, C,, injects into the set of solutions to the
linear system of partial differential equations

.
0=D,A+ ¥ (-D)((F,)4) (4-1)

=0
for the function A(t, x, uy, ..., u,,). That is, the equation (4-1) is a necessary

condition for A to be a conservation law.

Proof. By Proposition 4-2 and the discussion preceding the definition
(2-7), any conservation law 4 ='EL (H) has a unique representative
¢ € &2 which is closed, and conversely, any closed ¢ € &2 represents a
unique conservation law A. Thus, let ¢ € &2 and write

k
@ ="A0y Adx + Y 'Bo, Adit + }.,'C0, A 6.
i=0 i

Now examine one of the conditions for ¢ to be closed. The coefficients
of 6, A dt A dx in the equation de = 0 are

i=0:0=—-DA—-"4F, + D'B°

i=1:0= —4F, +D/B' +'B°

i=r:0=—AF, +D/B"+'B"!

i=r+1:0=D'B"** +'B"

i=k:0=D'B*+'BF?

i=k+1:0="B~
(Without loss of generality, k > r; otherwise, set B* = 0, etc., if necessary.)
Hence
Bi=0 fori>r

‘Bt =AF,

‘B"?=4F, —-D'B!

‘B ='4F, — D'B!

— DA ='4F, — D,'B°,
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which, by recursively eliminating the B, implies that
tpr—1—i d jft
Bii= Y (-D)(4F, )
j=0

or, relabelling,

where i =0,...,r — 1 and

-D'A = li‘a(—Dx)[(tAFL”).

Taking the transpose of this gives the desired equation. [

It is worth noting that, if (H, K) is a local conservation law density,
letting ¢ = d(Hdx + Kdt) €_#? and following the proof of Lemma 3-3,
the coefficient of 6, A dx which appears in the normal form is precisely
the function A4 which appears in Proposition 4-3; and A4 =tELX(H), just
as in the definition (2-7). In fact, recall the isomorphisms

H¥7) =U/U,
H?*(7) = kerdlg?,
and consider the mappings defined, respectively, by
(H,K) ~ [(H,K)] € U/,
and
(H,K) = Hdx + Kdt - d(Hdx + Kdt) — ¢ ® d6,

where ¢ € £2 and 6 .71 the coefficient of 6, A dx in ¢ is A ='"EL (H).
This can be used to define the order m of (H, K) without (explicit)
reference to (or motivation from) the construction involving EL ., and can
therefore be used to define the spaces C,, and C,. A straightforward
argument using the above isomorphisms and mappings proves that C, =
U/U,, thereby providing an interesting alternative to the construction
motivated by the variational operator.

Note that the equation (4-1) is well known, in various forms. (It appears,
for example, in [7], and as a consequence of a necessary and sufficient
condition in [9].) It is perhaps interesting to note that there are some
equations, for example, the heat equation u, = u, ., for which (4-1) is

xx?
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sufficient to characterize conservation laws; however, for other equations,
such as the linear third-order equation u, = u ., the equation (4-1) is not
sufficient (consider the function A4 = u;). The reason (4-1) is, in general,
not a sufficient condition for conservation laws is that it came from just
the 6, A dr A dx coefficients of de; the vanishing of the 6, A 6, A dt,
6; A 6, Adx,and 6; A 6, A 6, coefficients often provide additional condi-
tions independent of (4-1).

5. GENERIC NON-EXISTENCE

The necessary condition for the existence of a conservation law, given by
Eqg. (4-1), is (when r > 2) an over-determined system of linear partial
differential equations for the (vector-valued) function A(¢, x, u,, ..., u,,);
being over-determined, it is reasonable to expect there to be (generically)
no non-trivial solutions, except for some small class of functions F. The
condition(s) on F which allow non-trivial solutions of (4-1) are the integra-
bility conditions of (4-1); these conditions give obstructions to the exis-
tence of conservation laws.

The first of these integrability conditions is given in the following

THEOREM 5-1.  Ifr = 2 is even and the matrix JF /du, satisfies a generic
eigenvalue condition ((5-3) and (5-4)), then the evolution equation (2-1)
possesses no conservation laws of order strictly greater than r.

Proof. A necessary condition for A(t, x, u,,...,u,,) to be a conserva-
tion law (of order m, with A4, =+ 0) of the evolutlon equation (2-1) is
(4-1). When m >r, this is a polynomial in the (vector) variables
W, 1,---, U, .., whose (tensorial) coefficients are differential operators
applied to A. In order for (4-1) to hold, each of these coefficients must
vanish. In particular, the (matrix) coefficient of u,,,, must vanish.

The following observations are useful for computing the coefficient (and
indeed, for studying Eq. (4-1) in general):

e Application of the differential operator D, to a function
B(t, x,uy, .. ub) of order b yields a function whose order is b + 1, and
(D(B)),, . =B,

. Appllcatlon of the differential operator D, to a function B of order
b as above yields a function whose order is b + r, and (D,(B)),,, = B, F,.

uy” u,

e Forany0 </ <r, (Dx)’(FL,/) is a function of (¢, x, uy, ..., u,,,), and

(Dx)’(Fu[) is independent of u,, ., for any m > r (because / + r < 2r <
m+r).
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Using these observations, the coefficient of u,,
to be the matrix

in (4-1) is easily seen

r

AumFur + (_1)”(Fu,)Aum' (5-1)

which, as was said before, must vanish in order for 4 to be a conservation
law. This linear algebra problem can be translated into a simpler form, by
defining n X n matrices

C=4, #0 (byhypothesis)

M=F,
and observing that the vanishing of (5-1) is equivalent to
0 # C € ker @, (5-2)

where ®,, is the linear map between matrix spaces

(I)M: Mn,n - Mn,n

:C— CM+ (-1)"'MC.

To fix notation, write the n X n matrix C € M, , as

1 1

€1 Cu
c=1": ;
n n

C1 Cn

C=(cj)=v="(ct.crchrnnct, o, el);

'vn

then the equation 0 = CM + (—1)"'MC is equivalent to Nv = 0, where
N € M, . is given in n X n block form by

"W 0 - 0 mil mil - mil
mil mil - mil

A R Y

o 0 - M mil m2l - m'l
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The linear map ®,, is represented by the matrix N; the condition
ker @,, # {0} is equivalent to det N = 0.

To study the condltlon det N =0, put F, =M in Jordan canonical
form, M = PJP~!, where

A0 0
1A ) 0 ,
0 1
J= : - E (5-3)
)\P
; Lo,
_ 0 1o, |

and each Jordan block of M is an n, X n; matrix. Let K ='PCP; then
C ='P7'KP7!, and

CM + (—=1)"'"MC ='"P"*(KJ + (—-1)"JK) P!
which vanishes if and only if
0=K + (-1)"K.

Construct N and ¥ just as N and v were constructed, using J and K
instead of M and C; then (because all _the transformations are mvertlble)
the condition Nv = 0 is equivalent to N7 = 0. The n X n block form of N
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A T 0
0 A 0
. . . 0
0 0 A
+(-1)
AT
0 AT
0 14
0 0 A

Note that N is upper triangular, so its determinant can be easily com-
puted:

p nn;
det N= TT (& +(-1)'n) "
i,j=0

If the evolution equation (2-1) possesses a conservation law of order
m > r, then det N = 0; this latter condition occurs if and only if there
exists a pair (i,7), 1 <i <p, 1 <j < p (possibly i = j), such that

A+ (—1)'A =0. (5-4)

If r is odd, set i =j, and then A, — A, = 0; so the obstruction (5-4)
vanishes. However, if r is even, then the obstruction (5-4) is non-vanishing
for a generic choice of numbers (A;,..., A,) € C", which are eigenvalues
of a real matrix, for all pairs (i, /). |

In particular, no even-order scalar evolution equation possesses conser-
vation laws beyond order . On the other hand, if » > 1 and (for example)
det F, = 0, then the obstruction (5-4) vanishes because one of the A,
vanishes.

The condition (5-4) can be interpreted in a form which is perhaps easier
to compute.

THEOREM 5-2.  If the evolution equation (2-1) with even order r possesses
a conservation law of order m > r, then the characteristic polynomial

c(A) = det(F, — AI)
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of F, is of one of the following forms:

o Ap(d);

e (A2 + a?)p(N), with a € R non-zero;

e (A2 — a®)p(N), with a € R non-zero;

o (M 4+ BA% + a®)p(N), with a, BER, a >0, —2a < B < 2a,

where p is a polynomial in A (of appropriate degree) with real coefficients.

Proof. If the evolution equation possesses a conservation law of order
m > r, then, by (5-4) and the hypothesis that r is even, there is a pair (i, j)
of integers such that the eigenvalues of F, satisfy

A+ =0. (5-5)

Recall that the roots of the characteristic polynomial are the eigenvalues
(0.

If F, has a zero eigenvalue, say A, = 0, then set i = k and j = k. Then
¢(0) = 0, so ¢(A) = Ap(A) for a real polynomial p.

Since F, is a real-valued matrix, c(A) has real coefficients, and there-
fore its roots come in complex-conjugate pairs.

If there is an eigenvalue A; with Re A; = 0, then there is an eigenvalue

A; with AF = A, and therefore Im A; = —Im A; so A; = —A;, and A, +
A; = 0. If there is such a pair of purely imaginary roots of ¢, then c()) =
(A? + a®)p()), where a = i), €R,i*= —1, and p is a real polynomial.

If the condition (5-5) holds for a purely real non-zero eigenvalue, A,
then — 2, is also an eigenvalue; therefore, c(A) = (A* — a®)p(A), where
a =) € Rand p is a real polynomial.

Finally, if the condition (5-5) holds, and A; is neither purely imaginary,
purely real, nor zero, then there is another pair of eigenvalues A, = A¥
and A, =A%, and A, + A, =0. The four distinct complex numbers
(A;, —A, X¥, —X*) are all roots of ¢, therefore, setting a =|A|° and
B = 2|71° — 4(Re 2,)?, it follows that

c(A) = (A=) (A = AF)(A + ) (A + A7) p(A)
= (M + B2+ a?)p(X)
for some real polynomial p. Moreover, since A; # 0, « > 0, and, since A;

is not purely imaginary, 8 < 2a, and B =2a — 4Re ),)* > 2a — 4a =
—2a. 1

It should be pointed out that the obstruction constructed in the proof of
Theorem 5-1 is not the only obstruction to existence of conservation laws.
(There are numerous equations with no conservation laws at all; for
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example, the scalar equation u, = (u,,)?.) Moreover, the assumption that
r be even is necessary, as illustrated by the KdV equation (u, = u,, , +
uu,), and by the equation u, = (u, )?; for this latter equation, C,
is spanned by the conservation laws A = {u,, ujus + 3u,usg, tuus +
3tu ug + 5xu, + tugl with corresponding local densities G =
(3(u,)?, — 2(uy)®, — +(us)® + %x(u,)?). In particular, all of the conserva-
tion laws of this equation have order strictly larger than r = 3.
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