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Communicated by C. Kassel the comultiplication of a chain coalgebra C is itself a morphism of chain coalgebras up to

strong homotopy, then the coHochschild complex #(C) admits a natural comultiplicative
structure. In particular, if K is a reduced simplicial set and C,K is its normalized chain

Ilyr?;'ary: 16E40 complex, then .72 (C,K) is naturally a homotopy-coassociat/iye chain coalgebra. We provide
19D55 a simple, explicit formula for the comultiplication on s#(C,K) when K is a simplicial
secondary: 18G60 suspension.

55M20 The coHochschild complex construction is topologically relevant. Given two simplicial
55U10 maps g,h : K — L, where K and L are reduced, the homology of the coHochschild
81T30 complex of C,L with coefficients in C,K is isomorphic to the homology of the homotopy

coincidence space of the geometric realizations of g and h, and this isomorphism
respects comultiplicative structure. In particular, there is an isomorphism, respecting
comultiplicative structure, from the homology of . (C,K) to H,4|K|, the homology of the
free loops on the geometric realization of K.
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0. Introduction

Hochschild homology is a well-known and very useful homology theory for algebras, which has considerable relevance
in topology as well. In particular, for any based topological space X, the Hochschild homology of S, (£2X), the singular chains
on the space of based loops on X, is isomorphic to the singular homology of the space £ X of free loops on X (cf, e.g., [15,17]).

In [2] Doi developed a homology theory for coalgebras over a field that is analogous to the Hochschild homology of
algebras. In this article, we offer an alternate approach to Doi’s homology theory, which allows us to extend his theory,
which we call coHochschild homology, easily to chain coalgebras over any commutative ring. In particular, we describe the
coHochschild complex j?(N , C) of a chain coalgebra C with coefficients in a bicomodule N as a twisted extension of the
cobar construction on C.

We prove that the coHochschild complex #(C) is natural with respect to morphisms of chain coalgebras up to strong
homotopy (Theorem 2.3). Together with the fact that the coHochschild functor is comonoidal (Theorem 1.3), this extended
naturality enables us to prove that if the comultiplication on C is itself a morphism of coalgebras up to strong homotopy,
then 27 (C) admits a natural comultiplication. Moreover, we determine conditions under which this natural comultiplication
is coassociative, either strictly or up to chain homotopy (Theorem 2.9). We also establish a more general version of this
result, for ,@(C, C"), where C is a chain coalgebra seen as a C’-bicomodule via two chain coalgebra maps f,g : C — (’
(Theorem 2.12).
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Let K be a reduced simplicial set, and let C.K denote the normalized chain complex on K. It follows from the purely
algebraic results cited above and from our earlier work [11,10] that 2#(C,K) admits a canonical comultiplication, which is
coassociative up to chain homotopy. We provide a simple, explicit formula for this comultiplication when K is a simplicial
suspension (Example 2.11). More generally, there is a simple formula for the comultiplication in .#(C.K, C,L), where K is a
simplicial suspension, L is a reduced simplicial set, and the C,L-bicomodule structure on C,.K is determined by two simplicial
maps g, h : K — L (Example 2.14).

We illustrate the topological utility of the coHochschild complex and its comultiplicative structure, when we prove
the theorem below, concerning a certain homotopy-invariant version of the coincidence space of two continuous maps
g,h:X—>Y:

Eon={(x,0) X x Y [ £0)=gx), (1) =hX}.

Note that the free loop space on X is just €4, jq,. More generally, let Y be a manifold, and let U and V be submanifolds of
Y.letg : U x V — Y be given by projection onto the first coordinate, while h : U x V — Y is given by projection onto
the second coordinate. The homotopy coincidence space &, j, is then exactly the space of open strings in Y starting in U and
ending in V.

Theorem (Theorem 3.1). If g,h : K — L are simplicial maps, where L is a reduced simplicial set, then there is a quasi-
isomorphism of chain complexes

%(C*K, C.L) = S«€igl,n|
that is comultiplicative up to chain homotopy.

Here |g| and |h| denote the geometric realizations of the simplicial maps.

If K and L have only finitely many nondegenerate simplices, then 7 (C.K, C.L) is a finitely generated module over a
finitely generated, free algebra, endowed with a relatively simple differential and an explicitly defined comultiplication. It
is thus realistic to expect to be able to make explicit homology computations, including comultiplicative structure, with this
model for the homotopy coincidence space.

In the Appendix to this article we show that for any pair of reduced simplicial coalgebras M, and M, over the base ring
R, the natural chain equivalence

f i AN(Me B M) — Ay (M) ® An(M))

is strongly homotopy comultiplicative, where X denotes levelwise tensor product over R and Ay denotes the normalized
chain complex functor (Theorem A.5). As a consequence we obtain a generalization of the main results of [11], establishing
that the cobar construction on the normalized chain complex of any reduced simplicial set admits a comultiplication that is
at least homotopy-coassociative.

Remark. The coHochschild complex of a chain coalgebra plays a very important role in [ 12], where it is the essential building
block in the construction of a chain complex model for the spectrum homology of topological cyclic homology of a topological
space. The power maps on the coHochschild complex of C.K, as constructed in [13], which are algebraic models for the
topological power maps on the free loop space, are the key elements of this construction. .

We note further that Theorem 3.1 is crucial to the proof in [13] that the algebraic power map on #(CK) is indeed a
model for the topological power map.

Remark. Let K be any reduced simplicial set. Dualizing the coHochschild complex ,9?(C*K ) and its homotopy-coassociative
comultiplication, one obtains a homotopy-associative multiplication on the Hochschild cochain complex for C*K with
coefficients in C,K. The nature of this dualized multiplication is entirely different from that of the well-known multiplication
on the Hochschild cochain complex for C*K with coefficients in C*K, which is of purely algebraic origin.

Remark. In[14]Idrissi sketched a proof of the existence of a homotopy-coassociative comultiplication on the coHochschild
complex of any chain coalgebra over a field, with comultiplication that is a morphism of coalgebras up to strong homotopy.
The proof of one crucial lemma (Lemma 1) does not seem to be complete, though. As formulated, the author’s proof requires
extended naturality of the coHochschild construction, to prove the existence of a map that is one of the factors of the
purported comultiplication. There is no proof of extended naturality in [ 14], however.

Notation and conventions

e Throughout this paper we are working over a principal ideal domain R. We denote the category of graded R-modules
by grMod;, the category of chain complexes over R by Chg, the category of augmented chain algebras over R by Alg;
and the category of coaugmented, connected chain coalgebras by Coalgg. The underlying graded modules of all chain
(co)algebras are assumed to be R-free.

e The degree of an element v of a graded module V is denoted |v|.
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e Throughout this article we apply the Koszul sign convention for commuting elements of a graded module or for
commuting a morphism of graded modules past an element of the source module. For example, if V and W are graded
algebrasand v @ w, v’ ® w’ € V ® W, then

Wew) - Wew)= (=) euww.
Furthermore, iff : V — V' and g : W — W’ are morphisms of graded modules, then forallv @ w e V@ W,
2w w) = (=)E"f) @ gw).

The suspension endofunctor s on the category of graded modules is defined on objects V = &9, _,, Vi by (sV); = V;_;. Given
a homogeneous element v in V, we write sv for the corresponding element of sV. The suspension s admits an obvious
inverse, which we denote s~ 1.

e Given chain complexes (V, d) and (W, d), the notation f : (V, d) = (W, d) indicates that f induces an isomorphism in
homology. In this case we refer to f as a quasi-isomorphism.

Let f,g : A — A’ be morphisms of chain algebras. A derivation homotopy from f to g consists of a chain homotopy
H:A — A fromf to g such that H(ab) = H(a)f (b) + (—1)'%g(a)H(b) forall a, b € A.

e Let T denote the endofunctor on the category of free graded R-modules given by

TV = @V®n,

n>0

where V®? = R. An element of the summand V®" of TV is denoted v - - - |v,, where v; € V for all .
e Let N : TV — TV denote the norm operator given by

Nl ---|vg) = Z x| - - valve] - - - |vj-,

1<j<n

the signed sum of cyclic permutations, where the sign is determined by the Koszul rule and by the sign of the permutation.
e If A is an augmented chain algebra, then A denotes its augmentation ideal. Similarly, the coaugmentation coideal of a
coaugmented chain coalgebra C is denoted C.
e The normalized chains functor from simplicial sets to chain complexes is denoted C,, while the singular simplices functor
from topological spaces to simplicial sets is denoted §,. Their composite, C, o 8,, is denoted S,. The left adjoint to S,, i.e.,
geometric realization, is denoted | — |.

1. The cobar and coHochschild complexes of a chain coalgebra

In this section we introduce the coHochschild complex of a chain coalgebra over a principal ideal domain, generalizing
the definitions in [2] and in [ 14]. The prefix “co” in the name of this complex is justified by the fact that there is an underlying
cosimplicial object in the category of chain complexes, which we do not define explicitly here.

We begin by recalling the classical bar and Hochschild complexes of a chain algebra A. Though these constructions are
well known, we consider it worthwhile to present them again briefly here, for two reasons. First, our presentation, while
fairly standard from the perspective of a topologist, is rather different from that with which algebraists are familiar. Second,
the dual constructions for chain coalgebras are easier to understand when compared directly with the known constructions
for chain algebras.

All signs in the formulas below follow from the Koszul rule. It is a matter of straightforward calculation in each case to
show that the differential squares to zero.

1.1. The bar and Hochschild complexes

Let # denote the bar construction functor from Algy to Chg, defined by
2A = (T(sA), dg)
where, if d is the differential on A, then
dog(sa| - [san) = Y sa| -« |s(day| - [san + Y Esar] - |s(@@1)] -+ - [say.

1<j<n 1<j<n

Observe that the graded R-module underlying %A is naturally a cofree coassociative coalgebra, with comultiplication
given by splitting of words. The differential d 5 is a coderivation with respect to this splitting comultiplication, so that ZA
is itself a chain coalgebra. If C is a conilpotent chain coalgebra, then any chain coalgebra map y : C — %A is determined by
its projection to the coalgebra cogenerators sA, denoted y;.

Let BiMod denote the category in which the objects are pairs (A, M), where A is a connected, augmented chain R-algebra
and M a chain A-bimodule endowed with an augmentation M — R that is a morphism of A-bimodules. A morphism from
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(A, M) to (A’, M") consists of a pair (f, g), where f : A — A’ is a morphism of chain algebrasand g : M — M’ is a morphism
of aumented, chain A-bimodules with respect to the A-bimodule structure on M" induced by f.
As a lift of the bar construction, let 2#(—, —) denote the Hochschild complex functor from BiMod to Chg, defined by

H(A,M) = (T(sA) @M, d)
where, if d denotes the differentials on A and on M, then
de(saq]---|sa, ® x) = dg(say|---|sa,) ® x L saq|---|sa, @ dx + saq|---|sap_1 @ a, - x *say|---|sa, @ x - ay,

for all sa;| - - - sa, ® x € T(sA) ® M, where - denotes both the right and the left actions of A on M.
For every object (A, M) in BiMod, there is clearly a twisted extension of chain complexes

M>——(A,M)—FA. (1.1)
When A is considered as a bimodule over itself, where the bimodule structure is given by multiplication in A, we write
H(A) = A A).
We consider 7#(—) as a functor from Algy to Chg.
Remark 1.1. Let X be a based topological space. It is well known (e.g., [15]) that the homology of 27 (S, $2X) is isomorphic

to the homology of the space £X of free (i.e., unbased) loops on X. In Section 3 we expand upon and generalize this result in
the context of the dual constructions for chain coalgebras.

1.2. The cobar construction

Using fairly standard notation, let 2 denote the cobar construction functor from Coalg; to Chg, defined by
2C = (T(s7'0), dg)
where, if d denotes the differential on C, then
doGs ey |s7len) = Z +s7 ¢y |s_1(dcj)| v s e, + Z 457 1¢q| - - |s_1cj,-|s_]c;| oI5 ey,
1<j<n 1<j=n

with signs determined by the Koszul rule, where the reduced comultiplication applied to ¢; is ¢;; ® cj' (using Einstein implicit
summation notation).

Observe that the graded R-module underlying §2C is naturally a free associative algebra, with multiplication given by
concatenation. The differential d, is a derivation with respect to this concatenation product, so that £2C is itself a chain
algebra. Any chain algebra map « : £2C — A is determined by its restriction to the algebra generators s~'C.

The cobar construction functor is comonoidal, i.e., there is a natural transformation 2(— ® —) — 2(—) ® £2(—) that
is appropriately coassociative and counital. Milgram defined this natural transformation in [19] for simply connected chain
coalgebras and showed that it was a quasi-isomorphism. In [10] the authors extended the definition to all coaugmented
chain coalgebras and showed that it was actually a natural chain homotopy equivalence.

Theorem 1.2. Let C and C’ be coaugmented chain coalgebras. There is a chain homotopy equivalence
:20C®C)> 2Ce eC,
specified by q (s 7' (c® 1)) =s'c® 1,q(s7'(1®c)) =1®@s 'c'andq(s"'(c®c)) =0if ce Cand ¢’ € c.

Seen as functors from coalgebras to algebras and vice versa, the cobar and bar constructions form an adjoint pair £2 4 4.
Let n : Id — #£2 denote the unit of this adjunction. It is well known that for all coaugmented chain coalgebras C, the unit
map

ne: C > #2C (1.2)

is a quasi-isomorphism of chain coalgebras. Furthermore, nc admits a natural retraction (i.e., a left inverse)

pc: BRC > C (1.3)
that is a morphism of chain complexes, but a morphism of chain coalgebras only up to strong homotopy.

1.3. The coHochschild complex

Let BiComod denote the category in which the objects are pairs (N, C), where C is a coaugmented chain R-coalgebra and
N is a chain C-bicomodule such that N admits a coaugmentation R — N that is a morphism of C-bicomodules. A morphism
from (C, N) to (C’, N) consists of a pair (g, f), where f : C — C’ is a morphism of chain coalgebrasandg : N — N’ is a
morphism of chain C’-bicomodules with respect to the C’-bicomodule structure on N induced by f.
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As an extension of the cobar construction, let s7(—, —) denote the coHochschild complex functor from BiComod to
Chg, defined as follows. Let C be a connected, coaugmented chain coalgebra, and let N be a C-bicomodule, with coactions
A:N —> C®Nandp : N - N ® C. Applying the Einstein implicit-summation convention, write A(x) = ¢; ® x' and
p(x) = x; ® el. We then let

A(N,C) = (N®T(s"'0), d )
where
d;g(x®s_]c1| e |s_]cn) =dx® s_1c1| s |s_1cn +x® dg(s_1C1| s |s_1cn)
+x@s s ley| - sl £X @57 |- s el ey,

with the convention that applying s~ to an element of degree 0 gives 0. The signs follow from the Koszul rule, as usual.
For every object (N, C) in BiComod, there is clearly a twisted extension of chain complexes

QC=—#(N,C)—>=N. (1.4)

The coHochschild complex functor is comonoidal with respect to the obvious monoidal structure on the category
BiComod, via a natural chain homotopy equivalence

H(—®—,—®—) > H(—,—) ® #(—,—)

that extends Milgram’s natural transformation for the cobar construction (Theorem 1.2).

Theorem 1.3. For all (N, C) and (N’, C"), objects in BiComod, there is a natural chain homotopy equivalence
q: AN@N,C®C) > Z(N,C)® Z(N',C')

such that

2C®C) ————> 2C® 2C

L

AN@N,C®C)—— A(N,C)® AN, C)

i i

N®N’ N®N’

commutes, where the vertical arrows are the natural inclusions and projections.

Proof. The proof in [10, Appendix A] can easily be generalized to this situation. The morphism g of £2(C ® C’)-modules is
specified by

xR XD =N KX ®1)

forallx € N,x € N’, which clearly gives rise to a differential map when extended as a map from a free right 2(C ® C')-
module. There is a section of §

6: #(N,C)® #NN',C')—> #IN®N,C®C)

given by the composite
N®RO®N'®2C) — (Ne2(C®C)e (N®R(CeCr))
N®N)Y®QLACRC)®RICRC)
\leNQ@N/@M
(N®N)® Q(C®C),

where the first arrow is the obvious inclusion, and p is the multiplication map on £2(C ® C’). It is easy to see that & is the
identity. To complete the proof, one defines a chain homotopy h on #(NQN',C® () from 4 q to the identity, extending
the homotopy h from Section A.2 of [10]. O

Example 1.4. The following special cases of the coHochschild complex are worthy of note.
(1) Considering the ground ring R as a trivial C-bicomodule, for C any chain coalgebra, we obtain that ,;?(R, C) = £2C.
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(2) When C is considered as a comodule over itself, where the bicomodule structure is given by the comultiplication on C
on both sides, we write

H(C) = #(C, C).

We consider . (—) as a functor from Coalgy to Chg. We show in Section 2 that A (=) is actually natural with respect to

a much larger class of morphisms (Theorem 2.3).
(3) Any coaugmented chain coalgebra C can be considered as a bicomodule over itself, where the left coaction is trivial, i.e.,
equal to the composite

= d
c3rRec% coc.

If ,C, denotes C endowed with this C-bicomodule structure, then J?(WC 4> €) is the usual acyclic cobar construction on
C.
More generally, if N is a right C-comodule, with right coaction p, then it can be considered as a C-bicomodule with trivial
left C-coaction

=

N=ZRN N coN.
If N denotes N endowed with this C-bicomodule structure, then j?(nN 0 C) is the usual one-sided cobar construction
on C with coefficients in N.

(5) If C is a chain coalgebra with comultiplication A, then C ® C is naturally a C-bicomodule, where the right C-coaction
isIdc ® A and the left C-coaction is A ® Id¢. The coHochschild complex j?(C ® C, C) is isomorphic to the two-sided
cobar construction on C.

(6) More generally, if M is a left C-comodule with coaction A and N is a right C-comodule with coaction p, then M ® N is
naturally a C-bicomodule, with left coaction A ®Idy and right coaction Idy ® p. The coHochschild complex J“?(M ®N, C)
is isomorphic to the two-sided cobar construction on C with coefficients in N on the left and in M on the right.

Remark 1.5. There is a natural and straightforward extension of the coHochschild complex of a chain coalgebra to a cocyclic
complex, analogous to the extension of the Hochschild complex of a chain algebra to the cyclic complex.

2. Comultiplicative structure on the coHochschild complex

In this section we study comultiplicative structure on the coHochschild complex, determining, in particular, under what
conditions such structure naturally exists.

We begin by establishing an “extended naturality” result for the coHochschild complex. It is clear from the definition of
the complex 7 (C) that it is natural with respect to morphisms of coalgebras. We show below that it is in fact natural with
respect to the much larger class of coalgebra morphisms up to strong homotopy, first defined by Gugenheim and Munkholm
in [6].

Definition 2.1 ([6]). Given C, C’ € Ob Coalgg, a chainmapf : C — (' is called a DCSH map or a morphism of chain coalgebras
up to strong homotopy if there is a chain algebra map w : 2C — §2C’ such that w(s~'c) = s~!f(c) + higher-order terms for
all ¢ € C. The chain algebra map w is said to realize the strong homotopy structure of the DCSH map f.

Remark 2.2. A chain algebra map w : 2C — £2C’ is determined by a set of R-linear maps
for : C— @)% k= 1),
where

(1) w1 =f;
(2) wy is homogeneous of degree k — 1 for all k; and

(3)
ode + (—D'deysion = Y (@@ w)Ac — Y (=1)'(1dY ® Ac ® [dT)wy 1
i+j=k i+j=k—2
for all k.
The relation between w and the family {wy} is that
os'e) =Y (sHwi(e),
k>1

foralle € C.

The extended naturality of the coHochschild complex construction with respect to DCSH maps, stated precisely in the
next theorem, is the key to obtaining comultiplicative structure on the coHochschild complex of certain coalgebras.
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Theorem 2.3. A DCSH map f : C — C’ with a fixed choice of chain algebra map w : 2C — $2C’ realizing its strong homotopy
structure naturally induces a chain map

O 2(C) — #(C)
such that

Cc—2—=qc

L,

H(C) —2= #(C)

L,

C—=C
commutes, where the vertical arrows are the natural inclusions and projections.

Proof. Let {wy : C — (C)®* | k > 1} denote the family of R-linear maps associated to  : $2C — £2C’, as in Remark 2.2.
Given e € C, we use Sweedler-type notation and write
wy(e) = eék,” R e;k,k)’
for all k, suppressing the summation. Fore ® w € C ® £2C, set
o(e®w) = Z el @S €y ipnl o IS € - @) ST e )| 15T e )
k>1

1<i<k

where the sign is given by the Koszul rule.
To show that @ is a chain map, we proceed as follows. Neglecting terms arising from the internal differential on C, the
summands in wd (e ® w) are in one-to-one correspondence with the summands of

N (Z D (@® w,m(e)) :

n>1 k+l=n

while the summands in d jzw(e ® w) are in one-to-one correspondence with the summands of

N (Z Z +1d% @ A® Id?i’)wn(e)> )

n>1 k+l=n—1

It follows from property (3) of the family {wy | k > 1} that @d ;7= d 7w, since terms on either side of the equation arising
from the internal differential match up in an obvious manner. O

We can now define the type of highly structured coalgebras for which the coHochshild complex admits a natural
comultiplication.

Definition 2.4 ([11]). A weak Alexander-Whitney coalgebra consists of a chain coalgebra C such that the comultiplication
A : C — C ® CisaDCSH map, together with a choice of chain algebra map w : 2C — £2(C ® C) that realizes the DCSH
structure of A. If the composite

2C3 2Ce0) > CcenC

is a coassociative comultiplication on £2C, where q denotes the Milgram equivalence, then (C, w) is an Alexander-Whitney
coalgebra. We call the composite qw the associated loop comultiplication.

IfA:C— C®CisaDCSHmap and w : 2C — £2(C ® C) realizes its DCSH structure, then Idc ® A and A ® Idc are
both DCSH maps as well. In particular, there are chain algebra maps
Ide Aw,w Alde : 2(CRC) > LCRCRC)
realizing their DCSH structure, where the kth-members of the associated families of R-linear maps, (Idc Aw)y and (w Aldc)y,
are given by following composites:

AK=D @y

CRCc i 2% c® g (o0 3 (ceceC)®
and

@Ak -
coc® L c0®ec®™ 3 (coce0)®,

where the second map in each composite is the obvious permutation, and wy is the kth-member of the family of R-linear
maps associated to w. For further justification of this construction, we refer the reader to Section 1.1 in [9].
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Definition 2.5. A strict Alexander-Whitney coalgebra is a weak Alexander-Whitney coalgebra (C, w) such that

(Idec A w)w = (w A ldc)w.
A quasistrict Alexander-Whitney coalgebra is a weak Alexander-Whitney coalgebra (C, w) such that there is a derivation
homotopy from (Idc A w)w to (w A Id¢)w.

Remark 2.6. Any strict Alexander-Whitney coalgebra is an Alexander-Whitney coalgebra, due to the naturality of the
Milgram equivalence.

Example 2.7. If C is a cocommutative coalgebra, then (C, £2 A) is a strict Alexander-Whitney coalgebra.

Example 2.8. It was shown in [11] that for any 1-reduced simplicial set K, there is a natural choice of chain algebra map
wg : 2CK — £2(C.,K ® C.K) such that (C,K, wy) is an Alexander-Whitney coalgebra. We generalize this result in the
Appendix, showing that if K reduced, then C.K is a quasistrict Alexander-Whitney coalgebra (Corollary A.7).

Let K’ be a simplicial set, and let E denote the simplicial suspension functor (cf., e.g., Section 2.1(a) in [10]). Let K = EK’.
Note that the generators of the free abelian group G, {K are in natural, bijective correspondence with the generators of C,K’,
for all n > 0.If x is a generator of C,K’, let e(x) denote the corresponding generator of G, K.

Let A denote the usual comultiplication on C,K’. Let x € C,K’, and write A(x) = x® 1+ 1 ® x + x; ® ¥, using Einstein
summation notation. It follows from the proof of Proposition 4.6 in [10] that

()2 : GK = (GK @ CK)® re) > + (10 e(x)) @ (e(x) ® 1),

where the sign follows from the Koszul rule, and that (wg), = 0 for all n > 3. Recall that (wg); = A.
In [10] the authors concluded from Proposition 4.6 that if K = EK’, then the associated loop comultiplication

Yi = qug : 2CK — 2C.K Q® 2C.K
satisfies and is specified by
Yk (s'e®) =s e ®@ 1+ 1®s 'e(x) + 5 Te(x) @ s 'e(x).
Note that in general C,K is not a strict Alexander-Whitney coalgebra.

Having provided families of interesting examples of Alexander-Whitney coalgebras, we now prove that their
coHochschild complexes admit natural comultiplicative structure.

Theorem 2.9. Let (C, w) be a weak Alexander-Whitney coalgebra,and let = qo : 2C — $2C ® $2C. The coHochschild
complex on C, »#(C), admits a natural comultiplication v such that

20—~ oceoc

L,

) —L= 2(0) ® #(C)

l |

C—(C®C

commutes, where the vertical arrows are the natural inclusions and projections. Moreover, the comultiplication on H(C) is
coassociative (respectively, coassociative up to chain homotopy) if (C, w) is a strict (respectively, quasistrict) Alexander—-Whitney
coalgebra.

Proof. By Theorem 2.3, there is a natural, induced chain map
&: #(C) > #(CQO0),

extending w. Define the comultiplication @ on .#(C) to be the composite

A3 AC®C)=A(C®C,CRC) > 2(C)® #2(0),

where § is the extended Milgram equivalence of Theorem 1.3. 1t follows easily from the formulas in the proof of Theorem 2.3
that v is coassociative (respectively, coassociative up to chain homotopy) if (Idc A w)w = (w Aldc)w (respectively, if there
is a derivation homotopy from (Idc A w)w to (w A ldc)w). O

The following corollary is an immediate consequence of applying Theorem 2.9 to Example 2.8.

Corollary 2.10. If K is a reduced simplicial set, then A (C.K) admits a natural comultiplication, which is coassociative up to
chain homotopy.
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Example 2.11. In the case of a simplicial suspension K = EK’, the formulas from the proof of Theorem 2.3 reduce
dramatically, enabling us to give a simple and explicit formula for ¥ on /2 (C.K).

Letx € C,K’, and, as in Example 2.8, let e(x) denote the corresponding generator of C;, K. Write A(X) = x® 1+ 1Qx+
x®x.Letw € 2C,K,and write ¥ (w) = w;@w € 2C.K ® $2C,K. It follows from the formulas in the proof of Theorem 2.3
that

Ve ow) = (e ®@w)® (10 w)+ (18 w) @ (ex) ® w)
+ (1@s5 le() - w) ® (e() @ w) £ (e(x) @ w)) ® (1@ w -5~ "e(x)),
where the signs follow from the Koszul rule. Note that $ is therefore strictly coassociative.
If K’ is itself a simplicial suspension, then A(x) =x ® 1+ 1 ® x forall x € C.¢L, so that
V@ ow) = (@ w)®(1®w)+ (18w e (ex) ®w),

forallw € £2C.K.In other words, if K is a double suspension, then the comultiplication on }?(C*K ) is the usual, unperturbed
comultiplication on a tensor product of coalgebras.

For our topological application in Section 3, we need the following relative version of Theorem 2.9. Given two morphisms
of coalgebras f, g : C — C’, recall thathg denotes the C’-bicomodule structure on C induced by f on the left and g on the
right.

Theorem 2.12. Let (C, w) and (C', ') be weak Alexander-Whitney coalgebras, and let = qw and ' = qu'. Letf,g : C —
C’ be morphisms of coalgebras that commute with the Alexander-Whitney structure, i.e., such that

Q2f 2g
QC——qC and QC——C
20 o e 2Ce0) 2% o e

commute. Then ,;?(fcg, C’) admits a natural comultiplication ;//\f,g such that

Qc Y C ® 2C

L |

—~ v, o~ o~
(G, C) —— L5 o (. C) ® A(:Cq. C')

L

C C®C

commutes, where the vertical arrows are the natural inclusions and projections. Moreover, the comultiplication @Lg is
coassociative (respectively, coassociative up to chain homotopy) if (C, w) and (C’, o) are strict (respectively, quasistrict)
Alexander-Whitney coalgebras.

Proof. We begin by defining a chain map, natural in f and g,
wkw : AC,, ) > AC,®C,.C®C).

We can then define the comultiplication Ef,g on ;?(fcg, C’) to be given by the composite
A(C, C) 2 B(C,,C,, C @ C) S 2(C,, C) @ 2(C,, C),

where q is the extended Milgram equivalence (Theorem 1.3).
As in the proof of Theorem 2.3, we unfold the structure of w and consider the associated family of R-linear maps

for:C—> €O k= 1}.
Using Sweedler-type notation and suppressing summation, we write

(@) = (@)@ ® (cf, ®cky).
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Foranyc ® w € C ® £2C’, set
wroC@w) = Y H(cfy@cky) @ (e ) ®F(chy)) |-+ 157 (Fck ) ®F(ey)) - & (w)

k>1
1<i<k

s (g ) @) -+ 157 (gl ) ®8(cy2)) s
where the signs are determined by the Koszul rule. It is an exercise similar to the proof of Theorem 2.3 to show that w * o’
is a chain map. R
As in the proof of Theorem 2.9, it follows easily from the formulas in the proof of Theorem 2.3 that y , is

coassociative (respectively, coassociative up to chain homotopy) if (C, ) and (C’, @) are strict (respective, quasistrict)
Alexander-Whitney coalgebras. O

Again calling upon the work of Gugenheim and Munkholm, we know that for any pair of simplicial maps g, h : K — L,
where L is reduced, the induced coalgebra maps C.g, C.h : C,K — C.L respect the natural Alexander-Whitney structure of
their source and target. The corollary below is therefore an immediate consequence of Theorem 2.12.

Corollary 2.13. For any pair of simplicial maps g, h : K — L, where Lis reduced, the coHochschild complex A(C.K, C,L) admits
a natural comultiplication that is coassociative up to chain homotopy, where C.K is considered as a C,L-bicomodule via C,.g on
the left and C.h on the right.

Example 2.14. In the case of a simplicial suspension K = EK ’, the formulas from the proof above again reduce, giving rise
to a simple and explicit formula for v, on 52 (C.K, C,L).

Letx € G,K’, and, as in Example 2.8, let e(x) denote the corresponding generator of G, K. Write A(X) = x® 1+ 1Qx+
x;@x.Letw € £2C,L, and write ¥ (w) = w;j ® w e 2C,L® 2C,L. It follows from the formulas in the proof of Theorem 2.3
that

Ven (X)) @ w) = (e(x) @ w) ® (1@ w) + (1® wy) ® (e(x) ® w')
£ (10571 (e(w) - wy) ® (e¥) ® w) £ (e(x) @ wy) ® (1@ w'-57 g (e(x))),

where the signs follow from the Koszul rule. Note that @g, n is therefore strictly coassociative.
If K’ is itself a simplicial suspension, then A(x) =x® 1+ 1 ® x for all x € C.¢K’, so that

Ve w) = (ex@w)®1ew)+ (1w ® (e @ w),

for all w € $£2C.L. In other words, if K is a double suspension, then the comultiplication on K%?(C*K, C.L) is the usual,
unperturbed comultiplication on a tensor product of coalgebras.

3. CoHochschild complexes and homotopy coincidence spaces

Given two continuous maps g, h : X — Y, their coincidence space, which we denote Eg , is the equalizer of g and h, i.e,
Eg,h ={xeX|g®kx =hX)},

topologized as a subspace of X. Another useful point of view is that Eg j, is given by pulling back (g, h) : X — Y x Y over
the diagonalmap A : Y — Y x Y, i.e, there is a pullback diagram

IfY = X, then E; 4, = Fix(g), the space of fixed points of g. Of course, Ejq, 4, = X.
A homotopy-invariant version of the coincidence space of two maps g, h : X — Y is their homotopy coincidence space,
which we denote &, ; and for which one model is given by the pullback diagram

Egh —>y!

\L \L(evo,evl)
(g.h

X——>YxY,

where Y! is the space of unbased paths on Y and e, is the map evaluating path at t. In other words,
Een={(x,0) eX x Y| £(0) =g(x), £(1) =hx)}.
IfY =X, then &g 14, = Fix™(g), the space of homotopy fixed points of g.
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Note that &4y 14y, = Fixh"(ldx) is the space of free loops on X, denoted £ X. More generally, if X = U x V, where U and
V are submanifolds of a manifold Y and g, h : U x V — Y are given by projection onto the first and second coordinates,
respectively, then &, j, is then exactly the space of open strings in Y starting in U and ending in V.

Homotopy coincidence spaces play an important role in the study of geodesics on Riemannian manifolds. Let M be a
closed, compact Riemannian manifold. A slight generalization of a result of Gromoll and Meyer [4] states that if there is a
field k such that the set of {dim, H, (LM k)} of k-Betti numbers of the free loop space on M is unbounded, then M admits an
infinite number of distinct prime geodesics. In [5] Grove and Tanaka generalized Gromoll and Meyer's result, showing that
if ¢ is an isometry of finite order on M, then M admits an infinite number of distinct, prime, g-invariant geodesics if there
is a field k such that the set of {dimy H, (Fix"(¢); k)} is unbounded.

Homotopy coincidence spaces also show up in the theory of p-compact groups, where they give rise to p-compact groups
of Lie type. Given an outer automorphism « of a p-compact group BX, one considers BX (o) = Fix"(c) [16].

A model that facilitates computation of the comultiplicative structure of the homology of homotopy coincidence spaces
should therefore have interesting applications in both homotopy theory and geometry, and perhaps in string topology as
well. In this section we prove that the coHochschild complex provides just such a model, including the comultiplicative
structure. More precisely, we prove the following theorem.

Theorem 3.1. If g, h : K — L are simplicial maps, where L is a reduced simplicial set, then there is a quasi-isomorphism of chain
complexes

A(CK, CL) = Su€igm

that respects comultiplication up to chain homotopy, where j?(C*K , C4L) denotes the coHochschild complex, with C,K considered
as a C,L-bicomodule via C.g on the left and via C.h on the right.

Example 3.2. Letn > 1,and let K = §?**1 the simplicial sphere of dimension 2n + 1 with only one nondegenerate simplex
of positive dimension, in dimension 2n + 1. It is an easy exercise to show that the differential in ,;?(C*SZ”“) is exactly zero.
Moreover, S2*1 is a double simplicial suspension, which implies (Example 2.11) that the comultiplication on . (C,S2"+1) is
the ordinary tensor product comultiplication. Upon dualization, Theorem 3.1 therefore implies the well-known result that
H*£S5*"*1 s isomorphic as an algebra to H*(§*"t1) ® H*(£25%™+1).

In general, if K is a simplicial double suspension, the fact that the comultiplication on j?(C,J(, C,L) is simply the usual
comultiplication on a tensor product of coalgebras (Example 2.14) should make calculating the comultiplicative structure
of H,.&g|,n straightforward, once the homology has been calculated as graded abelian group.

To prove Theorem 3.1, we begin by describing a simplicial model for homotopy coincidence spaces, generalizing the
simplicial free loop space model developed in [8]. We build this model as a twisted cartesian product, so we first recall the
definition of this notion. For any pair of simplicial maps g, h with reduced codomain, we then apply homological perturbation
theory to obtain a relatively small, homotopy-coassociative chain coalgebra, denoted 7 (g, h), that is quasi-isomorphic to the
normalized chain coalgebra on the simplicial homotopy coincidence construction on g and h. Finally, we prove the existence
of a quasi-isomorphism from ,@(C*K, C,L) to T (g, h) that respects the comultiplications up to chain homotopy.

3.1. A simplicial model for homotopy coincidence spaces

We construct the simplicial model of a homotopy coincidence space as a twisted cartesian product, so we begin by
recalling the necessary definitions from the theory of simplicial sets.

Definition 3.3. Let K be a simplicial set and G a simplicial group, where the neutral element in any dimension is noted e. A
degree —1 map of graded sets T : K — G is a twisting function if

T (%) = (T(3x)) " T(1%)

oT(X) = 1(di41x) >0

Sit(x) = t(sip1x) i>0

T(Sox) = e

forallx € K.

Remark 3.4. Let K be a reduced simplicial set, and let GK denote the Kan simplicial loop group on K [18]. Let x € (GK),_1
denote a free group generator, corresponding to x € K,,. There is a universal, canonical twisting function 7x : K — GK, given
by () = x.

Given a twisting function r : K — G, where G operates on the left on a simplicial set L, we can construct a twisted cartesian
product of K and L, denoted K x . L, which is a simplicial set such that (K x L), = K, x L,, with faces and degeneracies
T
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given by
do(x, ¥) = (dox, T(X) - doy)
0i(x,y) = (3x,0y) i>0
six,y) = (six,siy) i>0.
If L is a Kan complex, then the projection K x L — K is a Kan fibration [18].

T
We can now generalize the construction of the simplicial free loop space model in [8] to model homotopy coincidence
spaces.

Definition 3.5. Letg, h : K — L be simplicial maps, where L is a reduced simplicial set. The canonical homotopy coincidence

construction on g and h, denoted &g j, is the twisted cartesian product K x GL, where
Tg.h

Tgn = (Gg o T, Gho 1¢) : K — GL x GL,

and GL x GLacts on GLby (v, w) - u = uvw™".

Note that the construction of &  is clearly natural, which enables us to formulate the following definition.
Definition 3.6. Let Pair denote the category where the objects are all pairs of simplicial maps g, h : K — L, for all simplicial
sets K and all reduced simplicial sets L. A morphism in Pair from a pairg, h : K — Ltoapairg’, h’ : K" — L consists of a
pair of simplicial morphismsa : K — K’ and b : L — L’ such that f'a = bf and g’a = bg.

The homotopy coincidence functor & : Pair — sSet associates to any pair (g, h) its homotopy coincidence space &, , and
to any morphism (a, b) : (g, h) — (g’, ) the simplicial map

- - —=*1 —=*1
an i Egn = Eg s T T o (00,00 B0 ).

We now show that the simplicial homotopy coincidence construction does indeed provide simplicial models for
topological homotopy coincidence spaces.

Proposition 3.7. There is a commutative diagram of simplicial maps

GL d Egh —— K 3.1)
SolGLl = 8o 2L — 1 SuE gy iy —=> 84K,

where j and q are the natural inclusion and projection, the vertical maps are weak equivalences of simplicial sets, and
i e
2 |L| — S\EHM d |K|
is the obvious fibration sequence.
Consequently, H* &; , and H* g/ |, are isomorphic graded algebras. For further details, we refer the reader to section 2.1

of [8]. The proofs there generalize easily from the case of free loop spaces to the case of homotopy coincidence spaces.

3.2. Homological perturbation theory and a chain complex model for &g p

The following classical notion from homological perturbation theory is necessary for our explanation of the relationship
between &g p and J#(C.K, C,L).

Definition 3.8. Suppose that V : (X,0) — (Y,d)andf : (Y,d) — (X, d) are morphisms of (filtered) chain complexes. If
fV = Idy and there exists a (filtered) chain homotopy h : (Y, d) — (Y, d) such that

(1) dh + hd = Vf — Idy,

(2) hV =0,
(3) fh =0, and
(4) i =0,

then (X, d) %(Y, d) o his a (filtered) strong deformation retract (SDR) of chain complexes. It is called Eilenberg-Zilber data if

X and Y are chain coalgebras and V is a morphism of coalgebras.
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Remark 3.9. If (X, d) ?(Y, d) o his Eilenberg-Zilber data, then

dIdx +1dx @ d) ((f ® flAvh) + (F @ fHAyh)d = Axf — (F @ Ay,
i.e,, f is a map of coalgebras up to chain homotopy. In fact, as stated precisely in the next theorem (due to Gugenheim and
Munkholm and slightly strengthened in Section 2.3 of [10]), f is a DCSH map, under reasonable local finiteness conditions.
Theorem 3.10 (/6,10]). Let (X, d) %(Y, d) © h be Eilenberg-Zilber data such that X and Y are connected. Let Fy = 0, and let F;
be the composite

_ ot _

y L XI5 sIx.
For k > 2, let

Fk = — Z (F1 ® F])Ayh Y — Tk(S_l)?).
i+j=k
Ifforally €Y, there exists N(y) € N such that F,(y) = 0 forallk > N(y), then
F=[[R=&DF:Y— 2x
k>1 k>1

is a twisting cochain. In particular, f : Y — X is a DCSH map, and ar : 2Y — $2X realizes its strong homotopy structure.

Example 3.11. Let K and L be two simplicial sets. There is filtered Eilenberg-Zilber data
Vik.L
CK ®CL = Co(K x L) © hgp, (3.2)

fen

where all structure is natural in K and in L. The map Vi is the shuffle (or Eilenberg-Zilber) map, while fg  is the
Alexander-Whitney map.

If K and L are 1-reduced, then Theorem 3.10 implies immediately that fi ; is a DCSH map. In Section 3.3 we show, as a
corollary of a more general result (Theorem A.5), that fi ; is in fact a DCSH map for all reduced simplicial sets K and L.

The following result is the fundamental theorem of homological perturbation theory.

Theorem 3.12 (The Basic Perturbation Lemma [1]). Let (X, 0) %(Y, d) O h be a filtered SDR of chain complexes, where the

filtrations are increasing and bounded below. Let 0 : Y — Y be a filtration-lowering linear map of degree —1 such that
(d + 6)? = 0. Define

Vo =V 4 Y ()Y foo =f+ ) fON*

k>0 k>0

oo =0+ Y fON 'OV ho=h+ > h@Eh)"
k>0 k>0

=h+) (h9)*h.
k>0

Then 000, Voo, foo, and ho, are all locally finite sums and
(X, 30) ‘;g(Y, d+6) O ho

is a filtered SDR with respect to the original filtrations of X and Y.

Hess proved an extended version of the Basic Perturbation Lemma in [7, Theorem 4.1], explaining how to perturb a wide
variety of algebraic structures in an SDR. The next theorem follows immediately from this Extended Basic Perturbation
Lemma.

Theorem 3.13 ([7]). Let (X, 9) %(Y, d) O h be filtered Eilenberg-Zilber data, where the filtrations are increasing and bounded

below. Let § and A denote the comultiplications on X and Y, respectively. Given filtration-lowering linear maps 6 : Y — Y
of degree —1and ¢ : Y — Y ® Y of degree O such that (Y, A + ¢, d + ) is a chain coalgebra, there exists a chain map
800 : (X, 00) = (X, 000) ® (X, 0s0) such that

(1) 8o — & is filtration-decreasing;

(2) 80 is coassociative up to chain homotopy; and

B)fo: Y, A+¢,d+60) > (X, §o0, 0c0) is comultiplicative up to chain homotopy.
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Explicit, natural formulas for §, and for the chain homotopy from §.feo t0 (fo ® foo) (A + ¢) can be deduced from the
formulas in Theorem 4.1 of [7].

Remark 3.14. It is probably true that §, is not only coassociative up to chain homotopy, but actually endows X with the
structure of an A,.-coalgebra. Moreover, we expect that V., and f, are A,.-coalgebra morphisms up to strong homotopy.
Since we did not require such powerful results in this article, we leave their proof to the ambitious reader.

As explained in Section 6.2 of [7], if T : K — G is a twisting function and G acts on L, then the chain coalgebra C,(K x, L)
is obtained by filtration-lowering perturbation of the differential and of the comultiplication in C, (K x L). We can therefore
apply Theorem 3.13 to the Eilenberg-Zilber SDR (3.2) and establish the following result.

Theorem 3.15. For each twisting function T_: K — G and every simplicial set L admitting a left action by G, there exists a
homotopy-coassociative chain coalgebra C.K®.C.L, obtained by filtration-lowering, natural perturbation of the differential and
comultiplication of C,K ® C,L, together with an SDR

~ i
C*K®rC*Lf‘i Ce(K X L) O ¢,

T

where V., f, and ¢, can be chosen naturally, and V. and f, are comultiplicative up to natural chain homotopy.

Applying Theorem 3.15 to the twisting function 7z , : K — GL x GL and to the conjugation action of GL x GL on GL, we
obtain an SDR

~ Vg h
CK®gnCuGL = Co(Egn) © @gn,
fg,h
where (§g,h, Vg h fg.n and @g j are abbreviations for @,g_h, V,gv W ffg,h and Prg e Since all the constructions involved are natural
in the pair (g, h), there is a functor '
7 : Pair — Coalg)¥, (3.3)

defined on objects by 7 (g, h) = C,K ég,hC*GL, where Coalg’,;‘ is the category of homotopy-coassociative chain coalgebras
and of homotopy-comultiplicative chain maps.

3.3. The comparison map

We now clarifyAthe relationship between the two chain-level homotopy coincidence space models, T(g,h) =
C.K®g nC.GL and #(C.K, C.L), by constructing a comparison map and showing that it is a quasi-isomorphism, respecting
comultiplicative structure up to chain homotopy.

The foundation of our comparison map is the natural Szczarba equivalence

o : 2C,L > C,GL,

which is a quasi-isomorphism of chain algebras and a DCSH map for all reduced simplicial sets [11].

Theorem 3.16. Let g, h : K — Lbesimplicial maps, where Lis a reduced simplicial set. Let J?(C*K , C«L) denote the coHochschild
complex, where C.K is considered as a C,L-bicomodule via C.g on the left and C.h on the right. Then there is a commutative
diagram of chain complexes

o~ T
QC,L—— 72(C.K, C,L) —=> C,K (3.4)

“Ll: ngIl:

C.GL —> C.K ®g.p C.GL — 5> C,K,

where the vertical maps respect comultiplication, at least up to chain homotopy; 6, , is natural in the pair (g, h); and the projection
maps 7 _sz-and my are both defined in terms of the natural augmentation C,GL — Rsending the neutral element e in degree O to 1in
R and all other generators of CoGL to 0.

Proof. In Proposition 4.3 of [11] the authors proved that ¢; is a morphism of chain coalgebras up to chain homotopy. The
existence of 6; , and of its associated chain homotopy can be proved by a multi-stage inductive argument involving acyclic
models.

Define a partial order on the set

(Z)" ={(my,...,m) | k>0, m; € Zy Vi)
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of positive integer sequences (including the empty sequence) by

k 1
Domi< )
i=1 j=1

(mqy,...,m) < (ng,...,n) < {or
k 1
me = an and k> L
i=1 j=1
Given a graded R-module Vand m = (my, ..., my) € Zﬁ, let Vi; denote the R-module Vi, 1 ® - - - ® Vi, 1. Foranym € Z,

let

(Zy)y = {(rm, oo ) € (Zy)N

k
Zmi:m .
i=1

Foranym, k € Z,, let

(Z )y =My, ....m) € (Zy)y | > k).
Note that
(M, ....my) € (Zy)y => k< m,
i€, (Zy) ik = (Zy)n  forallk > 0.0n the other hand, (Z, )y = (Z4 )y ;-

Foranyn € Z, and m € (Z)"V, let #(g, h),.7; denote the subcomplex

((CnK ® @ (s—1c+L),ﬁ,> ® (Cok ®Ts'CiL), d f)

m'<m
of the coHochschild complex ,r}?(C*K , C,L). Note that j?(g, h)n.i is also a sub coalgebra of %\(C*K , C,L). Furthermore, given
any simplicial maps g, h : K — L, where L is reduced, there are comultiplicative isomorphisms
A Wi ZCK O A(Pr, p2)nsie (3.5)
Cx(LxL)

while
TEh=GK O T(p1,p2), (3.6)
Cy(LXL)

where pq, p2 : L X L — L denote the projections onto the first and second coordinate, respectively and
MON
C

denotes the cotensor product of a right C-comodule M and a left C-comodule N over a coalgebra C.
Let A[n] denote the quotient of the standard simplicial n-simplex A[n] by its 0-skeleton. For all m = (my, ..., my) €
(ZHN, let
Alm] = Alm]V --- VvV Almy].
Forn > 2, let ¢, denote the canonical generator of C, A[n] and let 1, denote both the canonical generator of C,A[n] and the
image of this canonical generator in C, A[m] when m; = n for some i.
Foranyn € Z, andm € (Z )V, let

j1.J2 @ Aln] — Aln] v A[m] v A[n]

denote the quotient map A[n] — A[n] followed by the inclusion as the first, respectively last, summand of the wedge.
Since C,GA[m] admits a contracting homotopy in positive degrees for all m, as proved by Morace and Prouté in [20], an easy
spectral sequence argument implies that

Hi (C.A[N] ®j, j, C.G(A[n] v Alm] v A[n])) =0 (37)
and therefore that

Hi(kermy) =0 (3.8)
forall k > 0.

Let] C N,and let V C (Z,). For the purposes of this induction, we say that a collection of chain maps

Oy = {01 (g, Wi — T(g.h) | n €], €V, (g, h) € ObPair}
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is coherently admissible if

1) the collection is natural with respect to the pairs (g, h);

the restrictions on”;," and of 9; 7 to the intersection of their domains are equal foralln,n’ € Jand allm, m’ € V;
the appropriate restrictions of dlagram (3.4) commute;

the image of the restriction ofG" M to ker 7 7 lies in ker 7ty for all (n, m) € J x V; and

(
(
(3
(4
(

)
)
)
5) each Gg"f respects the comultiplications up to a natural chain homotopy

Hyw o #(g, Wi — T(g. h),
and the restrictions of H;:f and ong;lm to the intersection of their domains are equal foralln, n’ € Jand allm, m’ € V.

Note that the naturality of a coherently admissible collection @,y implies that for any simplicial maps g, h : K — L,
where L is reduced, 0 h is induced by the commuting diagram of left C,(L x L)-comodules

~ Cy(g,h)
A1 pwin —= Gl x ) <& ek (39)

n,m
eplipz l
Ci(g,h)

T(1,p2) — > G (L x L) =<—— CK,

forall (n, m) € ] x V, where p, p, : L x L — L are the projections onto the first and second factors, respectively. Here, we
use the isomorphisms (3.5) and (3.6).
We say furthermore that

e condition CA, is satisfied if there is a coherently admissible collection ©) y, where] = {k € N | k < n}and V = (Z,)V;

o condition CA, , is satisfied if there is a coherently admissible collection ®; y, where] = {k e N | k <n}andV = (Z+)§;

e condition CA, , is satisfied if there is a coherently admissible collection &y, where ] = {k € N | k < n} and
V=(Z)n,

Our goal is to prove that condition CA, holds for all n, as this implies immediately that the desired chain map &g :
J?”(C K, C,L) — T (g, h) exists, is natural in the pair (g, h) and is comultiplicative up to chain homotopy.

Assuming that condition CA, holds for all n, it remains to show that each 6, j, is a quasi-isomorphism. Consider first the
case of the pair (p1, p). Composing C.p; with 7 s;z-and 77, when (g, h) = (p;, p2), we obtain a commutative diagram

A(Cu(L x L), CuL) —= C,L (3.10)

Op1.p2 l

T(p1,p2) —— G,

in which the horizontal arrows are quasi-isomorphisms. It follows that 6,, ,, is a quasi-isomorphism as well. Since, as
observed above, 6, j, is induced by

~ Cx(g,h)
A (P1,p2) — > G x)=—CK (3.11)
GPWZ\L:
Cx(g,h)

‘I(phpz) — C*(L X L) <~ C*K,

where both the source and the target of 9,, , are C.(L x L)-cofree, we conclude that every 6 j is a quasi-isomorphism.
To prove that condition CA,, holds for all n, we proceed inductively, establishing the following claims.

(1) Condition CAq holds such that 6g st = oy for all pairs (g, h) : K — L x L(cf, diagram (3.4)).
(2) If condition CA;, ,,—1 holds, then condition CA; n, m holds.

(3) If condition CA; i, 1+1 holds, then condition CA;, n ; holds.

(4) If condition CA, holds, then condition CAp 1, holds.

Since (Z+)§1 = (Z+) ,forallm € Z, and (Z+)m ik = (Z+)1§n’m for all k > 0, it is clear that if this sequence of claims
holds, then condition CAn holds for all n. R

ProofofClazm 1): It is easy to see that, since the differential on .#°(C,K, C,L)o.7 is untwisted for all m € (Z,)¥, we can
choose 90 M to be the restriction of Idc,x ® o to %”(C K, CiL)o: 7.
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Proof of Claim (2): Letm = (1,...,1) € (Z+)§1. We now extend 6, , and Hg j, naturally over J?(C*K, CiL)n 7. Consider
w®s 'l s,
which is an element of
AGrs j2)n i

where the bicomodule structure on C,A[n] is induced by C,j; on the left and by C,j, on the right. Note that d z (i, ®
s715] -+ - |s7'7;) is an element of

> A (CA] C(An] v Al v AND), - | [ ker 7z

ez
m' <m

Condition CA; ,— implies that 6;, ;, (d;@(zn ®s - |s*121)) is defined and is a cycle in ker r4. If n > 1, it follows from
(3.8) that there exists @ € ker mry such that

dﬂT® = le.jzdﬁ(tn ® S_lzll e |s_lz1)a
where d; denotes the differential in 7 (g, h). We can therefore set
Orp (tn @ 5™+ 15700 = @.

If n = 0orn = 1, asimple calculation shows that we can set

1

O, it @70 57T = @ (s - s T).

For arbitrary g, h : K — L and generators x € C,K andy; € CiLfor 1 <i < m,letX : A[n] — K,J; : A[1] — L denote
the representing simplicial maps. It is clear that (X, g o X + y1 + - - - + Jx—1 + h o %) is a morphism in Pair from (j1, j») to
(g, h), which implies that the pair (X, g o X + J1 + - - - + ¥x_1 + h o X) induces chain maps

A (X y) : A (C.An], C(A[n] v A[m] v A[nl)) — #(C.K, C.L)
and
X * Gj) : 70171'2) - ‘I(gv h)

We set

1

Ogn(x @5 'y1| -+ s ym) = (x % GJ) 0 0y, (ln @5~ T3]+ s~ T),

so that 6, 0 A (. 3) = (x * GJ) 0 6y, j,, when applied to 1, ® 51Ty -+ s~ "T1.
Conditions (1)-(4) of the definition of a coherently admissible collection are then clearly satisfied, for] = {k € N | k < n}
and V = (Z)y, ,,- Moreover, we can again call upon (3.8), in order to extend the collection of chain homotopies Hg,’f

naturallyto/ = {k e N | k < n}and V = (Z+)§.m as well, thus fulfilling condition (5) of the definition of a coherently
admissible collection. In other words, condition CA,, 1, ,, holds.
Proof of Claim (3): The proof of this claim very closely resembles that of Claim (2). We begin by using (3.8) to construct

Qj':ijr; and its comultiplicativity chain homotopy Hﬂ;j"z, forallm = (my, ..., m) € (Zy),, , where
J1.J2 : Aln] — A[n] v A[m] v A[n]
are the usual quotient maps followed by inclusions. We then extend to all pairs (g, h) by naturality.
Proof of Claim (4): Consider the pair j;, j, : A[n] = A[n] v A[n]. We need to show that if CA,, holds, then there exists
@ € ker(my : T (j1,j2) — CyA[n]) such that
dg‘@ = le,jzdj?\(tn ® ]) - d-jr(tn ® e). (312)

We can then set ngﬁl‘“(tn ® 1) = 1, ® e + @, which implies that

72'79]:-52]’“(% D) =nm7(L®1).

Extending by naturality, we obtain a collection of chain maps

(O 2 A(CK, Clusrp — T (g, h) | (g. h) € Ob Pair)
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such that

o~ ﬂ%}
A(CK, Cl)ps1 g —2o> CanprK

S

T(g, h) — = C,K

commutes for all pairs (g, h).
By condition CA,, the right-hand side of Eq. (3.12) is a well-defined cycle in ker ;. Eq. (3.8) therefore guarantees us the
existence of the desired @. Again, a similar argument permit us to extend the comultiplicativity chain homotopy as well.
Having now proved the four claims, we have completed the proof of the theorem. O

The proof of Theorem 3.1 follows easily from the theorems above.
Proof of Theorem 3.1. The desired quasi-isomorphism is equal to the following composite.

o~ Qg,h Vg<h
H(CK, C*L)T>C*K Oty 1 C.GL - Cilqn S«€gl.1n|-

Note that the first two maps in this composite are natural in g and h. The last map is obtained by applying the normalized
chain functor to the middle vertical map in the diagram (3.1), which is not necessarily naturaling and h. O
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Appendix. The Eilenberg-MacLane SDR

Our goal in this section is to prove a general existence result for DCSH maps, which implies in particular that the
Alexander-Whitney map

fkr :G(K xL) - CGK®CL

is a DCSH map, for all reduced simplicial sets K and L. It follows that C,K is naturally an Alexander-Whitney coalgebra for
all reduced simplicial sets K.

We begin by an observation concerning the formula for the twisting cochain in Theorem 3.10 that proves useful in
reaching our goal.

Remark A.1. Given Eilenberg-Zilber data (X, d) %(Y, d) © h, there is a closed formula for each of the F;’s in the statement
of Theorem 3.10. For any k > 2, let
he= Y IdY'® Ayh@Idg 2 y®k1 — vk

0<i<k—2
and let
He=heohejo---ohy:Y — Y& (A1)
Then
Fe= (=1 "7'))% o H.

In the development below, we use the following helpful notation for simplicial expressions.

Conventions A.2. If ] is any set of non-negative integers j; < j, < --- < j., let s; denote the iterated degeneracy s;, - - - sj,,
andlet |J| =r.
Foranym <n e N,let[m,n] = {j € N| m <j < n}. Let A denote the category with objects

ObA = {[0,n] | n > 0}
and
A([0,m], [0,n]) = {f : [0, m] — [0, n] | f order-preserving set map}.

Viewing the simplicial R-module M, as a contravariant functor from A to the category of R-modules, given x € M, :=
M([0,n])and0 <a; <ay <--- < ap <n,let

Xay..am = M(a)(x) € Mp,

wherea: [0, m] — [0,n] : j > a;.
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Let A denote the usual functor from simplicial R-modules to Chg, i.e., for any simplicial R-module M,, the graded R-module
underlying A(M,) is {M,}n>0, and the differential in degree n is given by the alternating sum of the face maps from M, to
M,_1. Let Ay denote its normalized variant.
In Theorem 2.1(a) of [3] Eilenberg and MacLane gave explicit formulas for a natural SDR of chain complexes
An(M.) @ A (M) == Ay (M. EIM) © h. (A2)

where X denotes the levelwise tensor product of simplicial R-modules. In particular, if x € M;, and x’ € M,, then

fERY) =Y X0.0®Yin (A3)
0<{<n
and
Vx®X) = Z Z +54x K spx/, (A.4)
05T 4T

where the sign of a summand is the sign of the shuffle permutation corresponding to the pair (A, B).

Example A.3. If R[K] denotes the free simplicial R-module generated by a simplicial set K, then C,K ® R = Ay (R[K]).
It follows that, when applied to M, = R[K] and M, = R[L], for simplicial sets K and L, Eilenberg and MacLane’s strong
deformation retract becomes the usual Eilenberg-Zilber/Alexander-Whitney equivalence

CK® C*L% C.(K x L) & h,
which is in fact Eilenberg-Zilber data.

Remark A.4. Let M, be a simplicial coalgebra over R, with levelwise comultiplication
§: M, —> M, X M,.
The Eilenberg-MacLane SDR (A.2) induces a coalgebra structure on Ay (M,), with coassociative comultiplication

AvMy) 2 Ay ® M) D Ay ® A ().

Consequently, if M, and M, are reduced simplicial coalgebras over R, then both Ay (M, X M.) and Ay (M,) ® An(M.) are
naturally chain coalgebras.

Theorem A.5. If M, and M, are reduced simplicial coalgebras over R, with free underlying graded R-modules, then the
Alexander-Whitney map

frANMM, BM)) — An(M,) ® An(M,)
is a DCSH map.

To prove Theorem A.5, we apply Theorem 3.10 to the Eilenberg-MacLane SDR (A.2). We must therefore prove local
finiteness of the associated F;’s, which follows from a technical result proved in [11] (Lemma 5.3), expressed below in terms
of simplicial R-modules instead of simplicial sets.

Lemma A.6 ([11]). Let M, and M, be simplicial R-modules. Let m < r < n be non-negative integers, and let A and B be disjoint
sets of non-negative integers such that AUB =[m + 1,n]and |[B| =r — m.
Let W*B : (M R M"), — (M ® M), be the R-linear map given by

A,B
h*?(x® X,) = Sau{m} Xo...r X Sg X;J”.mr..‘n

forallx € M, and X' € M. Then the Eilenberg-MacLane homotopy in level n
h:A,(My ®M,) =My @ My — Mypy1 @ My, | = Ang1(My K M,)
is given by
hxrx)= Y *hPEmx),
m<rAUB=[m+1,n]
|A|=n—r, |B|l=r—m

where the sign corresponds to the sign of shuffle permutation associated to the couple (A, B).
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Proof of Theorem A.5. Fix R-bases B, and B}, of M, and M,, respectively, for all n > 0. Define weight functions ¢ : B, = N
and ¢’ : B, — Nas follows. If x € B, then

C(x) = max{k € N|3(1,...,Jk) € Nk,y € My_y such thatx =s;, - - - s;,¥}.

The function ¢’ is defined similarly.
Letx € B, and X’ € Bj,. Observe that if ¢ (x) + ¢ (x') > n, then x K X’ is necessarily a degenerate element of M, X M. In
other words,

0#£xRX € AM{®M.), = ¢(x) + (X)) <n. (A.5)
Consider the following bifiltration of Ay (M, X M.). For p, n > 0, let
FP" (AN (M, R M)
denote the graded submodule of Ay (M, X M) that is generated by the set
(XEX | x € By X € BLy £00 + LX) = p).
It follows from (A.5) that 37" (AN (M, X M:)) = 0 for all p > n, so that we have a decreasing filtration
0C " (ANM,RM,)) C -+ CF"" (An(My R M))) C Ay(M, KB M,).
For any k > 1, consider the induced bifiltration
P (ANM BM)®) = @ 7 (Ay(Me B M) ® -+ ® TP (Ay (M B MY)) .
py+--+pg=p
Ny ng=n
It is easy to check that the comultiplication
ANM, RM.) — AN(M, B M.) @ Ay (M, K M.)
is a bifiltered map. Moreover, it follows from implication (A.5) that
" (An(Me ®M,)®) =0 forallp > nandk > 1. (A6)
To complete the proof of the theorem, we show that
h (377 (An(My ®M]))) C 3PP (A (M, ® M) (A7)
for all p, n > 0.1f (A.7) holds, then
Ah (37" (Ay(My B M)))) C #7721 (An(My R M) ® Ay(My ®M))) ,
which is the base step in an easy recursive argument showing that
Hir (57" (Av(Me R M))) C FPH20H (4 (M, ® M[)®F)

for all k > 1, where the map Hy is defined as in (A.1).
Eq. (A.6) therefore implies that for all w € 57" (Ay(M, ®M,)) and forallk > n—p + 1,

Fe(w) = (s7'f)® o Hy(w) = 0.

We have thus established the local finiteness of the F;’s, which allows us to apply Theorem 3.10 and therefore conclude that
frANM. B M) - Ay(M.) @ Aq(M,) is a DCSH map.

It remains only to verify (A.7). Letx € B, and X’ € B;.If ¢ (x) = land {'(x') = m, then there existy € M,_jandy € M, __,
such that Xg.., = ¥j;..j, and xp_, = yJ,'()--'J’i.' where0 <jo <--- <jp<n—land0 <jj <--- <j, <n—m.ltisclear that

the level tensor product x X X’ is degenerate if and only if there exists k € [0, n — 1] such that ji = ji,q and ji, = ji, ;. On the
other hand, if [+ m > n, so that (n — ) + (n —m) < n, then the Pigeonhole Principle implies that there exists k € [0, n — 1]
such that ji = ji11 and j, = jj,, and so x ¥ ¥’ is indeed degenerate. [

Corollary A.7. If K is a reduced simplicial set, then C,K is a quasistrict Alexander-Whitney coalgebra. If K is 1-reduced, then its
associated loop comultiplication is strictly coassociative.

Proof. Theorem A.5 implies that C,K is at least a weak Alexander-Whitney coalgebra, if K is reduced. To verify that it is
quasistrict, we apply an acyclic models argument.

Let wy : 2CK — £2(CK ® C.K) denote the natural chain algebra map realizing the DCSH structure of the
comultiplication on C,K. Both (Idc,x A wx)wk and (wg A Idc,x)wg are natural in K and therefore associated to families
of R-linear morphisms

(@} )k (@ : CK — (CK ® CK ® CK)®¥,
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of degree k — 1, for all k > 1, which are also natural in K. Using as models the set {A[n] | n > 0} of quotients of the standard
n-simplices by their 0-skeletons, we can then prove by induction the existence of a family of R-linear morphisms

(@i : CK — (CK ® CK ® C,K)®K,
of degree k, for all k > 1, and natural in K giving rise to a derivation homotopy

& = 2(5—1)®k¢k - RCK — 2(CK ® C.K ® C.K)
k>1

from (Idc*]( A wg)wk and (wg A IdC*K)Cl)K.
The 1-reduced case was treated in [11]. O

Remark A.8. It may be true that C,K is in fact an Alexander-Whitney coalgebra for all reduced K, i.e., its associated loop
comultiplication is strictly coassociative, but we have not yet proved it, as we did not need it for this article.
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