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In this paper, we present different results concerning the structure of upper- 
embeddable graphs. Various characterizations of graphs whose maximum genus 
satisfies additivity properties will be given. 

I. PRELIMINARIES 

I.1 - This note constitutes a sequel of the paper entitled “How to deter- 
mine de maximum genus of a graph,” previously appeared [6]. The notations 
and definitions will be those of [6]. For immediate references, we recall two 
results established in [6]. 

THEOREM A. A connected graph with even (odd) Betti number is upper- 
embeddable if and only ifit contains a cotree all (all but one) of whose compo- 
nents are even. 

FORMULA B. For every connected graph: 

where e(G), the Betti deficiency of G, is defined to be: 

t(G) = p& {KC>l t(C) = number of odd components of a cotree C of G) 

I.2 - The purpose of this paper is to examine several consequences of the 
preceding theorems. In particular, informations on upper-embeddable graphs, 
additivity of the maximum genus will be given. Many known (and unknown) 
results of [7], [S], [IO], [ll] can be deduced in a simple manner. 
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II. AN INTERESTING KNOWN 

In [8] it is stated that y&G) = 0 if and only G is a cactus whose cycles are 
vertex disjoint. 

This is a direct consequence of Formula B. Indeed, y&G) = 0 if and only 
if t(G) = ,/3(G). In this case, G necessarily contains a cotree whose components 
are composed of an edge or a loop: G is the required cactus. The converse 
statement is obvious. 

I. DETERMINATION OF UPPER-EMBEDDABLE GRAPHS 

The matter is to find graphs with simple combinatorial structure and 
satisfying, moreover, the sufficient condition of theorem A. 

III.1 - Jaeger [3] and Kundu [4], have, inde~~~de~t~y, proved the follow- 
i.ng proposition: Every 4-edge-connected graph contains 2 disjoint maximal 
trees. This implies that every 4-edge-connected graph admits a connected 
cotree. This is to say, t(G) equals 0 or 1 according as p(G) is even or odd 
respectively. ffence 

COROLLARY 1. Euery 4-edge-connected graph is upper e~~e~da3le. 

The author has learned of a similar (unpublished) result by ~~~gerrna~, 

III.2 -- c erning cubic graph, the preceding statement can be improve 
Jaeger [3], yan and Sakarovitch [9] have investigated vertex-indite 
forests in cubic graphs. For this purpose, they introduced follo~ng defini- 
tions: 

III.2.1 - A subset of the vertex-set of a (cubic) graph is called a cq~licalEji 
stable set if it induces an acyclic subgraph. 

III.2.2. - Let G be a cubic graph of order ~1. G is called s-~a~i~~~, if it 
admits a cyydically stable set of order [(3n - 2)/4]. It is then proved [3] that: 
A cubic graph is s-maximum if and only if its vertex-set X contains a subset S 
such that: 

(i) when t-z = 2 (mod 4): S induces a tree and X - S is stable 
(ii) when n = 0 (mod 4): either S induces a tree and X - 5’ contains 

exactly one edge, or S induces a forest composed of 2 trees and XV - S is a 
stable. 

Besides, the theorem: 

Every cyclically-4-edge-connected cubic graph is s-maximum is due to 
and Sakarovitch [9]. 
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By virtue of Lemma 2 (6) we have: 

COROLLARY 2. Every s-maximum cubic graph is upper-embeddable. 

COROLLARY 3. Every cyclically-4-edge-connected cubic graph is upper- 
embeddable. 

III.3 - The preceding results, relatively to the connectivity, are best 
possible. Indeed, Bouchet [2] has discovered an infinite family of non-upper- 
embeddable graphs whose cyclic connectivity is 3. His result constitutes also 
a counter-example to a conjecture made in [IO]. 

IV. ON ADDITIVITY IN MAXIMUM GENUS 

IV.1 - Battle, Harary, Kodama and Youngs [l] have pointed out that the 
genus of a connected graph is the sum of the genera of its blocks. In general, 
such an additivity property is not true for maximum genus. In the sequel, 
necessary and sufficient conditions for maximum genus additivity will be 
presented. 

IV.2 - Let A be an isthmus of a graph 6, or, symbolically: 

Obviously: 
P(G) = P(G) + P(G) 

Besides, an isthmus never belongs to a cotree. Thus: 

By virtue of Formula B, we get: 

YM(G) = YM(G) + Y.&Q. 

This equality constitutes a theorem stated in [S]. 
This result enables us to study, without loss of generality, bridgeless 

graphs only, in the sequel. 

IV.3 - Before attempting to prove new results, we need a new definition. 

DEFINITION. Suppose S is an orientable surface of genus y upon which a 
graph G has a 2-cell embedding. An edge A of G is said to be y-regzdar if 
there exists an embedding of G into S such that A appears in the boundary of 
two distinct faces. A vertex x is said to be y-regular if it is incident with a 
y-regular edge. Otherwise x constitutes a y-singularity. 
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IV.4 - The following statement is useful in the sequel: Let G be a graph 
whose maximum genus is yM . Then, an edge A of G is yM-regular if and 
only if it belongs to some odd component P of a cotree G such that: 

6) S(C) = f(G) 
(ii) P - (A) is composed of even components. 

apid justi$cafion: 

The “if” part results from the proof of Theorem 3 [6]. 
The “only if” part is obtained by induction on the number of faces. 

The ~o~~o~~n~ result can be derived directly from Corollary I: 

Commm.V 4. Let G be a 4-edge-connected grraph those 
p(G) is odd. Then every edge of G is ~~(~/2~-reg~~~~~ 

5 - Let G be a graph with a cut-point denoted by x0 . We write, 
SY olically : 

G = G, + Cd + G, 

~~~~~~io~ In this section we replace, for briefness, P(G), yM(G), f(G) .“. 
by /3, y, ( ~. ~ while /?Q , yi ) & . * * (i = 1, 2) stand for p(GJ, y&G& &GJ ~. e) 
Obviously: 

B = Pl+ B2 
El + & - f = 0 ou 2, 

By virtue of Formula B, we get: 

Yl-tYZ 9Y GYl+Yzi- 1, (0 

The first inequality is proved in [7]. The second ~~eq~a~~ty constitutes a new 
result. 

From these double inequalities, it can be derived two kinds of charactetiza- 
tion theorems. The first kind dealts with embeddability of G related two those 
of G, and G, . The second involves additivity properties. For this purpose, 
the study needs to be subdivided into different cases. 

IV.6 - In this paragraph, we discuss the re~atio~sh~~ between upper 
~~lbeddable blocks of a graph and the upper ernbeddab~~~t~ of the graph 

Berent eventualities may occur: 

EV.6.1 - /I1 jS1 , /I2 ark even. 

Elearly E = 0 * & = & = 0. 

Y = Yl + Y2 
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IV.6.2 - /3 is even, PI and pz. are odd. 

Using IV.4 and inequalities (C), we have: 

(9 & = t2 = 1 t = 0 9 I(..) 11 x,, is y,-regular for Gi(i = 1,2) 

IV.6.3 - p and PI are odd, & is even. 

By applications of IV.4 and inequalities (C) one finds two subcases: 

1) (i> & = 1 
E = ’ + /(ii) f2 = 0 

Formula B yields: 

2) 
Y = y1+ Y2 

0) & = 1 
.$=l* (ii) 5, = 2 

(iii) x0 is y,-regular for G& = 1, 2) 

Additivity does not hoId: 

Y=yl+Y2+1 

IV.6.4 - In closing, we summarize the above results in: 

COROLLARY 5. G = G1 + (x0} + G, is upper-embeddable ifand only if the 
following hold: 

(i) Gl is upper embeddable (i.e. (I < I) 

(ii) 0 < f2 < 2 
(iii) x,, is yi-regular for Gi when fl . t2 3 1 (i = 1, 2). 

COROLLARY 6. Let G = G, + {x,} + G2 be an upper-embeddable graph. 
Then y = y1 + y2 ifand only $0 < & + t2 < 1. 

IV.6.5 - Remark. In [lo], it is conjectured that a bridgeless graph each 
of whose blocks is upper-embeddable is upper embeddable. Corollary 5 
points out that a counter example to this conjecture can be constructed. 

Indeed, in [8], it is noted that the graph G* is not upper-embeddable. 
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On the contrary, the graph G1 is upper embeddable with 2 faces (precisely, the 
heavy lines constitute a cotree with exactly one sdd component). Its rnax~rn~ 
germs is 2. We then proved that x,, is a 2-singularity, i.e. the edges (x0 y yJ 
(i = 1, 2, 3) are a-singular. Indeed, the regularity of (x0 , yI) implies that 
G, - ((xx0 , y& crl G* would be upper-embeddable. 

In the same manner, regularity of (x0 , y.J (or (x0 , y3)) implies that 
((x0 ) yz)> N e would be upper embeddable. This is impossible by 

Finally, the coalescence, by means of x,, , of two copies of 6, provid 
required counter-example. 

IV.7 - In this paragraph we treat the relation between y, yI 
Apphcations of Theorem A, Formula B, inequalities (C), an 

the following corollaries. 

COROLLARY 7. Let G1 , G2 be two graphs strch that: 

51 . i-2 > 0 
Then 

Y = r1+ Y2 

if and oniy if x0 is y&zgular (i = 1,2) for at least one value of i. 

COROLLARY 8. Let G, , 6, be two graphs such that: 

t1 = 0 
Then 

Y = Ya + 72 

V. CONCLUDING REMARK 

We make no claims for the completeness of the above list of con- 
sequences. In particular, the exploration of graphs satisfying the surliest 
condition of theorem A seems well worth further refinement. 
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