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Abstract: For the numerical integration of general second-order initial-value problems y” = f(x, v, y’), y(xq) =
Yo» ¥ (xg) = yg, we report a family of two-step sixth-order methods which are superstable for the test equation
y’ +2ay’+B%y=0,a, B=0, a+ B >0, in the sense of Chawla [1].
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1. Introduction

A two-step method for the numerical integration of general second-order initial-value prob-

lems

yi=flx 0 p7), y{xo) =0, ¥ (x0) = (1.1)
can be defined in the form

yn+1 —2yn+yn~l =h2¢(xn+l’ xn’ xn«l’ yrH—l’ yn’ yn—l)' (12)
When the method (1.2) is applied to the test equation

¥ +2ay’+B%y=0, a B>0, a+B8>0, (1.3)
we obtain the characteristic equation

p(¢) = A(H,, H,))& + B(H,, Hy)t+ C(H,, Hy)=0 (1.4)

having the roots §,, &, and H, = ah, H, = Bh.
Following Chawla [1], a method of the form (1.2) is said to be superstable, if for the method
(a) the region of absolute stability (| £,,] <1) is
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(b) the interval of periodicity (the roots £, , are complex conjugate and each of modulus one)
is

J={(H, H,): H=0,0<H,< )},
(c) the interval of (weak) stability (the roots £, , are such that ¢, =1 and |£,] <1) is
I={(H,, Hy): H,=0,0<H, < o0}.

By using the transformation ¢ = (1 + z) /(1 — z) and applying the Routh—Hurwitz criterion, it
is known that the method is superstable if

() A=—B+C, A—C and A+ B+ C have the same sign for all H,, H,> 0;

(b) with H,=0, 4=C and 24 + B> 0 for all H,>0;

(¢) with H,=0, A+B+C=0and —2<B/A <0 for all H, > 0.

Chawla [1] obtained a fourth-order superstable two-step method and Jain and Goel [3] obtained
single-step superstable methods or orders four and six. No higher-order superstable methods are
known so far. In this paper we report a family of two-step sixth-order methods which are shown
to be superstable when applied to the test equation (1.3).

Superstable methods can be successfully used for the numerical integration of (1.1) for which
df/dy and/or 9f/dy’ are negative and large as shown in the computational results listed in [3].
Such problems occur, for example, in the numerical integration of singular perturbation
problems (see [4, p.23)).

2. Derivation of sixth-order methods

Let #>0 be the step length, x
f(x,. y(x,), y'(x,)), etc. Let

a=Xotnh,n=0,1,2,... and set y,=y(x,), f,=
_ 1
yn+1=ﬁ(3yn+1—4yn+ynal)’

. 1
yn = ﬁ(ynle —ynfl)*

o1
Tn1= 34 (Varr 45— 35,00),

f_n=f(xn’ Yas P )s f_nil = (X015 Yus1s Yas1)s
a1 =Ta + 5R21,+ fuin)s
;r:—lzyn,'%h@f—n*'f_n-l),

fnil :f(xnil’ Yn+1s ):}n,il)’

Vns12= %(yn+ynil) —hz(alfn+31fnil)’ o+ B = %

— 1 h _ -
yn+l/2 = Z;(Syn*—l - 6yn +yn41) - E(an+1 + 8fn +fn—1)’

—~ 1 h o, - - _
ynf]/Z = E(_yn-Fl + 6yn - Syn‘l) + ?Ig_(fnﬁL] + 8fn + 3fn—1>’
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- -
(xnil/l’ Ynt1,2> ynil/Z)’

W, ] ;
n+1/2 = %(yn +ynil) - _%(fnil + lOfnil/Z +fn>’

+1/2 =f(xnil/2’ )_}nil/z’ )_’nil/z)e

o=yt Wal(fyr + 5 0) = (o + )] a=1/312.

=

yAn/Z)_/’ 11;6 [2(]5,,+1*f_,171)_3(f:,,+1 f )_24(fn+1/2 f_n—l/2)]’

Ju=12(%0s D B)- (21)
Then at each point x,, n=1, 2,..., the differential equation (2.1) can be discritized by
h2 n ot ot - -
Yai1 = 2Vt Vun = 66[26f" Fhr T T 16(fn+1/2 +fn—1/2)]‘ (2.2)

For a = 0 and the differential equation (1.1) independent of y’, the method (2.2) reduces to the
sixth order P-stable method discussed by Chawla [2].

To obtain the truncation error term associated with the method (2.2), we use the following
expansions:

- h*
Ja=tut 502906, + 350y + O(h°),
- h? h* h®
_ ) @ _ ) @
n+l fn+1 3hy G 12pn 180p + 360p +O(h )

4 5 6

h (5) _ (2) h F h r@
~Jrer F 755 (4 JOut Sagh * 75557 £ OR).

1/2:fn¢1/2i(11‘e—ﬁ )h y(3)F + 5760 B1h* £ O(R°),

\ll
W

3
H+

4

h
41,2 =fni1/2 + 5760 [10)"1(3)1‘1.@ — (7>~ 20pf,2))G,,]

h5 h®

t

3

]
* 32560 21  Toas360 L2 2 O11),

N h4

fn =fn 4680 [10)’;53)FG +yr£5) + lOP(Z)] + 7862400 h® + O(h ) (2-3)

where

n

pO=330G,+ 53V H,  pP =436, + 3G,

P = 305G, + 159G, + 659G, - 10(y¥) ' H,,

n

P =20y0G,” +15y9G) +12y9G, + 239G, — 20( y®@ )V H! —10yOy@H

ne

T — 4y(5) _ 5p(2) T — 7y(5) 20p(2)
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T,=3y® + ph — p® T,= 5T+ 16( pi" — p®),
Ty=p® + T,G,, T, =9y ~56p® — s56r" — 7D,
rM=3TG, + T,G,,
1P =21T,G, + 147G, + (1237 ~ 1p*) G,
Ay = —8(1 —24B)) 3G, + (T = 1928,) »,?,
B, =180(1 — 168,)yVF,/ — 154,F, — T,G,,,
C,=2p® ~15(1 -168,)y®G,,
C,= =9 +16p — 58, — 8p,
=30yYF/G, + 15C,F, — 3T,G, — T,G,,
D2 =420y F,'G, + 420C\F, + 1C, F, — 42T,G, — 28T,G,, — 8(165y,” — 112 p\¥) G,
D,= —28T.F, + T,G,, (2.4)
F=03f/dy, G=203f/3y’, H=20d%/9y*, F'=dF/dx, etc.

Substituting the expansions (2.3) in (2.2) and simplifying, we obtain the truncation error term as

t,(h)=—

(10' ® 1+ 1652 + D, + 2D;] + O(h"). (2.5)

When we apply the method (2.2) to the test equation (1.3), we get the characteristic equation
(1.4) with

A =60+ 60H, +24H} + 9H} + 4H} + 9H H§ + 2 H?H} + H;
+2H{H; + H Hy + (1 + 248 ) H{HS + 3B, HS + 28, H H?,
B=—120—48H} + 42H} - Y HIH} + 2H§
+ %(1 - 12/31)H12H; + %(1 - 8Bl)H:§’,
C=60—60H,+24H}+9H} — 4H} — 9H,H} + 2 H}H} + H3
— §HYH; — H H3 + 5 (1 + 24B8,) H{H3 + 3B, Hy — B H, HJ. (2.6)

It 1s easy to verify that
(a) With H,=0, H,>0

A=C, 2A+B=60H;+4H;+ SHS>0,
24~ B=240 —24H; + (2B, — &) HS,
which is positive for all 8, > 407 /6000 or «a; < 343,/6000.
(by With H,=0, H, >0, A+ B+ C=0and -2<B/4 <0.
(¢) With H,; #0, H,#0 and B, >407/6000, A —B+C, A—C and A+ B+ C are all

positive for H,, H, > 0.
Hence the method (2.2) is superstable.
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