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Abstract

We prove LP — L9 convolution estimates for the affine arclength measure on certain flat curves in R4
when d € {2, 3,4}. For d =2, 3, we also establish certain related Lorentz space estimates.
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1. Introduction

Let y be a curve in R? given by

2 pd—1
t)=\t,—,...,—/————, @t 1.1
y(®) ( 2 -1 ¢()) (1.1)
where ¢ € C@ (a, b), where ¢ (1) > 0 fort € (a,b) and j =0, 1,2, ...,d, and where ¢@ is
nondecreasing. Such curves are termed simple in [10]. We are interested in the possibility of
proving L? — L4 convolution estimates for the affine arclength measure A on (1.1), given by
dr = ¢>(d) ) (@*+d) dt. We begin by recalling a theorem from [13]. (In this note, |E| will stand
for the Lebesgue measure of E.)
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Theorem 1.1. Suppose d = 2. The inequality
1% xells < (12)21E[P
holds for all measurable E C R>.

Theorem 1.1 is equivalent to a weak-type (3/2, 3) estimate for the operator given by convo-
lution with A, an estimate which is uniform over the class of measures A described above. Here
are two questions which are raised by Theorem 1.1:

(i) is there an analogous strong-type estimate, and
(ii) are there analogs of Theorem 1.1 if d > 2?

Having no idea how to attack these interesting questions in their natural generality, we follow
the usual practice of asking what can be said along such lines by imposing additional hypotheses
on ¢. The requirement

n 1/n
(1_[¢(d)(Sj)) < A¢(d)<w>, (1.2)
j=1

to hold for s; € (a, b), was used with n = d in [3] to obtain Fourier restriction estimates for
curves (1.1). It is obvious that if 8 > d then condition (1.2) holds with A = 1 for ¢(r) = ¢# on
the interval (0, o). Moreover, as was observed in [3], if we define ¢ () = # for some B>d
and then define

t
bi(1) = f (t — uyd! exp(—%) du
0 ¢j71(’4)

for j > 1, each of the functions ¢; satisfies (1.2) with A =1 on (0, 0o). This yields a sequence
of functions which are progressively flatter at the origin. (See Section 4 of [3] for other examples
of flat functions satisfying (1.2).) In this note we will assume the n = 2 version of (1.2) which,
with 0 = (¢(d))2/(d2+d), we write as

(w<s1>w(sz))”2<Aw<“ ;‘2). (13)
We will obtain convolution estimates in only the dimensions d =2, 3 and 4:
Theorem 1.2. Suppose d =2 and assume (1.3). Then there is the Lorentz space estimate

A% fllps < CAISf L33

Theorem 1.3. Suppose d = 3 and assume (1.3). Then, for any € > 0, there is the Lorentz space
estimate

A% fllz < CANfllpspa—e.
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Theorem 1.4. Suppose d =4 and assume (1.3). If
<= (1.4)
p

then there is the Lebesgue space estimate

A% fllLa < C(A, pILfilLe.

Here are some comments:

(a) Theorem 1.2 is the best possible Lorentz space estimate, even in the nondegenerate
case ¢(t) = 1>/2 (see Section 3 in [15]). It implies the sharp L” — L9 mapping property,
an L3/? — L3 estimate.

(b) Theorem 1.3 is analogous to a result from [8] for polynomial curves (whose proof we will
follow). Theorem 1.3 implies the sharp L” — L7 estimates, which hold for

———=- and <—< (1.5)

W

<
<
a
| =
<=

But there are sharper Lorentz space estimates for the nondegenerate case ¢ (1) = ¢>/6 in [1] and
for polynomial curves (for all dimensions d) in [16].

(c) Theorem 1.4 is much less satisfactory. One would like, for example, at least the sharp
L? — L9 mapping properties, which correspond to the endpoints in (1.4).

(d) An analog of Theorem 1.4 for all dimensions d, as well as analogs of the endpoint results
of [15] and [16], might follow from an analog of the band structure construction of [6] for the
curves and measures considered in this note. But, in view of the complicated nature of a Jacobian
determinant associated with our operators, it is not clear how to obtain such a band structure.

(e) The papers [9,4,5] contain some earlier results for convolution with affine arclength mea-
sures in dimensions 2 and 3.

Section 2 contains the proofs of Theorems 1.2-1.4 and Section 3 contains the proofs for the
lemmas required in Section 2.

2. Proofs of theorems

Proof of Theorem 1.2. According to the proof of Theorem 5 in [14], which abstracts an argu-
ment from [2], it is enough to establish the estimate

b b

2
/(/ xe(y () — y(tl))w(tz)dtz> w(t)dty < C(A)|E|

a a
for measurable £ C R?. The inequality

b

b 2
/(fXE(J/(lz)—J/(tl))w(lz)dt2> w(t)) dt; <4|E]
n

a
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from [13], which is true without any additional hypothesis like (1.3), shows that it suffices to
establish the estimate

b N

2
/(fXE(V(tz)—V(tl))w(lz)dt2> w(t)dn < C(A)|E] 2.1

a a

The mapping
(1, 12) = y(©2) — y(11)

is one-to-one by the convexity of the curve y. If J(¢1, t2) is the absolute value of the Jacobian
determinant of this mapping, then (2.1) is equivalent to

2
/(/xdmnhﬂﬂmgcdmdnéCM{//mﬂmaﬂmJﬁan (22)

if 2 C{(t1,0): a <t <t; <b}. We will need the following estimate, a consequence of
Lemma 2.1 below,

J(t1, 1) = c(A) |t — blo()o ). 2.3)

Lemma 2.1. Suppose y is as in (1.1) and let J(t1, ..., t3) be the absolute value of the Jacobian
determinant of one of the mappings

(t,....ta) >y ) £ y(@) £ £yta).

Suppose that (1.3) holds and that n < --- < ng are positive numbers satisfying ny +--- +ng =

d(d + 1)/2. Suppose that {iy, ...,ig} ={1,...,d} and thata < t;) <--- <t;; <b. Then
d
Jah“”m>>c(f1wmpW)vohuqu (2.4)
j=1
where
1<i<j<d
and where ¢ depends only on A from (1.3) andonny,...,nq.

Given (2.3), inequality (2.2) will follow from

2
/(/ X.Q(tl,tz)w(tz)dtz) w(t)dn

To see (2.5), we will use the following lemma.
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Lemma 2.2. Suppose w is nonnegative and nondecreasing on some interval (c, d]. Suppose that
Cly...,cx €R. For p >0 let

K
E,= {z e(c.dl: o) @ [ 1t —al <p* }.
=1

Then

/a)(t) dt < C(K)p.

Ep

Indeed, fix #; and define p by

1
p= T(])/XQ(IIJZ)CU(Z‘Q)CIQ,

where C(1) is the constant in Lemma 2.2 corresponding to K = 1. It follows from Lemma 2.2
(with d = 1) that

1
xe (i, R)w(t)dh > EfXQ(tl’IZ)w(t2)df2

{o@)l—t|=p}

and so

1 2
t,t )t — o) dty > ——— t,t n)de ) .
/XQ(I 2wt — ko) dn acl (/X.Q(l 2)w(t2) 2)
Now integrating with respect to #; gives (2.5). O
Proof of Theorem 1.4. We will apply the iterated 7 T* method introduced by Christ in [6] and
(see, e.g., the discussion and references in [16]) employed by many others since then. Thus,

assuming some familiarity with Christ’s method, Theorem 1.4 will follow if we establish the
inequality (2.9) below, where E, «, and 8 are as follows: let £2 C (a, b)4 be a set of the form

Q2 ={(t1. 0,13, 12): 11 € R0, € (1), BEKX(11,12), 14 € (11, 12,13) }

where
1(20) = B >0, AM2@t)) 2 a>0 foreacht; € L2, (2.6)
A(.Q (11, [2)) > B whenever t; € 20, tp € £2(¢1), and 2.7
AMR2(11,12,13)) > whenever 1] € 20, 1 € 2(11), 13 € (11, 12). (2.8)

(Here we are writing A for the measure

dn(t) = w(t)dt =P )10 dr
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on (a, b) as well as for its image on y.) The set E is defined by
E={y@) —y®)+y(B)—y): (t1,10,13,1) € 2},
and the desired inequality is
E| > c(A)a 8. 2.9)

By passing to a subset of £2 and replacing o and B by /24 and §/24, we can assume that
there is some permutation {i1, i», i3, i4} of {1, 2, 3, 4} such that if (¢1, 12, 13, #4) € §2 then

ti <t <ty <ty.
If J(t1, 2, 13, 14) is the absolute value of the Jacobian determinant of the mapping

(t1, 12,13, 14) = y (1) — vy (82) +y(13) — v (14),

we will use the following inequality, a consequence of Lemma 2.1,

3 1/3
J(t, 1,13, 14) = C(A)w(tu)g(l_[w(tij)) Vit 12,13, 14). (2.10)
j=1

We will also need the following lemma.

Lemma 2.3. Suppose w is nonnegative and nondecreasing on an interval [c, d). Suppose n > 0
and r > 1 satisfy

1. 1
n<—-=1--.
r r
Suppose E C [c, d) and let
,0=/a)(t)dt.
E

Then, for ty € R,

p1+r7] w(c)r—(l-i-rr)) < C(n, r)/a)(t)r|t _ t0|”7 dt.
E
Ift1,t2 € R then also

p1+rn|t2 _ t1|rna)(c)r7(l+rn) < C(’?s r)/a)(t)’(|t _ t1| . |t _ t2|)r'7 dt.
E
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Now define I by

3 1/3
I:/ / / / w(ti4)9(l_[w(fij)) V(t1, 12, 13, t4) dtg dtz dty d1y
j=1

20 82(11) £2(11,12) 2(11,12,13)

so that, because of (2.10), we have
|E| > c(A)I. (2.11)

(The change of variables needed for the estimate (2.11) is justified as in [11, p. 549].) In view
of (2.11), (2.9) will follow if we show that

1>d'B3. (2.12)
(The constants implied by < and 2, will not depend on any parameters.)

We will, unfortunately, need to consider several cases. To begin, if 4 = iy, we will use
Lemma 2.3 with » =5 and n = 3/5 to estimate

3
| e [Tu-niduz [ owis-nfd

2(t1,1,13) j=l 2(t1,12,13)

4
2( / w(l4)dt4> (tiy).
(t1,12,13)

With the inequality w(#;,) > w(#;,) this gives

4
12// / / w(t4)dt4>
20 2(t) 2(t1,1)  2(t1,12,13)

-0 (1) Po,) Po) PV (. 0, 1) disdi dry. (2.13)
If 4 =iy, for some ko =1, 2, 3, then
w(t)' Po)"? > w(t4)30)(lik0+l)
by the monotonicity of w. Thus

3 3
1/3 11/3 3
0 o) P [T =tldu> [ o ot [Tin -1l
Q(t1,1,13) j=l Q(t1,12,13) j=1

4
2 / w(l4)dt4> ,
£2(11,02,13)
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where the last inequality follows from an application of Lemma 2.2 as at the end of the proof of
Theorem 1.2 but with K = 3 instead of K = 1. Therefore

SINAWRCD)

20 2(11) 2(11,0)  2(t1,12,13)

3
x w(t,)'%3 l_[ w;) PV, 0, 6)dadn dr. (2.14)
k=1, k#kg

Now if {ji, j2, j3} is the permutation of {1, 2,3} such that t;, < t;, <t;; whenever #; € £2o,
1 € £2(t1), t3 € £2(11, 12), then (2.13), (2.14), and (2.8) imply that

~

I>a4// f w(t;)'Po;) o) PV, 0, 1) di dn d. (2.15)

20 2(11) 2(11,12)

If 3=js,
()|t — b - |5 —t|di > |t — b / w(t3)’ |t — 1}, dt3
2(t1,12) £2(t1,12)
2
2 |t —tzl( / w(t3)dt3) w(t),),
2(t1,12)

where the 2 results from an application of Lemma 2.3 with r =3 and n = 1/3. With (2.15), (2.7),
and the monotonicity of w this gives

Iza“ﬂzf f () w10 - nl*dndr. (2.16)
20 2(t1)

If 3 = j, the second conclusion of Lemma 2.3, with » = 13/6 and n = 6/13, gives

2
w(t3)30 5 — 0|5 —nlds > |0 — 1) / w(t3)dt3> w(ti'/e.

£2(11,1) 2(11,12)
From (2.15) it then follows that
1> a4ﬁ2/ / (i) w1t - nl*dndh. (2.17)
20 2(t)

And if 3 = jj then
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w3t —t] -tz —t|dtz > |t — 1] / o(t3)w(t))|ts —t),|dts
2(t1,12) 2(t1,12)

2
2t — 10l f w(ts)dt3)
£2(11,1)

by Lemma 2.2 with K =1, and so (2.15) gives

~

1>a4,32/ / w(ty) o) 0 — ol dndn. (2.18)
£20 2(t1)

Thus if {ky, k} is the permutation of {1, 2} such that #, < #;, whenever 1| € £29, 1, € £2(t1),
then (2.12) will follow from (2.16), (2.17), and (2.18) if we establish that

/ f o) o) 2t — n?dndy 2 o3 B. (2.19)
£20 £2(11)

If 2 =k;, then

3
/w(t2)7/2|t1—t2|2dl22< / w(lz)dlz) w()'?

(1) (1)

by Lemma 2.3 with r =7/2, n =4/7, and (2.19) follows from (2.6). If 2 = k1, then

o (1) Pot)? > o) ?o(n)?

and

3
/ w(r2>2w<n>|n—rz|2drzz( f w(tz)dtz)

2(t) £2(11)

by Lemma 2.2 with K = 2. Again, (2.19) follows from (2.6), and the proof of Theorem 1.4 is
complete. O

Proof of Theorem 1.3. The sharp L? — L7 estimates (for the indices in (1.5)) can be obtained
by the method of [12]. But to obtain the Lorentz space estimates in Theorem 1.3, we will follow
the proof of the d = 3 case in [8], again using the method of Christ. Thus we will begin by estab-
lishing the following claim (which, by itself, implies the almost sharp Lebesgue space estimates
corresponding to strict inequality in (1.5)): suppose that £2 C (a, b)? is a set of the form

2 ={(t.n,13): 11 €20, b €(t1), 13€R(t1,1)}

where
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A($20) Za >0, A(2(t1)) 2B >0 foreacht; € 29 and
A(.Q (1, t2)) >a whenever t] € £2¢, ) € £2(11). (2.20)
If
E={y) —y@) +y@): (t.0,13) € 2},
then we have
|E| > c(A)a*B2. (2.21)

As before, we can assume that there is some permutation {i, i, i3} of {1,2,3} such that if
(t1,12,13) € £2 then

t, <t <li.
With J (1, 12, 3) the absolute value of the Jacobian determinant of the mapping

(t1, 2, 3) > y(t) —y () + v (t3),

we will need the following consequence of Lemma 2.1:

5 12
J(t1, 12, 13) >C(A)w(ti3)5<l_[w(tij)> V(t1, 12, 13). (2.22)
j=1

Define I by

2 1/2
1:/ / / w(ti3)5<l_[w(tij)> V(t1, 2, t3)dtzdtr dty
j=1

Q0 2(t1) 2(11,1)
so that, because of (2.22), we have
|E| > c(A).
(Again, the change of variables here is justified as in [11].) Then (2.21) will follow from
1>a*B% (2.23)

Since the proof of (2.23) is very similar to the proof of (2.12), we will only sketch the argument.
The first step is to obtain the inequality

~

1>a3/ / w () w(t) *|t — nldndn,
20 2(11)
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where {11, 2} = {t},,),} and ¢, <t},. Recalling (2.20), this is done by using Lemma 2.3, with
r=7/2 and n =4/7, if 3 = i3 and by using Lemma 2.2, with K =2, if 3 =i, or 3 =ij. The
proof of (2.23) is then concluded by showing that

w(t,) w1t — nldhdh 2 B
$20 £2(11)
by using Lemma 2.3 with r =5/2, n=2/5if t; < t, and Lemma 2.2 with K =1 if t, < #;. This
proves (2.23) and thus, as mentioned above, establishes the almost sharp Lebesgue space bounds
by the method of [6].
To obtain the Lorentz space bounds claimed in Theorem 1.3, we follow the proof of the
analogous result in [8] (itself based on a further argument of Christ [7]). Thus it is enough to

establish an analogue of Lemma 1 in [8] for our curves y. The crux of the matter is to show the
following: if £2 C (a, b)? is a set of the form

Q={(t,n.15): 1€, neR), 13€2(t,1n)},

where

M) =B >0, A(22(11)) = BIGI/IE| >0 foreachr; € 29 and

A(Q(rl, tz)) >8>0 whenevert| € 29, 1 € 2(11),
and if

E'={y@) —y®)+y@): (h,n,15) € 2},

then we have

/ 3(PIGIY?
|E'| = c(A)8 ( E| ) B.

This can be established by exactly the argument given above for (2.21). O
3. Proofs of lemmas
Proof of Lemma 2.1. Assume without loss of generality that
a<t<---<tg<b. 3.1)
It is enough to prove the lemma in the special case when each n; can be written as

o dd+1)

n; 5 o (3.2)

for some large integer n and positive integers /. To see this, find n and I/} < --- <[y such that
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d
> =2
j=1

and
dd+1) I
i — =, j=2,...,d. 33
nj 5 e ) (3.3)
Then note that, since
d d
d(d + i,
D=2
j=1 j=1
it follows from (3.1), the monotonicity of w, and (3.3), that
d dd+1);
o) <[Jo@) 2.
j=I j=1
There exists a nonnegative function ¥ = ¥4 (u; t1, .. ., ty) supported in [z, ;7] such that
tq
J(t1,... 1) =/w(u)d<d+1)/2¢(u)du. (3.4)

3l

(It is easy to check that one can take Y2 (u; t2, 12) = X[4;,,](u). Ford =3,4, ..., ¥4 is defined
recursively by a procedure described in detail in Section 2 of [3].) The choice ¢ (¢) = 4 /d!
in (1.1) shows that

td
/w(u)du =c(d)V(t,..., tq).
n

For sufficiently small § > 0, define

ts=(1—@d—D8)ta+8(t1 +t2+ - +14-1).

The inequality (2.4) will follow from (3.4), the monotonicity of w, the inequality

tq
fw(u;n,...,rd)du > @Vt ... 10). (3.5)
Is

and the fact that thereisa § =&(ny, ..., ng) > 0 such that

d
o) 2 > cAiny, . ong) [To@)™. (3.6)
j=I
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The proof of (3.5) is by induction on d. Since

Y (us 11, 12) = Xy, 101 (1),
the case d = 2 is clear. The inductive step requires an identity from [3]:

5]

tq
W(u:tl,---,td)=/~--/1#(M§S1,---,Sd—1)d51~--de—1-

n Iq—1

Thus

/w(u)du_/ / / v (u; sy, ...,Sq—1)dudsy---dsg—1. 3.7

ta—1 {u>ts}
We need the following additional fact from [3]: suppose A € (0, 1) for j =1,...,d — 1 and let
t} =Ajt;+ (1 —=Ajtjn

for j=1,...,d — 1. Then

15} d
/ / V(st,...,Sq—1)dsy---dsq—1 = c(A1, ..., Ag—)V (1, ..., 1q). (3.8)
Now choose Aq,...,Ag—1 € (0,1) and 8’ > 0 such that if t;. <sj<tjppforj=1,...,d -1

then
sy =(1—(d—2)8")sq—1+8 (s1 +524 -+ 54-2)
>15=(1—(d—=1D8)tg+8(t1+ 12+ +1q_1). 3.9)
(Here is how to make this choice: we can assume that z; = 1. If
1—(d—-2)§ >0,

then (3.9) holds for all 5; € [t;., tj+1] if and only if it holds for s; = t}. So fix s; = t} for j =
1,...,d — 1. Then, with A = (A1, ..., Ag—1),

d—1
sy =0 —ra-)(1—d—=2)8)+ ) ¢;(8. 1)1

Jj=1

where

lej (8. 2)|=0(8" + IAl).
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Assume that §’ and A are chosen so that

(I=2a-D(1—-@-2)8")>(1—(@—13) and [c;(',1)|<8.

Since
=(1-@d—=18)+81+ - +1ta-1),
it then follows from the fact that sy =75 =1 whent; =--- =11 =1thatsy 2 1,10 <1; < 1))
Now
37> / / / Yu;s1,...,84—1)dudsy---dsg—1
i {uzis)
/ f / Y (u; sy, ..., Sq—1)dudsy---dsqg—q
1 _ 1{“>36’
/ / V(st,...,Sq-1)dsy---dsq—1
f -
(8 hr, o ham) VL 1),
where the second inequality is due to (3.9) and the fact that ¥ (u; s1, ..., s4) is nonnegative, the

third to the induction hypothesis, and the fourth to (3.8). This completes the proof by induction
on d of (3.5).
To see (3.6), recall from (3.2) that

dd+1) 1
VST

for some large integer n and positive integers /; satisfying
d
>
— 2"
Choose § > 0 so small that
j

< —
2n

for j=1,...,d — 1. Note that, since t; <t;if j <d,

d
(1= @ =18ty + 82+ +14-1) > Zz—’
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Now the inequality

on 1/2)1
An <Sl+ +S2n> (Hw(sj))

(which follows from iterating (1.3)) and the monotonicity of @ imply that

d d

1 _ g

w(ts) >a)<2—n E lm) >A" Ha)(t.,')zn.
j=1 j=1

This gives (3.6). O

Proof of Lemma 2.2. By scaling we can assume that p = 1. Partition (c, d] into disjoint intervals
Ij=(aj,ajy1]suchthat 2/ <w < 2/%1 on I;. Assume d € Ij,. We will need the inequality

<CK)K, t>o0. (3.10)

K
iteR: l_[|t—cl|<r}
=1

(To see (3.10), observe that R can be partitioned into at most 2K intervals J,, with the property
that

K
K
[Tie=clzlt—apl®. ted,)

From (3.10) it follows that if
K
Ej= {r el a)(t)K_la)(d)l_[ It —c <1
I=1
then

C(K)

<
Bl S SG®R=1+ 707K

Thus

/w(r)dt < C(K)2U—/K

Ej

and the conclusion of Lemma 2.2 follows by summing a geometric series. O
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Proof of Lemma 2.3. We begin by observing that

P =fw(t)|t — o]t —to| 7" dt
E

1/r ) 1/r
< (/w(t)’|t—t0|”’dt> (/|t—to|”’dt>
E E
1/r
<C(r, n)(/w(t)’lt—tolr"dt> |E|'r
E

Thus, by the monotonicity of w,
pl+rn(w(c)|E|)r—l—”77 < pl+rnpr—1—r77 — pr

< C(r, n)/w(t)rll —to|dr - |E/"1.
E

This gives the first conclusion of Lemma 2.3. Using the estimate

—r' . o
/(|t—n|-|r—r2|) "M < CrmIE)!TT N — )T,
E

the second conclusion follows similarly. O
References

[1] J. Bennett, A. Seeger, The Fourier extension operator on large spheres and related oscillatory integrals, Proc. Lond.
Math. Soc. 98 (2009) 45-82.
[2] J.-G. Bak, D. Oberlin, A. Seeger, Two endpoint bounds for Radon transforms in the plane, Rev. Mat. Iberoameri-
cana 18 (2002) 231-247.
[3] J.-G. Bak, D. Oberlin, A. Seeger, Restriction of Fourier transforms to curves II: some classes with vanishing curva-
ture, J. Aust. Math. Soc. 85 (2008) 1-28.
[4] Y. Choi, Convolution operators with the affine arclength measure on plane curves, J. Korean Math. Soc. 36 (1999)
193-207.
[5] Y. Choi, The L? — L9 mapping properties of convolution operators with the affine arclength measure on space
curves, J. Aust. Math. Soc. 75 (2003) 247-261.
[6] M. Christ, Convolution, curvature and combinatorics. A case study, Int. Math. Res. Not. IMRN 19 (1998) 1033—
1048.
[7]1 M. Christ, Quasi-extremals for a Radon-like transform, preprint.
[8] S. Dendrinos, N. Laghi, J. Wright, Universal L? improving for averages along polynomial curves in low dimensions,
J. Funct. Anal. 257 (2009) 1355-1378.
[9] S.W. Drury, Degenerate curves and harmonic analysis, Math. Proc. Cambridge Philos. Soc. 108 (1990) 89-96.
[10] S.W. Drury, B. Marshall, Fourier restriction theorems for curves with affine and Euclidean arclengths, Math. Proc.
Cambridge Philos. Soc. 97 (1985) 111-125.
[11] S.W. Drury, B. Marshall, Fourier restriction theorems for degenerate curves, Math. Proc. Cambridge Philos.
Soc. 101 (1987) 541-553.
[12] D.M. Oberlin, Convolution estimates for some measures on curves, Proc. Amer. Math. Soc. 99 (1987) 56-60.



D.M. Oberlin / Journal of Functional Analysis 259 (2010) 1799-1815 1815

[13] D.M. Oberlin, Convolution with affine arclength measures in the plane, Proc. Amer. Math. Soc. 127 (1999) 3591
3592.

[14] D.M. Oberlin, Some convolution inequalities and their applications, Trans. Amer. Math. Soc. 354 (2002) 2541—
2556.

[15] Betsy Stovall, Endpoint bounds for a generalized Radon transform, J. Lond. Math. Soc. (2009) 1-18.

[16] Betsy Stovall, Endpoint L” — L7 bounds for integration along polynomial curves, preprint.



	Convolution with measures on flat curves in low dimensions
	Introduction
	Proofs of theorems
	Proofs of lemmas
	References


