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The purpose of the paper is to give two theorems about the uniqueness of solu-
tions of parabolic semilinear nonlocal-boundary problems. The paper is a continua-
tion of previous papers by Byszewski and the generalization of some results from
[R. Rabczuk, “Introduction to Differential Inequalities,” PWN, Warsaw, 1976
[Polish]; J. Chabrowski, On nonlocal problems for parabolic equations, Nagoya
Math. J. 93 (1984), 109-131]. The theorems obtained in this paper can be applied in
the theories of diffusion and heat conduction with better effects than the analogous
theorems about parabolic initial-boundary problems and than the analogous
theorems about parabolic periodic-boundary problems. @ 1992 Academic Press, Inc.

1. INTRODUCTION

In papers [1-5] the author studied parabolic and hyperbolic nonlinear
problems together with nonlocal conditions. The coefficients in these condi-
tions had the values belonging to the intervals [ —1,0] and (—1, 1). In this
paper we give two theorems about the uniqueness of solutions of parabolic
semilinear boundary problems together with nonlocal conditions. In these
theorems the coefficients in the nonlocal conditions have the values
belonging to the interval [ — 1, 1 ]. Therefore, the problems considered in the
paper are more general than the analogous parabolic initial-boundary
problems and than the analogous parabolic periodic-boundary problems. To
prove the results of the paper, a method is used other than in the author’s
earlier papers about nonlocal problems. The proofs of the theorems from
the paper are based on the Green formula about the integration by parts.

The paper is a continuation of papers [1-7] and the generalizations of
some results from [10] (see [10, Sect. 457) and [8] (see [8, Theorem 4]).

Analogously, as in [1-3] the results obtained in this paper can be
applied for some problems in the theories of diffusion and heat conduction
with better effects than the analogous known classical parabolic problems.
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2. PRELIMINARIES

The notation, definitions, and assumptions from this section are valid
throughout this paper.
Let ¢, be a real finite number, 0 < T < 00 and x = (xy, ..,, x,,) € R". Define
the domain
D :=Dyx (to, to+ T),

where D, is an open and bounded domain in R” such that the boundary
0D, satisfies the following conditions:

(i) If =2 then 8D, is an union of a finite number of surface patches
of class C! which have no common interior points but have common
boundary points.

(ii) If n=3 then all the edges of 0D, are sums of a finite numbers of
(n —2)-dimensional surface patches of class C'.

Conditions (i) and (ii) are understood in the sense that for n=3 the
edges of dD, are the arcs and for n =2 the surface patches of 6D, are also
the arcs. Since for n =2 the edges of éD, are the points and since for n=1
the surface patches of dD, are also the points then conditions (i) and (ii)
are only formulated for n>2 and n >3, respectively.

By n,, where xe dD,, we denote the interior normal to 0D, at x. If it
does not lead to misunderstanding the interior normal »n, will be denoted
by n.

The symbols L and P are reserved for two operators given by the
formulae

"o 8
L=Y —<a,~j$> 2.1)

and

P=L+c——, (2.2)

where a; = a,j(x t) (i, j=1, .., n)and c=c(x, t) are given functions defined
for (x, t)eD Moreover, we assume that a,(x, t)=a;(x,t) (i, j=1,..,n)
for (x,t)eD.

By Z(D) we denote the set of the functions u(x, f) continuous in D,
possessing continuous derivatives (du/dx;) (i=1, ..., n) in D and possessing
continuous and bounded derivatives (0°u/0x; 0x;) (i, j=1, .., n), du/0t in D.

Let ue Z, xoedD,, and t€ [t,, t;+ T]. The expression

d n
d:l(()-:;,t[)) Z Z a; (XO, t) COS(HXD, ) (23)

i=1 Jj=1

Ou( xo,

is called the transversal derivative of the function u at the point (x,, ?).
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If it does not lead to misunderstanding the transversal derivative
du(x, t)/dv(x,, t) will be denoted by (d/dv) u(x,, t) or du/dv.

For the given functions f, ¢, ¢, h defined on DxR, D,, ¢Dyx
[t, to+ T1, Dy, respectively, the first Fourier’s nonlocal problem in D
consists in finding a function u € Z(D), satisfying the equation

(Pu)(x, t)=f(x, t, u(x, t)) for (x,1)eD, (2.4)

the nonlocal condition

u(x, ty)+ h(x) u(x, ty+ T) = ¢(x) for xeD,, (2.5)

and the boundary condition

u(x, )y=y(x, t) for (x,t)edDyx [ty to+ T (2.6)

A function u possessing the above properties is called the solution of the
first Fourier’s nonlocal problem (2.4)-(2.6) in D.

If condition (2.6) from the first Fourier’s nonlocal problem (2.4)-(2.6) is
replaced by the condition

%u(x, H+k(x, t)ulx, t)y=y(x, 1) for (x,t)edDgx [ty to+ T},
2.7)

where £ is the given function defined on dD, x [t,, t, + T, then problem

(24), (2.5), and (2.7) is said to be the mixed nonlocal problem in D.

A function u € Z(D), satisfying Eq. (2.4) and conditions (2.5), (2.7) is called

the solution of the mixed nonlocal problem (2.4), (2.5), and (2.7) in D.
We shall use the following:

LEMMA 2.1 (See [9, Sect. 17.11]). If ¢=¢&(x) and n=n(x) are con-
tinuous functions for xe Dy and 0((x)/dx;, (On(x)/dx;) (i=1,..,n) are
continuous and bounded functions for x € D, then

0
| 60 2 g [ et nt) coston, x) do
—f n(x) oc(x) dx (i=1, .., n),
Dy 6x,-

where do is a surface element in R".

3. THEOREMS ABOUT UNIQUENESS

In this section we shall prove two theorems about the uniqueness of
solutions of nonlocal semilinear parabolic boundary problems.
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THEOREM 3.1. Assume that

1. a; (i, j=1,..,n) are continuous in D, (da,/ox,) (i, j,k=1,..,n)
are continuous and bounded in D, and c is continuous in D.

2. Y7oy ay(x, t) 24,20 for arbitrary (x, t)e D and (4,, .., 4,) € R".
3. c¢{x,t)<0 for (x,t)eD.
4. h is a continuous function in Dy such that |h(x)| <1 for xe D,.

5. The functions f(x,t,z) and 0f(x,t, z)/0z are continuous for
(x,)e D, ze R. Moreover, 0f(x, t, z)/0z>0 for (x,1)eD, ze R.

Then the first Fourier's nonlocal problem (2.4)-(2.6) admits at most one
solution in D.

Proof. Suppose that ¥, and u, are two solutions of problem (2.4)-(2.6)
in D and let

Wi=Uy—U,. (3.1)

Then the following formulae hold:
(Pw)(x, t)= f(x, t,uy(x, 1)) — f(x, t, us(x, 1)) for (x,0)eD, (3.2)
w(x, to) +h(x)w(x, to+ T)=0 for xeD,, (3.3)

w(x, t)=0 for (x,1)edDyx [ty, to+ T1. (3.4)

From the assumption that u,, u, € Z(D), from assumption 5 and from
the mean value theorem, there exists 8¢ (0, 1) such that

f(xa t, ul(x’ t))_f(x9 L u2(xa t))

f (x, t, uy(x, t) + Ow(x, t}))
0z

=w(x, 1) for (x,t)eD. (3.5)

By (3.5), (3.2), by assumption 1, by (2.2), (2.1) and by Lemma 2.1,

jm+r[j . of (x, t, u, + 6w)
Dy (32

= J’H ! UD wPw dx} dt
i 0
= '[IM ! [L}o wLw dx] dr + jlﬁ ! [fuo ow? dx] dt

10 t

2 |
-[ '[DO ot

4]

dx] dt

4]
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n n

w+T 8%’
= -f [f w Y cos(n, x;) Y, a,-,-——dcr] dt
&bp P— j=1 (')xj

0 i=1

_JIHT[ ” ow Ow

s —dx | dt
o J;O ik,.z:la’-’ax,-axj x:'

+J’0+TUD ow? dx] dt—leJrTl:fD %l:—}wdx] dt.
o (] 0 0

From (3.6), (3.4) and from assumptions 2, 3,
o+ T L 1, g 0o+ T
IR e N [
fo Dy 0z 10 Do O1
Using integration by parts, it is easy to see that
t Dy

Formulae (3.7} and (3.8) imply the inequality

n+ T
[ U wzwdx]d,
1) Dy aZ

1
< ——f [w2(x, to+ T) — wi(x, t,)] dx.
240,

From (3.9) and (3.3), we have
w+ T
[ U szdx]d,

0 Dy 62
1 2 2
< ——j Wwi(x, 1o+ T)[1 — h¥(x)] dx.
245

By (3.10) and by assumption 4, we obtain

FH T[J e of (x, t, uy + 6w)
Dy

5 dx] dr <0,

]
From the above inequality and from assumption 5,
w(x, ) <0 for (x,1)eD
and therefore

w(x, 1})=0 for (x,t)eD.

The proof of Theorem 3.1 is thereby complete.

o+ T ow 1 5 1 ,
'[ [ ——wdx}dtzijouw(x,t0+T)dx—5j w?(x, t,) dx.

(3.6)

3.7

(3.8)

(3.9)

(3.10)
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THEOREM 3.2. Suppose that assumptions 1-5 from Theorem 3.1 are
satisfied. Assume, additionally, that

6. The function k is continuous in 0Dy x [to, to+ T'] and

k(x, <0  for (x,t)edDgx[ty, 1o+ T]. (3.11)

Then the mixed nonlocal problem (2.4), (2.5), and (2.7) admits at most one
solution in D.

Proof. Suppose that u, and u, are two solutions of problem (2.4), (2.5),
and (2.7) in D, and let

Wi=U;— Usy. 3.1)
Then the following formulae hold:
(Pw)(x, 1) =f(x, t,uy(x, ) — f(x, Lup(x, 1)) for (x,1)eD, (32)

w(x, to) + h(x)w(x, to+ T)=0 for xeD,, (3.11)

d
- wix, )+ k(x, t) w(x, t)=0 for (x,1)edDyx [ty to+T7. (3.12)

Using the same argument as in the proof of Theorem 3.1 and using the
definition of du/dv (see (2.3}) we have

j’0+Tl:J w2 af(x, 1, u2+0W)dx] dr
0 Do 0z

= *thrl:jaoo wi—:)da:l dt

0

o+ T » ow Ow
_.J [JDOiZ a”é;ia_xjdx]dt

R =1

+j'°+TUD0 ow? dx] dt—J:MTUDO%—v:wdx] di. (3.13)

4] 0

From (3.13), (3.12), from assumptions 2, 3, and from (3.8), (3.3), we obtain

T
J~IO+ [j* wzaf(x, t, u2+9w)dx]dt
Do

o 0z

<J:+T[J‘ kw? do':l d —%JDO wz(x, to+ T)[1 _hz(x)] dx. (3.14)

8Dg

409/165/2-12
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By (3.14), (3.11) and by assumption 4, we obtain the inequality

w+ T Af y
j [f w? Mz_ﬂ’ﬂ dx] dr <0.
f Py 0z

From the above inequality and from assumption 5,

wi(x, 1)<0  for (x,t)eD

and, therefore, the proof of Theorem 3.2 is complete.
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