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Abstract

We consider composition operators in the Dirichlet space of the unit disc in the plane. Various criteria on
boundedness, compactness and Hilbert—Schmidt class membership are established. Some of these criteria
are shown to be optimal.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

In this note we consider composition operators in the Dirichlet space of the unit disc. A com-
prehensive study of composition operators in function spaces and their spectral behavior could
be found in [3,11,16]. See also [6-8,12,13,17] for a treatment of some of the questions addressed
in this paper.
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Let D be the unit disc in the complex plane and let T = 9D be its boundary. We denote by D
the classical Dirichlet space. This is the space of all analytic functions f on I such that

D(f) = / |f @ dAG) < oo,
D

where d A(z) = dx dy/m stands for the normalized area measure in D. We call D( f) the Dirichlet
integral of f. The space D is endowed with the norm

1£13 = | £O))> + D).

It is standard that a function f(z) = ZZOIO f(n)z”, holomorphic on D, belongs to D if and
only if

SUIFm P +n) < oo,

n>0

and that this series defines an equivalent norm on D.

Since the Dirichlet space is contained in the Hardy space H?(ID), every function f € D has
non-tangential limits f* almost everywhere on T. In this case, however, more can be said. Indeed,
Beurling [2] showed that if f € D then f*(¢) =lim,_ | f(r¢) exists for { € T outside of a set
of logarithmic capacity zero.

Let ¢ be a holomorphic self-map of ID. The composition operator Cy, on D is defined by

Co(f)=fowp, [feD.

We are interested herein in describing the spectral properties of the composition operator Cy,
such as compactness and Hilbert—Schmidt class membership, in terms of the size of the level set
of . For s € (0, 1), the level set E,(s) of ¢ is given by

Eo(9)={¢ €T: p(®)] > s}.

We give new characterizations of Hilbert—Schmidt class membership in the case of the Dirichlet
space. We also establish the sharpness of these results.

2. A general criterion
For o > —1, d A, will denote the finite measure on D given by

dAe(z) = (1 +a)(1 — |21} dA).

For p > 1 and o > —1, the weighted Bergman space A2

f on D for which

consists of the holomorphic functions

1/p
Il po = [/|f(z)|”dAa<z)} < 00.

D
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We denote by DY the space consisting of analytic functions f on ID such that

115 = £ O + [ £]7, <00

Appropriate choices of the parameter « give, with equivalent norm, all the standard holomorphic
function spaces. Indeed, the Hardy space H? can be identified with Dlz. The classical Besov
space is precisely Dﬁ_z, andif p <a + 1, Dy = A?_,. Finally, the classical Dirichlet space D
is identical to D%.

We recall that, by the reproducing formula [16], for every f € AL,

/(1 ) s w). zeD. (1)

= )2+Dl

Lemma 2.1. Let p > 1 and let 0 > —1. Then, there exists a constant C depending only on p and
o such that for every f € AL,

A
@]’ < /“'f( I dA,(A), zeD.

AZ |2+cr

Proof. By the above reproducing formula,

@ FO)  dAs ()
— = — — , z,weD,
1—zw 1 —Aw (1 — Ag)2to
D
for every f € A~Z. By Holder’s inequality, with g = p/(p — 1),
2
| f(@)IP < [f ()P dAg () y / dAs (M) q
11— zw|? 1 — Az|2to [T — Aw|9|1 — Az|2Fo)p
D

Taking w = z, and using the standard estimate, [16, Lemma 3.10]

dA.(\) _ 1
I _ZX|2+c+d - (1—z]»H4’

ifd>0, c>—1, ()

we get the desired conclusion. O
For A € D, consider the test function
Fop(2)=1—xg) P zeD.

If B > 0 is chosen such that § :=§(p,a, B) =2+ 8 — 2+ a)/p > 0, by (2), we have

| Fapllp = (1= 1) ™"
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The following theorem unifies and generalizes the previously known results of MacCluer [3,
Theorem 3.12], Tjani [12, Theorem 3.5] and Wirths and Xiao [13, Theorem 3.2] on Hardy, Besov
and weighted Dirichlet spaces, respectively. The techniques required in the proof are known, for
the completeness, we give here the proof.

Theorem 2.2. Let p > 1. Suppose ¢ € DL satisfies p(D) C D. Fix B > 0 such that § =
S(p,a,B)=2+B—2+a)/p>0. Then:

(a) C, is bounded on DY <= sup, (1 — |A[})? || Fy g o ¢llpr < o0;
(b) Cy is compact on D <= limj;j1(1 — [A*)? || F5. g 0 @llpr =0

Proof. Without loss of generality we assume that ¢(0) = 0. To prove (a), we observe that if Cy,
is bounded, then

IEspowlipp = O((1—127)7°).

For the converse, it follows from Lemma 2.1 that, for f € Db,

f!w’(z)!p!f’( (@)]" dAq(2)

/@)1
/ o' @) ( / = ;; YT dAzp+,sp_z<x)> dAq(2)

= C/|f’(k)|”(1 — 2P Fipoe)| , daa(h).

Therefore part (a) follows.
(b) Assume that limj—1(1 — [A[})®||Fy g o ¢llpr = 0. Let (fu)n be a bounded sequence of

DY such that f, — 0 uniformly on compact sets. Since f, — O uniformly on compact sets,
it follows from the proof of part (a) and the hypothesis that, for r close enough to 1,

[Co(fllDp = [Fa@)]”
< [lh@ =B [Epop ] dauth
+ / | fr]” (1 - |x|2)”“ |(Fsp0 (p)/||§’a dAg(A\) = 0, n— oo,
D\rD
and C,, is compact. The converse is obvious. O

The following result is an immediate consequence of Theorem 2.2.
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Corollary 2.3. Let ¢ : D — ID such that ¢ € D.

(a) If'sup,> D(¢") < 00, then Cy, is bounded.
(b) Iflim, 00 D(¢") =0, then C, is compact.

Proof. We consider the test function Fj o with B =« =0 and p = 2. Both (a) and (b) follow
from the following inequality:

RNY)
D(Fro09) <2(1 - 12P)* f ¢/ @) )

(1= APe@)H*
D

<e(l= 11273+ 13 /|¢’<z>|2|¢"(z)|2dA(z)
D

n>0

=c(1=1A2)* Y +ma P D(p")
n=0

gclimsupD(go”H). O

n—o0

Remark 2.4. The compactness criterion for C, in the Bloch space is equivalent to ||¢" ||z — O
as was shown in [15] (see also [10,12]). In the case of the Hardy space H2, however, we know
that if C,, is compact on H? then |¢”" Iz — O but the converse does not hold [3]. Note that as
before in the proof of Corollary 2.3 (8 =0, « =1 and p =2) if [|¢" ||z = 0(1/4/n), then Cy, is
compact on H2.

3. Hilbert-Schmidt membership
In the case of the Hardy space H2, one can completely describe the membership of Cy in the

Hilbert—Schmidt class in terms of the size of the level sets of the inducing map ¢. Indeed, C,, is
Hilbert-Schmidt in H? if and only if

Sl e = [ s <o
= J 1=lp(@)]

Given an arbitrary measurable function f on T, consider the associated distribution function m ¢
defined by

mr)={¢€T: |f©)]|>r}], r>0.

It then follows that Cy, is in the Hilbert—Schmidt class of H? if and only if

o0 1
4¢] |Ey(s)]
11[ T 19@P /m(1|¢|2)_1 (M) dr =< J a is)z ds < .
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It was shown by Gallardo-Gutiérrez and Gonzdlez [8, Main Theorem] that there is a mapping
¢ taking D to itself such that C, is compact in H?, and that the level set E, (1) has Hausdorff
dimension equal to one. Recall that the Hausdorff dimension of E:

d(E) = inf{a: Aq(E) =0}

where Ay (E) is the a-Hausdorff measure of E given by
Ay (E) = lim inf A% E A, |A; .
o(E) ei%“‘{Z' i EcJa ,|<e}
1 1
Given E C T and ¢ > 0, let us write

E,={ceT:d¢ E)<t}

where d denotes the arclength distance and | E;| denotes the Lebesgue measure of E.

Let E be a closed subset of T with |E;| = 0((log(e/t))’3) and E has Hausdorff dimension
one (such examples can be given by generalized Cantor sets [2]). Let w () = (log(e/ )72, and
consider the outer function f, g such that its radial limit f,]  is given by

|f(:,E(§)| = WUEE) e onT.
Since w satisfies the Dini condition
w(t
/Qd < 00,
t
0

it follows that f, g € A(D) := Hol(D) N C (D), disc algebra (see [9, pp. 105-106]) and so
Ey, (1) = E. On the other hand

/ d¢ | v/ d¢ | /| Lo,
J T Tfor@F ~ )o@ E) o2

(see [4, Proposition A.1] for the last equality). Since the last integral converges, C,, is a Hilbert—
Schmidt operator in H2.
We have the following more precise result.

Theorem 3.1. Let E be a closed subset of T with Lebesgue measure zero. There exists a mapping
¢:D— D, ¢ € A(D), such that Cy is a Hilbert—Schmidt operator on H2 and that E,()=E

Proof. The proof is based a well-known construction of peak functions in the disc algebras. Let
T\E= Un>1 (€', ei’). For t € (ay, by), we define

(ell) -1 (bn — an)l/z
B I by — am)2 — 2t — (b + an))? T

where (1,,),, C (0, 00) will be chosen later, and g(e'!) := +o0 if ¢/ € E.
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Note that
2 d
t
i) 2dr = (b /
0/ ( ; (on = an) [(Dn _an)z (2t — (b +an))2]1/2
—_ZT (b — an)/ - 1/2
n>1
z &
=EZT,§(1;,,
n=1

Since Z _ (b, — a,) =2m, there exists a sequence (t,), such that

o
lim t,=+o00 and E r,%(b,, —a,) < o00.
n—+00 1

n=

Let U denote the harmonic extension of g on the unit disc given by

2
lt |n| m9
U(re 2n/7|e” rel9|2g dt Zg(n)r

nez

Since 1, — 00, one can ez_lsily verify that lim;_.¢ g(e” ) = 400, for ¢ € E. Hence,
lim, - U(re'?) = +o0, for ¢’ € E.
Let V be the harmonic conjugate of U, with V(0) = 0. It is given by

V(reie) = Z —g(n)rln‘ei"(’.
s |n|

Now, since g is a C ! function on T \ E, we see that the holomorphic function f =U +iV is
continuous on D\ E. Knowing that lim,_, |- U (re'’) = +o0, for €'’ € E, we get that ¢ = f—frl €
A(ID), disc algebra, and E,(1) = E. Finally

2 2 . .
1 dt 1 [ WUED+ 1)+ V()

20 ] 1=lp@@nP ~ 21 | W)+ 17 =0
0 0

2
1

<5 / (U () + 1)+ V2(e) dr

nez

which shows that C,, is Hilbert—Schmidt because g € LXT). O
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Let E be a closed subset of the unit circle T. Fix a non-negative function w € C 1(0, ] such
that

/w(d(z, E))ldz| < oo,

T

where d denotes the arclength distance. Now, let f,, g be the outer function given by

| fh g (@) =e " @EE) ae onT. 3)
The following lemma gives an estimate for the Dirichlet integral of f,, g in terms of w and
the distance function on E. The proof is based on Carleson’s formula, and can be achieved by

slightly modifying the arguments used in [5, Theorem 4.1].

Lemma 3.2. Assume that the function w is nondecreasing and w(tV) is concave for all y > 2.
Then

D(fw.£) =< /a/(d(;, E))’e 2 @CE) gz E)|de).
T

Since the sequence {z"/+/n 4 1}72 , is an orthonormal basis of D, the operator C,, is Hilbert—
Schmidt on the Dirichlet space if and only if

¢ (2)|? D"
/(1 QPR AR =2 = <o

n>1

Theorem 3.3. Assume that the function w is nondecreasing and w(t?) is concave for some y > 2.
Then Cy, . is in the Hilbert—Schmidt class in D if and only if

o' (d(¢, E))?
fiw(d(g, 57 d(¢, E)|d¢| < oo.

Proof. We first note that fﬁ’ £ = Juw,E- Therefore, by Lemma 3.2, we have

lf - @ A D(fuw,E)
— 0 dA() =y —
J 0= Tfur@P? © § n

= /a/(d(g, E))2d(§, E)Zne_znw(d(C’E))mﬂ
T n=1
@' (d(E, E))?
[1 — e2wdE.E)]2

d(, E)|dg].
T

Since 1 — e 2WU@&E) < yy(d (¢, E)), the result follows. O
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Given a (Borel) probability measure p on T, we define its o-energy, 0 < o < 1, by

00 A 1)
oy =y L
n=1

For a closed set E C T, its «-capacity cap, (E) is defined by
cap,(E) =1/ inf{ I, (1t): w is a probability measure on E}

If « =0, we simply note cap(E) and this means the logarithmic capacity of E.
The weak-type inequality for capacity [2] states that, for f € D and t > 4| f ||%,

16 2
cap({¢: | F(©)] =1}) < ”thC”D-

As a result of this inequality, we see that if liminf [|¢"|lp = 0, then cap(E£,(1)) = 0. Indeed,
since Ey(1) = Eyn (1), the weak capacity inequality implies that

cap(Ey(1)) = cap(Egn (1)) < 16]¢" |5

Now let n — o0o. Hence, in particular, if the operator Cy, is in the Hilbert—Schmidt class in D,
then cap(E, (1)) = 0. This result was first obtained by Gallardo-Gutiérrez and Gonzalez [6,7]
using a completely different method. Theorems 3.4 and 3.6 give quantitative versions of this
result.

Theorem 3.4. If C,, is a Hilbert—Schmidt operator in D, then

1

/cap(E(p(s)) log ! ds < o00. 4)
1—=5 1—5

0

Proof. Fix A € T and let

1L+ 20(%)

wx(s“):lOgRel_w(;),

ceT

Since

lo’ ()
— _dA ,
]D[ (= jpa)e dA@ =

it follows that ¢, € D(T), see [6], where

D(T) := {f € LXT): 1 flpry = Y| F ] (1+ Inl) < oo}.

nez
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Setting Ay :={¢ € T: |1 —Ap(¢)| = 1}, we see that

|@1(¢)| =< log Vi € Ay

_
L= lp@)P

Applying the strong capacity inequality [14, Theorem 2.2] to ¢;, we get

00 > l@allpery = ¢ | cap{t € T: |@a(0)] > s} ds?

B . 1—lp@)? )
=c | capy¢ eT: logiu_)“p({)|2 >s}ds
1—|p(@))?

capy¢ € TN Ay: ‘log

2
TG >S}ds

1
cap ;ETHA)L: logw >4S}d52

1 \2
>c1/cap{{eTﬂAA: |<p({)|>u}d(log1_u> )

Since T = A U A_, the subadditivity of the capacity implies that

1
1 2
00 > llp1 b + llo-1 b = szcap{§ eT: |o@)|> u}d(log — u) :
and hence the theorem follows. O

Remark 3.5. Since {z" /(1 +n) 2 }zio is an orthonormal basis in Dy, o € (0, 1), C,, is a Hilbert—
Schmidt operator in D,, if and only if

A Dy (¢™) ¢’ (2)]?
= —dAy(2) < 0o.
— n! J (1= lp@)*)**

Therefore, for fixed A € T, the function

1+w(§)>‘“/2 CeT

)= (Re 1= 29(0)

belongs to the weighted harmonic Dirichlet space

Do (T) = {f € L(D): 1f Ip,emy = Y| (14 1nl) ™ < oo}

nez
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(see [7]). Applying again the strong capacity inequality [14, Theorem 2.2] for Dy to ¢;, we get
as before

1
capy (Ey(5))

(1 _s)+a ds < o0.

0

The following theorem is the analogue of Proposition 3.1 for the Dirichlet space. It shows that
condition (4) is optimal.

Theorem 3.6. Let h : [1, +o0[ — [1, +o00[ be a function such that limy_, o h(x) = +o00. Let E
be a closed subset of T such that cap(E) = 0. Then there is ¢ € A(D) N D, (D) C D such that:

(1) Ey(1)=E;
(2) Cy is in the Hilbert—Schmidt class in D;
@) D 100 Lp(rl)ds = oo

1—s

Proof. Let k(x) = h(e*), there exists a continuous decreasing function ¥ such that

+00 +oo
/1/f(x)dx2<oo and /w(x)k(x)dxzzoo.

Set n(t) = ¥~ (cap(E;)). We have

+00
/ cap(En)|dn*(1)] = / ¥ (00) |dn? ()| = / ¥ () dx® < o0
0

0

and

+00
[ o) aro| = [vaokmo)arol= [ ok =c.
0

0

Since

/ cap(Ey)|dn*(1)| < oo,
0

by [4, Theorem 5.1], there exists a function f € D such that

Re f(¢) > n(d(¢,E)) and |Imf(¢)|<m/4, qe.onT.

By harmonicity,

[Im f(2)| <7/4, lz| < 1.
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Now take

g =exp(—e /).

By a simple modification in the construction of f asin [1], we can suppose that ¢ € A(ID). Hence
Ey(1) = E and

/ 2 / 2 ,—2Re f(z) ,—2e~ReS@ cos(Im f(z))
Z z)|"e e
Ql . f i@ A
D

(1= lp@)I»? em2Re /@) cos?(Im £ (2))
D

< f /@) exp(—v2e R/ @) dA(z)
D

< [Ir@faam <.

D

Hence C,, is in the Hilbert—Schmidt class. Finally, since

Ey(s) 2 {¢ € T: n(d(s, E)) >log(1/1 =)},

we get

/cap(Ew(s))h(l/l —s)d(log(1/1 —s))2 ;/cap(E,)h(e"<’>)|dn2(r)| =+400. O
0 0
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