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1. Introduction

The classical compound Poisson risk model, also known as the Cramér-Lundberg model, is one of the most popular risk
models in ruin theory. Many of its nice properties, especially the stationary and independent increments property, make the
study of ruin problems mathematically treatable. The study of ruin measures, including the Gerber-Shiu discounted penalty
function, has been made by many actuarial researchers, see e.g. [7,8,11,12]. Note that two of the common assumptions in
the classical compound Poisson risk model are, respectively, the deterministic premium rate and the independence between
claim sizes and interclaim times. Although such assumptions indeed simplify the study, they have been proved to be very
restrictive in some applications.

Sometimes, the insurance company may have lump sums of income. In order to describe the stochastic income, Boucherie
etal. [5] add a compound Poisson process with positive jumps to the Cramér-Lundberg model. The (non-)ruin probability for
the risk model with stochastic premiums are studied in [4] and [ 13]. Assuming that the premium process is a Poisson process,
Bao [2] and Bao and Ye [3] study the Gerber-Shiu function in the compound Poisson risk model and the delayed renewal risk
model, respectively. Yang and Zhang [14] extend the compound Poisson risk model in [2] to a Sparre Andersen risk model
with generalized Erlang(n) interclaim time distribution. Note that in the models studied in [2,3,14], the premium rate is unit
and the claim sizes have lattice distribution. Thus, although the operational time is continuous, the aforementioned models
can be treated as discrete time risk models. Labbe and Sendova [9] consider a risk model with stochastic premiums income,
where both the premium size distribution and the claim size distribution are non-lattice. In their paper, both a defective
renewal equation and an integral equation satisfied by the Gerber-Shiu function are derived and, in particular, the case
when the premiums have Erlang(n) distribution is investigated in more depth.
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For the study of risk models with stochastic premiums income, the independence assumption is very common in the
aforementioned papers. The drawback of the independence assumption is obvious since the claim sizes usually have an
effect on the premium sizes and interclaim times (see e.g. [1,15]). In this paper, we will extend the risk model studied in [9]
by adding a specific dependence structure among the claim sizes, interclaim times and premium sizes. The rest of this paper
is organized as follows. In Section 2, the risk model with stochastic premiums income is introduced and the dependence
structure is specified. In Section 3, we focus on the case when the premiums are exponentially distributed and, in this case,
we show that the Laplace transforms and the defective renewal equations for the Gerber-Shiu functions can be obtained.
In Section 4, we consider the case when the premium sizes have rational Laplace transforms, and we show that the Laplace
transforms for the discounted penalty functions can also be obtained. Finally, we conclude this paper in Section 5 by making
a summary of the main results and discussing possible extensions in the future work.

2. Model description and notation

We describe the surplus process of an insurance company by the following process

M(t) N(t)

U() :u—i—ZX,——ZYi, (2.1)
i=1

i=1
where u > 0is the initial surplus, M (t) counting the number of individual premium income up to time ¢ is a Poisson process
with intensity A > 0, and {X;} is a sequence of strictly positive random variables (r.v.’s) representing the individual premium
amounts. Zf\’:(? Y; is an aggregate claims process, where N(t) is a counting process denoting the number of claims up to time
t with interclaim times {V;}, and the claim amounts r.v.’s {Y;} are independent and identically distributed (i.i.d.) like a generic
variable Y with distribution function F(y) = Pr(Y < y), density f, mean u and Laplace transformf(s) = fooo e Yf(y)dy.

In this paper, we assume that {X;} and N(t) are both dependent on the individual claim size as follows: If the claim size
Y; is larger than or equal to a threshold B;, then the time until the next claim, Vi1, is exponentially distributed with mean
1/A1, and the individual premium sizes have distribution function F; (-), mean 11 and Laplace transform f1 (), otherwise Vi
is exponentially distributed with mean 1/, and the premium sizes have distribution function F,(-), mean w, and Laplace
transform fz(-). Assume that {B;} independent of {Y;} is an i.i.d. sequence of r.v.’s distributed like a generic variable B with
distribution function B(-). Finally, assume that the time until the first claim occurs, Vi, is exponentially distributed with
mean either 1/A; or 1/A,, and assume that the premium size distribution function is F;(-) during the first interclaim time if
V1 is exponentially distributed with mean 1/A;.

Forn € NT,letT, = Z?:l Vi be the time when the nth claim occurs. The surplus immediately after the nth claim epoch
can be expressed as

i=1 i=1

M(Ty) M(T3) M(Tn) n
=u+<ZX1>—|—< Z X1)++< Z X,')-ZY,’
i=1 i=1

i=M(T;)+1 i=M(Tp—1)+1

M(T7) n—1 M (Te41)
:u—i—ZX,-—Z(Yk— > x,-)-y,,.
i=1

k=1 i=M(Ty)+1

Since the k + 1th interclaim time V) and the premium sizes in between the kth and k + 1th claim epochs are only
controlled by the claim size Y and the threshold By, then

M(Tg41)
Ye— Y X k=1.2....,
i=M(Ty)+1

are i.i.d. and equal in distribution to [Y1 — Z?i(]v”xi]. Let Y, — Z?ﬂ’"*”xi, k = 1,2,..., be the ii.d. copies of [Yl —

MW i ] Then we have

k=1 i=1

5 M(Vq) n—1 M Vit 1)
U=u+ Y Xi—> Y= > Xi| Y (2.2)
i=1
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where 2 means equality in distribution. By the law of large numbers, we have

M(Vy) n—1 M(Vit1)
ut Y Xi— Yy kZl Ye— > X

. Un . i=1 . i=1
lim — = lim — lim
n—oo N n— 00 n n—oo n
n—1 M(Viy1)
Ye— > X
. k=1 i=1
= — lim
n—oo n

M(V3)
—E|Y, — Z X;
i=1

A Py
pry = B2 4 pry < BYZE2
e *

Thus, to guarantee that U, has a positive drift, we assume throughout this paper that the following net profit condition holds

A A
Pr(Y > 3)% FPr(Y < 3)% —u>0. (2.3)
1 2

Define the ruin time by t = inf{t, U(t) < 0} and co if U(t) > 0 forall t > 0. Let w(x, x,) be a nonnegative measurable
function defined on [0, o0) x (0, 00). For § > 0, define
¢u) = E[e " w(U(r—), |[U(t)DI(r < 00)|U(0) = u] (24)

to be the Gerber-Shiu discounted penalty function, where I(A) is the indicator function of event A, U(t—) and |U(7)|
are, respectively, the surplus immediately before ruin and the deficit at ruin. Given that the first interclaim time is
exponentially distributed with mean 1/;, the Gerber-Shiu function is denoted by ¢;(u). Assume that the regularity
condition lim,_, o, ¢;(u) = 0 holds, which is not very restrictive since many ruin measures of interest such as the ruin
probability, the distributions of the surplus immediately before ruin and the deficit at ruin satisfy this condition. Throughout
this paper, we will use a hat ~ to designate the Laplace transform of a function.

3. Gerber-Shiu analysis for exponential premium size distributions
In this section, we pay attention to the situation in which the premium sizes are exponentially distributed. Firstly, we

start from a system of integral equations which holds for general premium size distributions.
Let W, be the time when the first premium income arrives. We have by the lack of memory of exponential distribution

¢1(l,l) = /Oopr(W1 < Vi,W; € dt)ef‘” /w¢1 (u +X)dF] (X)
0 0
+ [T <wiv e ane [ [ ow—ypro = e
0 0
+ / $2(u — y)Pr(y < B)ydF(y) +/ w(u,y— U)dF(V)i|
0 u

= / Je~ Dty [ ¢1(u + x)dF; (x)
0

0

+ / hye OOy [ / 11— YBOIF() + / ¢z<u—y>B<y>dF(y)+w(u)]
0

/ 61+ 0dF () + / $1(u — Y)BOAF()

x+x1 +38 P +5[
+/ ¢z(u—y)3(v)dF(y)+w(U)], (3.1)
0

where w(u) = ff" w(u, y — u)dF (y). Similarly, we have

h(U) = ———— / @2 (u + x)dF, (x) +

)u—l—k +8 /d’l(u_y)B(Y)dF(.y)

A+ A +5[

+ / @(u—y)B(y)dF(wa(u)}. (3.2)
0
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Let & (y) = BW)f ), &) = B)f (), and fori = 1, 2, let A;(u) = fooo ¢i(u + x)dF;(x). Taking Laplace transforms in (3.1)
and (3.2) gives

. A . M . s . s R
PO = MO+ i [HOBO + R0k +06)]. (33)
N e s e

2O = O T [$1986) + 6006 +o6)|. (3.4)

In the rest of this section, we assume that the individual premium sizes are exponentially distributed with distribution
functions

F)=1—¢ i1, Fx) =1—e¢ i, (3.5)

for teq, o > 0.
For notational convenience of later use, we introduce the Dickson-Hipp operator Ts defined on a real-valued function as
follows

o0
Tyh(x) = / eSO Ine)dy, x>0,
X

where s is a nonnegative real number (or a complex number with nonnegative real part) such that above integral is
convergent. It is easy to see that the Laplace transform of h can be expressed as T;h(0). The operator T; is commutative,
i.e. T,T, = T,Ts, and furthermore

Tsh(x) — T h(x)
r—s ’

TsTrh(X) = r 7é S.

For more properties of the Dickson-Hipp operator, we refer the readers to [6,10].
3.1. Laplace transforms

For Re(s) > i we have by changing the order of integration

R o0 o0 1 X
Ai(s) = / e’“‘/ ¢i(u+ x)—e % dxdu
0 i

0

o] [e¢] 1 _x
=/ / e gi(u+x)—e Hidudx
0 0 i

1 o0 o0 X
= ;/ / e U g (u)due #idx
iJo X
1

= —TT 1 ¢:(0)
Mio H
| Ti(0) = T2 61(0)
= E—ﬂi‘ i
$i(s) — & (i)
- 1-— MiS ’
Combining above result with (3.3) and (3.4), we obtain
A ME) |4 MbGs)
[1 A AHA— s A+ +a] #6167
RSO M1 (i) (3.6)
CAFM S A+ =)’ )
A AT ki)
[1 a0 — s A+ A +a] %0 = +50®
hab(s) M () (37)

Tt At (At aa+0)(1— )
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Obviously, by analytic extension, (3.6) and (3.7) still hold for all s in the right half complex plane except the points 1/t

and 1/ ;.
Let
A riEi

xi(s) =1— _ MEO) gy,
A+A+8)A—pws) A+A+8
)\.1 )")\l

hi(s) = - ,

A4+xi+6 A+ +)A+2A+8)(1 — 1)

A AA

hy(s) = — -

Atr4+8 Ot r+8)A+rs+8)(1— g5
Solving (3.6) and (3.7) gives

h: ()& 12 (5)1 (ﬁ) ka6 (t)
A _ 1(8)w(s) — A1) (1—18)  tA+0) it rg+8) (1—pgs)
ne = A€ (98 () ’ (3.8)
X1(8) x2(8) — 10011018
hy ()4 AXT(S)&Z(t) Mz%“)&n(ﬁ)
. GG - GEmaey T T i
$2(s) = A ) (3.9)
A12281(9)62(5)

x1(8) x2(s) — G h1+8) Ot ra+3)

M1
consider the zeros of the common denominator of (3.8) and (3.9), i.e., the roots of the following equation

A10261(5)62(5) N
A+r+8A+r+38)

To get Jbl (s) and &z (s), we still have to determine the unknown quantities (2)1 (i) and Jbz (;%z) For this purpose, we

X1(8) x2(8) — (3.10)

Lemma 1. For § > 0, Eq. (3.10) has exactly two roots, say p1(58), p2(8), in the right half complex plane, i.e. Re(p;(§)) > 0 for
i=1,2

Proof. It suffices to consider the following equation

- 2 [ (1 — wis)é;
[Tixi®a - wo1=T] [m} !

i=1 i=1

which is equivalent to

A A A1 = 1129)&(5)
L S PR
1 A+A,-+8 )\.-’—)\.]—'—8 )\4‘)\.2‘{'5

i=1
A (1= w19)E(s)
A+A+6 A+r+8

Now we apply Rouché’s theorem to prove this Lemma.

Let r > 0 be a sufficiently large number, and denote by G, the contour containing the imaginary axis running from —ir
to ir and a semicircle with radius r running clockwise from ir to —ir. We show that for s € @;, the module of the left hand
side of (3.11) is strictly larger than that of the right hand side of (3.11).

Firstly, for s on the imaginary axis, we have

|Ai — Aieis|
[Ai+ 8 — (A + Aj + §)uis|
Secondly, for s on the semicircle, we have for Ve > 0

n [1 s — (3.11)

i=1,2.

1_ S‘
Hi
—— < 1+4c¢
_M¥s
) (A+Ai+8) i ‘
when r is sufficiently large. In particular, for ¢ = min{%, %}, there exists rop > 0 such that when r > ry, we have for

i=1,2,

[ -]
[Ai — Aipeis| Aj i Ai

= <
[Ai +8 — (A + A + 8) s A+Ai+8} Aitd _S‘ A+Ai+$
Ao

(1+e) <1



Z. Zhang, H. Yang / Journal of Computational and Applied Mathematics 234 (2010) 44-57 49

Thus, when r is sufficiently large, we have

3 A (1 — p28)éx(s) A (1 — w18)€(s)
1— s — + 1= s —
A+A+4 A+Ar+6 A+Ar+6 A+Ai+6

N ﬁ 1 s 1 0= u95E) (1 = p19)E ()

i=1 L T MHS]] RS-t A+ O A +S— A+ A+ s
- ﬁ s ] 1E2(5)1 - [ha — Aapas] [€1(5)1 - |21 — Aapaas]
Tl T A s\ e+ — ot A+ Ouasl | A+ — (A Ag +S)uss|

2 — -
< 1— s — —— (AS+AS)

]] b vwwd 1&2(5)] + 1&:1(5)]

Zr . | .
<\TTl1— s — —2— ( 0 0)
_1;[ WS = T £,(0) + £ (0)
_ ﬁ}_ o r]
- a1 a A+ri+8 ]

Note that both sides of (3.11) are analytic for s inside G,. Then by Rouché’s theorem, we know that Eq. (3.11) has the
same number of roots as the following equation inside ¢,

)
1—ps— ————| =0
1_[[ fi x+x,~+5}

i=1

Ai+d

[rEmS i =1, 2,inside C;. Then Eq. (3.11) has also two roots inside

Obviously, the above equation has two roots, say s; :=
C,. Finally, letting r — oo completes the proof. O

Remark 1. Denote the root with the smaller module by p;(§). Then it is readily seen that lims_, o+ p1(6) = 0. In the sequel,
we assume that these two roots are distinct and denote them by p; and p, for simplicity.
Since ¢;(s), i = 1, 2, are analytic for Re(s) > 0, p; and p, must also be zeros of the numerators of (3.8) and (3.9). Both

cases give the following equations for ¢, (/%1) and ¢, (/%2)

Ax2(p) 1 (i) Aaa ()2 (ﬁz)

= hi(p)d(pp), i=1,2. 12
I WIS YRS S Wy wrs ve wy pays ve puprve S L (3.12)

After solving (3.12), we can obtain q31 (il) and (}bz (—2) and accordingly, é&l (s) and <2>2 (s) can be determined.

1
" I
Example 1. We give a numerical example to show how to find the ruin probabilities when the thresholds and the claim
sizes are exponentially distributed with
Bx)=1—e%%  Fy=1-—e7.

SetA =1,A1 = 04,1, = 0.5, u1 = 0.5, u, = 1.1tis easy to check that the net profit condition (2.3) holds under the above
settings. Let § = 0, w = 1. Then the Gerber-Shiu function ¢;(u) (i = 1, 2) reduces to the ruin probability v;(u).
Eq. (3.10) becomes

[1_ 1 04/ 11 ][1_ 105 ]
1.4(1 — 0.55) ﬁ<s+1 s+1.5> 15(1—s) 1.5(s+ 1.5)

0.2 1 1 1
T 14x15 (s—i—l - s+1.5> s+15°
Solving above equation gives four roots, 0, 0.523009204, —0.270554613, —1.514359353. Then solving (3.12) gives
651 (i) = 0.333621, <?>2 <i> = 0.541487. Finally, the inversion of the Laplace transforms (3.8) and (3.9) yields

Y1 (u) = 0.7487227223e 0204013 1 0.01359317324e 21439933
Y2 (u) = 0.6815162964e 704134 1 0.01280823418e 2143593534,

Fig. 1 shows the behaviors of 1 (1) and ¥, (u).
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Fig. 1. Ruin probabilities v, (u) (the blue curve) and v, (u) (the red curve). (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

3.2. Defective renewal equations

The main goal of this subsection is to derive defective renewal equations for ¢;(u) and ¢, (u).
Let

Ay + 8 MEi(s) A1+ 6 22E5(5)

Hs) = (1— T ns) SR (- MO s ) i
(s) = ( Mls)(k—i—h—t—é M25>)\+M+5+( H2S) PRI n1s PRIV

= h11&1(5) + hiasE1 () + h13s?E1(5) + ha18a(s) + haaséa(s) + hass?Ex(s),

where
I A(Az +6) hor — A2(A1 +8)
TT O MO+ T T Gt )R+ A +0)
(A2 + &)1 A (A + )y A2
hpy = — | 2 T2 S hpy=-— :
12 [A+A2+6+“2 A48 2 s TR T, e
A1ih1fez A2 L1l

hiz = ————, hy; = —————.

A+Ar+6 A+Ay+6

Then multiplying the common denominator of (3.8) and (3.9) by (1 — u15)(1 — u»S) gives

MAaEr(5)E5(5) )

A+2+HA+A2+0)

A4S A +§ H(s)
= ———— s ) [ —=—— — 25| — H().
it +s ML s

Obviously,

Is) A+ A +6 ( Y )
S) (= _ - S _— S| — S — S —
A+ A +0 M1 Aty t+o 2 125V2%) £1 P2

(1 — w18)(1 — uzs) <X1(5)X2(5) -

is a polynomial of degree 1, and it satisfies

l(p)) =H(p), i=1,2,
due to Lemma 1. By Lagrange interpolation formula, we have
S—p1

S—p
I(s) = 2 H(p1) +
P1— P2 1%

H(p2)-
2 — P1
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Using the above results, we obtain

Mok ()Ey(s) )

(1= w18)(1 — u2s) <X1(S)X2(5)— G Tt Ot iatd)

S— P2 S— P
= Uit2(s — p1)(s — p2) + H(p1) + H(p2) — H(s)
P1— P2 P2 — P1
H(s)—H(pp) _ H()—H(p1)
=(s—p)(E—p2) (Ml,uz - = ) (3.13)
P2 — P1

Recalling the properties of the Dickson-Hipp operator, we have for k, i = 1, 2,

£u(s) — E(pi)

s — ,0,' = _TSTp,‘Ek(O)a
s&k(s) — pibi(pi) _ s&1(s) — pi&k(s) + pibk(s) — pibr(pi) — £y(s) — PTT & (0),
S— Pi S— Pi
s2Ei(s) — pPEi(p)  s*E(s) — pPEi(s) + pPEi(s) — pPEi(p)
S—pi B S—pi

= (s + p)&u(s) — PPT,TEk(0).

And accordingly, fork = 1, 2

S—p2 S—pP1

P2 — P1 P2 = P1

&2 _ &) —Ek(p1)
- TsT,, 6k (0) — T,T,,£,(0)
=-A e = T,T), T,,&(0),

sén()—pabi(pa) _ sEr(s)—p1ék(p1)
- T piTT,,E(0) — paTiT,,(0)

S—P2 S—P1

P2 — P1

P2 — P1
PlTsTm &(0) — lTsszgk(O) + PlTsszgk(O) - PZszék(O)

P2 — P1
= plTsTplTpZSk(O) - TSszgk(O),

SLE©)—p3k(e2) &) —pFk(o1) A N , ,
) s—p1 = 02E1(s) — p16k(s) P TsT,, £k (0) — piTsT,, & (0)
P2 — P1 P2 — P1 02 — P
_ b - PTTnEO) = pTTE(0) + pITETE(0) — P E(0)
= &(s) —
P2 — P1

= &(5) — (01 + PDTTp,E(0) + pPTT,, T, £k (0).

Then
H©)-H(pp) _ HE—H(p1)
G(S) — S—P2 S—P1
P2 — P1
2 g —bpr) _ B —E(p) sEk(©)—pabi(pa) _ skx(s)—p1ilp1)
— Z hkl S—p2 S—p1 + hkz S—p2 S—pP1
=1 P2 — P1 P2 — P1
S8 —p3é(o) & ()—p2Ek(p1)
+ hk3 S—p2 S—pP1
P2 — P1
2
= Y [WTTn T8O + he (0T, T, (0 — TiT,,84(0)
k=1

i3 (8) = (1 + PITT, 60 + PITLT, T 80)) . (3.14)
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As for the numerator of (3.8), we multiply it by (1 — wu15)(1 — 1»5) to obtain

Mi(s) == (1 — u1$)(1 — u2s)

where

() =

T12(8) =

Note that

1 (%)

e ()

H1

A2 ()¢ (i>

M2

hi(s)d(s) —

1 (%)

= 1()D() + T12(5)E2(5) —

A4+A1+6

A1 — pgs) (1 — pos)

Ay + 8
A+Ay+6

- M25> s

A1 (1 — 1)

A+Ai+6
Mot () (0= 29) = wada (1) €

A+r+)A+r+8)]

A+A+8)A+2r+9)

6 )

A+ +8

A48
Atrp+6

A4+A1+6

due to the fact that pq, p; are also zeros of the numerator of (3.8). By employing Lagrange interpolation, we find

()

Ay + 8
A+Ay+6

A+Xri 49

( )\24‘6 ) S— 02
—M2S | =
)L+)nz+5 P1— P2

S—p1

P2 — P1

which together with (3.15) gives

1— u1s)

— uzs) is a polynomial of degree 1 satisfying

- szi) = 111 (p)&(P) + (P& (p1), 1= 1,2,

[z (on@on + Tia(ena(on |

[Tn(ﬁz)&)(/?z) + T12(,02)§2(/02)] ,

Mi(S) = = (0n90(6) — r (o)) + - (O 1 (p2)02)
+ 2P (15086 — T(E(o)) + L (t2E6) - Tk ()
P1— P2 P2 — P1
_ (s—p1)(s—p2) |:‘L'11(5) - Tn(Pl)&)(s) _ T11(;01)T5Tp1w(0):|
P1 — P2 S— P
n (s—p1)6E—p2) | T11(5) — fn(ﬂz)a)(s) B rn(pz)Tsme(O)]
P2 — P1 S— P2
" (s —pD)(s—p2) [ T12(5) — T12(P1)52(S) ()T, (O)]
P1— P2 S—pm
4 (s —p)(s—p2) | T12(8) — le(pZ)éz(s) _ T12(ﬂz)TsTp2§2(0):|
P2 — P1 S— P2
11111 _ m1—111(02) 211 (p1) T11(02)
= (s—p1)(s — p2) [ =4 T (s) — PV, wo) — P2
L1 — P2 L1 — P2 P2 — P1
T12(Si:712(m) _ T12(SZ:T12(»02) A 12 (01) T12(p2)
+ = () — ——TT,,6(0) — Tsszsz(O)}
P1— P2 P1— P2 P2 — P1
— 5= p)— o) [M&)(s) _ t(p1) LT, w(0) — T11(02) LT, 0(0)
! ol P pr—py " p2—p1 "
T2 (01) T.T,,£(0) — 712(02) TsTp2€2(0):| '
P1 — P2 P2 — P1

O+ r+8)A— 1) o+ A1+ 8) (A + Az +8)(1 — u2s)

TT,,w(0)

(3.15)

(3.16)
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Similarly, after multiplying the numerator of (3.9) by (1 — 1t15)(1 — u»s) and applying some careful calculations, we can
make the numerator of (3.9) into the following form

e _ Aafbifa o o t21(/01) 721(p2)
Mz (s) i= (s — p1)(s — p2) [7A ) P pz w(0) — oy — p]Tszw(O)
_ Tzz(,Ol) T, £(0) Tzz(pz) TTpZ*g‘](O)] (3.17)
P1 — — P
where
(1= p18)(1 — pos) Az (1 — [78)
T1(8) = Aty t+ o -

A+r+)A+2r+8)]
A1 ( ) (1 — p115) — Aoty ( ) (1 — 28)
() = Gt +0)0+ 7 +0)

Theorem 1. Assume that the premium sizes are exponentially distributed with distribution functions given by (3.5). Then the
Gerber-Shiu functions ¢ (u) and ¢, (u) satisfy the following defective renewal equations

-1 u
o) = —— / ¢1(u — x)G(x)dx + B1(u), (3.18)
M1tz Jo

$2(u) = / ¢ (u — x)G(x)dx + By (v), (3.19)
M1z Jo
where
2

G =D [Ty Ty ®) + hia (017, Tpy e (x) —

T, (%)) + his (80 — (o1 + p2) T, E(X) + P Tp, T & (X)) ]
k=1
Ao(u) 1 711(01) Tn(ﬂz) 712(01) 12(,02)
B = — T T
1(w) PR Sy S [;01—,02 w(u) + z—,01 w(u) + o —p 62U )+ —Tp,6(u )]
_ _ho@ 1 fmalen) o 21(/02) 22 ()01) 22 (pz)
BZ(U)_)»—f—Az—i-S P [,01—,0 w(u )+ ,01 w(u )+ ~ Tp61(u )+ Y — sz‘&l(u)]

Proof. By (3.13)-(3.17), we find that fori = 1, 2,

Mo
(2’(5) = Mi(s) i —p)(s— pz)
! - = =
(s = p1)(s — p) 12 — G(s)] 1— G

M2
An arrangement of the above equation leads to

~ 1 - ~ Mi(S)
@i(s) = ——di(s)G(s) + .
1Y% mip2(s — p1)(s — p2)

Inverting the Laplace transforms in the above equation gives (3.18) and (3.19)

To show that (3.18) and (3.19) are defective renewal equations, we need to show that — fo G(x)dx < 1, or
equ1valer1t1y, G(O) < 1. We have by (3.13)

ag_1_m—umm—m9hwmmr~lﬁﬂﬁﬂﬂ

(A+A1+8) (A+Aa+6)
JIaY% (s — p)(s — p2) 1142 .
Then fors =0
G(0) 1 A1h261(0)£,(0)
=1- Xx1(0)x2(0) — L
JI2Y%%) P1P2/41 142 A+A+8)A+ A +9)

4802+ — (1 +HNEO) — G2+ )1iE(0)
p1p2i1p2(A + A1+ 8 (A + Az +6)

1 A9 +8) = i+ +HE O +6O) _

P12 2 (A 4+ Aq + 8) (A + Ay + 5) .

(3.20)
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Now we consider the case § = 0. Firstly, setting s = p1(8) in (3.10) gives

2

A a A A
| | [(k +Ai+d) ————— - )Lii:i(pl((s)):| = MA281(p1(8))82(p1(8)).
1= pip1(8)

i=1

Next, differentiating the above equation w.r.t. § and then setting § = 0, we can obtain

A2 (1 = ,(0)) + A1 (1 — £(0))

p1(0) = < - -
] A122(61(0) +£,(0)) + Arapu1 (1 — £2(0)) + Ahqpa(1 — £1(0))
%Pr(B <Y)+ iPr(B >Y)
B Mpr(B < Y) + H2Pr(B>Y) — p
> 0,

where the last step follows from the net profit condition (2.3). Then taking the limit § — 0% in (3.20) and applying
L’Hoéspital’s rule, one obtains
GO _ . 1 i S0 —E0) + 21— 60))8
Mtz P2 p1pa (A + A1) (A +22)  s—o0t p1(8)
MPr(B>Y)+ APr(B<Y)

P10 p2(0) 1 s (O 4 Ay) (A + A)
< 1.

Thus, Egs. (3.18) and (3.19) are defective renewal equations, and the proofis complete. O

We remark that the explicit analytic solutions to the defective renewal equations (3.18) and (3.19) can be obtained by
compound geometric distributions — see e.g. [11] for reference.

4. Premium sizes with rational Laplace transforms

In this section, we consider the case when the premium sizes have rational Laplace transforms — i.e.

A i(s
=3 o, (4.1)
H(S + )\,‘j)nij
j=1
where m;, njj € N* withny +np + -+ + Nim; = ki, Ait, ..., Ay with A, # Ay, for j; # j, are (possibly complex) numbers

with positive real parts, g;(s) satisfying g;(0) = ]_[]m:’1 AZU is a polynomial function of degree k; — 1 or less. By partial fraction,

we can rewrite (4.1) as

R m; - Mijy i J2
() =Y ay, ! , 42
fl( ) qu]jz (5 + )\.Ul> ( )

Ji=1j2=1

where

Qijrjp = 22
i

1 dh 2 | qi(s) }
(g, — j2)! ds"in %2 (s + Mg

k=1,k4j; s=—g,

Without loss of generality, we assume that A;;’s in (4.1) are positive real numbers. By analytic extension, (4.2) can be extended
to the whole complex plane except the points —A;’s. In the rest of the paper, we will still use the notation f,-(s) after such
analytic extension.

(4.2) implies that F; and F, are mixtures of Erlangs —i.e.fori =1, 2

m;i My
Fi(x) = Z Z Gijujo Fijrj *),
J1=1j2=1
gy = 1= S G g ;Y distribution wi ) M 1) ot i d py
where Fjj, (x) = 1 k=0 —w—€ """ isan Eralng(j,) distribution with parameter A;,. Let X ; , ..., X7} bejp iid.r.v.s

+ -+ 4+ X% has distribution function Fjj,j,- For Re(s) > max; Ajj,

exponentially distributed with mean 1/A;,. Then xM s

ij1j2
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we have

Ai(s) = / ~ e s / ~ #i(u + x)dF;(x)du
0 0

= / N / N e "¢i(u 4 x)dudF;(x)
0 0

m; - Mijg

=3 g / Tui ) dFy y, (0

J1=1j=1

mi - Mij

) (i)
- Z Z qU1sz[Ts¢1 X'JUz . X'hzlz)]

J1=1j2=

m; - Mij;

=200 St [ T X oo e
J1=1j2=1

mi - Mij

@) (2)
= Z Z qU1Jz)‘U1ETSTKU1 ¢l()(_l112 +- XU1212)
h1=1=

m;  Mijy

= 2 D i, 5T, 910,

J1=1j2=

where T,{f = TA,.jl ‘.- Tkyl . Furthermore, by property 5 of the Dickson-Hipp operator in [10], we have
U1

J2
i - Sy éi(s) 2, T, 60
Ai(s) = ]Z:”; Qinix X5, A — Sy ; (Aj, — syt
= fi(=s)i(s) — Li(s), (4.3)

T $i(0)
where Li(s) = Z“ 1 Zn”‘ ] 1 (ATSW By analytic extension, (4.3) holds for all s in the right half complex plane

except the points A;’s. In the rest of the paper, we will still use the notation ;\i(s) after such analytic extension.
Plugging (4.3) into (3.3) and (3.4) gives

[1_ Mi=s)  mkiGs) } sy — B0 Ja@d(s) = ALi(s)

)= ——2 "0 44
A+ 48 Atr 4 A+A1+6¢2() A4 A48 (44)

Ma(=s) haba(s) | s MEi(s) »  Mad(s) — Aa(s)
|:1_A+A2+8_A+Az+8:|¢2(s)_A+kz+8¢1($)_ PRI PR (45)

Solving (4.4) and (4.5) gives

MO8 —Hah9 |66 = n©OLE — AhbeLE)
d)-l (S) = = = N (4.6)
V1()v2(8) = M12281(5)82(5)

[ e) = a9 |66 — i ©LE — ArbeLE)
$a2(s) = = : (4.7)
V1()v2(8) = 212281(5)€2(5)

where

Vi) = A+ A48 — Mi(=s) — AiEi(s), i=1,2.
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The common denominator of (4.6) and (4.7) is analytic for s in the right half complex plane except the poles A;'s. To make
it analytic for all Re(s) > 0, let A;(s) = ]_[]m:‘1 (s — A" and multiply both the numerators and denominators of (4.6) and
(4.7) by A1(s)Az(s). Then we obtain

Qi(S)D(S) — Av2(5) A2(5) A1()L1(S) — Ar1E2(5) A1(5) Az (5)La(5)

d1(s) = — A (48)
V1($)2(5) A1(5) A2(S) — A1A2E1(5)E2(5) A1(5) A2(S)
$(s) = Qa()D(s) — Av1(s) A1(S) Az(S)La(s) — AA2E1(5) Az () A1()L1(S) o)
V1(8)12(8) A1(5) Az(5) — AiA2E1()E2(5) A1(5) A2(S)
where

Q(s) = A1 A26) 110+ 22 +8) = 1hafa(-9)]
Q) = 416 429) [Ra(h + 21 +8) = Adafi(=5) |

From (4.8) and (4.9), we know that 551 (s) and <2>2 (s) can be obtained if we can determine A{(s)L(s) and A;(s)L,(s). It is easily
seen that A;(s)L;(s) is a polynomial of degree k; — 1, and then it can be expressed as

ki
Ai©Li(s) = Y Lins" .
n=1

Consequently, we have to determine k; 4k, unknown coefficients L;,’s. For this purpose, we give without proof the following
Lemma which can be proved by exactly the same technique used in Lemma 1.

Lemma 2. The common denominator of (4.8) and (4.9) has exactly kq + ky zeros, say p1, . .., Pi,+k,, in the right half complex
plane.

Assume that py, ..., ok, 4k, are distinct. Sine (2)1 (s) and (}bz (s) are analytic for Re(s) > 0, then pq, ..., ok, 4k, are also zeros
of the numerators of (4.8) and (4.9). And both cases give the following k; + k, linear equations satisfied by L;,’s

kq

ky
a (o) A2(pi) Y Linpf " + Ahada(p) A1(p) Y Lanpl ™ = Qu(p)@(p), i=1,2,.... ki + k. (4.10)
n=1

n=1

After solving (4.10), we can obtain L;;’s. Then the Laplace transforms (4.8) and (4.9) are fully determined.

5. Conclusion

In this paper, we analyze the ruin problems in a risk model with stochastic premiums income and a dependence structure
among the claim sizes, interclaim times and premium sizes. Some analytic techniques are applied to study the Gerber-Shiu
functions. For exponential premium sizes, we show that the Laplace transforms and defective renewal equations for the
Gerber-Shiu functions can be obtained. While for premiums with rational Laplace transforms, the Laplace transforms for
the Gerber-Shiu functions are also obtained.

The model considered in this paper can be extended in the more general framework. For example, we can introduce an
underlying Markov process to modulate the claim sizes, interclaim times and premiums. We can also add some diffusion
processes to describe the stochastic volatility of the premiums income and claims loss. In particular, a mathematically
treatable candidate for the diffusion volatility is the standard Brownian motion, and such extension will only lead to a little
computation involvement.
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