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If I is an ideal in R = k[|x,...., x,]], the colength of I is defined to be
dim,R/I. Given N a positive integer, and an ordered system of parameters
Xy, X, 1 will define an ideal I, intuitively the ideal of colength N closest
to an ideal of the form m’ = (x,,..., x, for an appropriate j. If N = dim,R/m’
for some j, the ideal I, =m’ and has generators all of the same degree;
otherwise 7, has generators in adjacent degrees. Always there exists j such
that m/ S I, o m/*".

In the main theorem, Theorem 1, I show that if / is any colength N graded
ideal in R, then the number of generators of 7 < the number of generators of
I,. The number of generators of I refers to the minimal number of
homogeneous generators. Since an ideal of finite colength contains a power
of the maximal ideal, this result is true for the polynomial ring as well as for
the power series ring.

If I is any colength N ideal in R and I'* is the associated graded ideal of 1,
then the number of generators of I < the number of generators of I* and the
colength I* = N. Hence, the theorem implies that the number of generators
of any colength N ideal < the number of generators of 7.

The proof of the main theorem relies on a result of Macaulay [3] which
reduces the theorem to the case where I is an ideal of colength N generated
by monomials. In that case, by pulling out and filling in appropriate
monomials in I, a new monomial ideal I’ is obtained which has the same
colength as / and more generators, and is in a sense “nearer” to /,. The
theorem then follows by induction. Figures are included illustrating the proof
of Theorem 1 in the case r =2, 3, and 4.

Proposition 2 describes asymptotic bounds for the number of generators of
m® in terms of the colength N of m°. First, if r is held fixed and s — o0, then

#gens m* = (r/\/rl) N V7,

*This paper was part of the author’s Ph.D. thesis written at the University of Texas.
Austin, 1978 under the supervision of Anthdny larrobino.

156

0021-8693/81/110156~11802.00/0

Copyright © 1981 by Academic Press, Inc.
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82792451?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

GENERATORS OF A COLENGTH N IDEAL 157

Second, if s is held fixed and r — co, then
#gens m® = (s/3/s))"¥C~D NYG-D,

An immediate consequence of Theorem 1 and Proposition 2 is Theorem 3,
giving a sharp upper bound on the number of generators of an ideal I of
colength N in R; the bound is

#gens I < (r/3/r) N' V(1 +¢),

when N > N(r,¢). Previously, upper bounds of the form c¢N"~"" were
obtained on the number of generators of a colength N ideal in R, by
Briangon and larrobino [2]. The result of this paper is the first in which the
upper bound is sharp. Boratynski et al. in [1] have bounded the number of
generators of a colength N ideal in a local Cohen-Macaulay ring R. In case
R=K][x,,..,x,]], their result is that #gens I < (r}/3/r)N'~V" 4+ (r— 1),
For a general survey of related problems concerning the number of
generators of ideals in local rings, see the book by Sally [4].
I now describe the ideal I,,. Order the monomials in R lexicographically:
Ifm=xite.xt,m =x) . x)r, then m < m’ if
(i) degm < degm’
or
(iil) degm=degm’, m+# m', and if / is the smallest positive integer
such that i, #j,, then i, > j,.

Let R; denote the vector space spanned by all degree j forms in R, and
W(j, d) denote the vector space spanned by the first d degree j monomials in
the order. If N is a positive integer then there exists a positive integer j such
that

-1 J
S #R,KN< Y #R,.
=0 =0
Let
J
=0
Define
IN = (W(la t)s ’nHl)-
Then

Jj—1
colength I, =dim R/I, = #R,+ (#R; — 1)
I=0

=<i~ #) =N

=0
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THEOREM 1. If I is any colength N graded ideal, the number of
generators of I< the number of generators of I,,. (Special case: If N = dim,
R/n?, then I, = m' and has dim, R; generators.)

Proof. Step 1: Reduction to ideals generated by monomials.

Consider graded ideals I with fixed dimension type T = ¢,,..., {;,..., and
colength N, where ¢;=dim, [}, with I;=I N R;. Let s5,(j) = number of deg j
generators of  in a minimal generating set. Then ¢;,, =dim R, I; + 5,(j + 1)
by linear algebra. Macaulay shows in [3] that for vector spaces of forms, V,
of degree j with fixed dimension ¢;, the dimension of R,V is minimal if
V=W(jt). It follows that ¢; , >dim R, W(j, t;) and that the total number
of generators of I, 3%, s,(/), is maximal among I of dimension type 7, for
I =""® , W(j, t;). Observe that I, is an ideal since ¢;,, > dim R, W(j, 1)
implies R, W(j,t;)=W(j+ 1, dmR, W(j,t))c W(j+ 1,¢,,). Thus, to
prove the theorem, I need only show that the number of generators of
I, < the number of generators of I,,, for all dimension types T of colength N.

Step 2: Induction over the partially ordered set of types.
Partially order the dimension types so that T < S if
(i) initial degree I, < initial degree I,
or
(ii) initial degree I, = initial degree /g, and the number of generators
of I, of initial degree > the number of generators of / of initial degree.

Observe that if 7, = dimension type of I,, and T = dimension type of any
colength N ideal, then T Ty; also there are only finitely many possible
dimension types T for colength N ideals.

The proof of Theorem 1 is by descending induction, starting at 7, on the
partially ordered set {T|T is the dimension type of a colength N ideal}.
Suppose, by way of induction, that 7 < T, is a fixed dimension type and that
for all T" with T < T" < T, the number of generators of 7. € the number of
generators of 1.

Let

a = last monomial of initial degree in I, ;
b = first monomial among those of largest degree not in /.
Since T' < T, deg a < deg b. Suppose

a=xyxy-x7, i,#0

b=x'x3 - x,m, i, #0.
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Casel. nm.

In this case, modify the ideal I, by pulling out the monomial a and filling
in the monomial b. The result is an ideal I,. of type T" with T <T" and
colength N. As a result of pulling out @, r — n + | new generators are created
for I;.:

i+ 1

XA e xintoetn b bl XX, e X XX,

As a result of filling in b, r —m + 1 old generators are lost for I,.:

.t
H

L1 L1 L L .
i it iy, m i, yim
S XY XX e XY XX

i _
xll the xrr;"-llxm
Therefore, if n < m,

#gens I, = #gens I + change in #gens
from pulling a + change in #gens from filling b
=ggensl, +((r—n+1)—1D+(1—-(r—m+1))
=g#gens [, + (m — n) > #gens [,.
Now by the induction hypothesis for T7, #gens [, < #gens [,,.

Note. 1If R=k[[x,y]], then always n< m=2. The possible ideals I,
where T is the type of a colength 10 ideal in k[x, y| are displayed in Fig. 1.

Case 2. n>m (c¢f. Figs. 2,3).

It is always true that deg a < deg b, and deg a =deg b = I, = I,,. Suppose
deg a < deg b. Because of the choice of I, all monomials of degree equal
degree of a, but which are less than a, are in /. Thus all monomials of
degree equal degree of & which are less than ax9°8? 98 are in I,.. Therefore,
b > axd8b-deea, and since the degrees of b and ax°8~98¢ are equal, it
must be true that their x, exponents satisfy i{ <i,. Therefore dega < deg b
and # <=L +iy+ - +i, <G+ 4+ +10,. Now let [ denote the
largest integer less than or equal to m satisfying

R U AT TR M
It follows from the choice of /, that
i1+1+"'+in>ill+1+"'+i;n if I<m, (2)
or
iyt +i,>0 if I=m. (2"

I treat first the case / < m and later the case /= m.
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Fig. 1. The ideals /;, where T Is the type of a colength 10 ideal in k|[x,y}],x < y.
Explanation: All types in one horizontal level are less than all types in the level directly
below. An arrow 4 - B indicates that B was obtained from A by pulling out one monomial
and filling in another. Generators are circled.
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Case 2a; [ <m. In the first case modify the ideal 7, as follows to get an
ideal I,,, T < T" € Ty. Pull out all monomials M Wthh satisfy

x‘il xt},:llx;i,+...+i,,)~(i,+,+ +1,,,)x:{++{ xf,,;"<M< x';l xiﬂ:a_ 3
By (1) and (2) i, < ({; + -+ +i,) — (i}, | + -+~ +i%,) < i} so that the left-hand

monomial in (3) is well defined and is less than a. Fill in all monomials M’
which satisfy

b:x'll X:,’,"<MI <x'll x;l_—}x;’l+"'+'m)‘(’1+|+ +ln)x’1_:ll x’nn. (4)
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[T = (xz,xy,xz,m[l)
a L]
¥. . .
i @ » s s\ o
. Xeo oYy ®O " . ./‘-
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0]
. ]
. @ L[]
. e . @ @
. ¢ @ . . @@
z 2 2 3 2. 4
Lo = axyToxyzoxzs,y oy zom')

FiG. 2. The critical case n>m in k{{x,y,z||, x <p < z. Explanation: In kllx,y, z}],
n>m forces m=2, n=3, thus a=x"1y2z1% b=x'1y2; ff is the set y'* < M <z". In the
diagram a=xz, b=p'. To get I;. from I, we pull out the constant x-power row of
monomials in /; including a and fill in part of the constant x-power row of monomials in /,
starting with b. I, has the property that #gens I, > #gens I, (in the diagram both have eight
generators). Generators are circled and other monomials in 7 are triangled off.

By (1) and (2) i, < (@} + -+ +1i,)—~ (i, + - +1i,) <i so that the right-
hand monomial in (4) is well defined and is greater than b.

Dividing each term in (3) by xi' -+ xi shows that we pulled all monomials
M =xb ... xIM with

xjftert s et e KM X e X ()

Dividing each term in (4) by xii ... xji-jx{lit - +im Uit - +id = ¢ ghows
that we filled in all monomials M’ = cM with M satisfying (5). Hence the
number of monomials lost equals the number of monomials added, so
colength I, = colength I, = N.

I now show that the number of generators of I, equals the number of
generators of I,.. Let a’ denote the left-hand monomial in (3) and b’ denote
the right-hand monomial in (4). Since all monomials of degree equal degree
of a which are less than a are in I, the new generators of degree, dega + 1,
in I, will be all monomials M with

x, - (first monomial before ') < M < x, - a,
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. Set a=w

Pull out:

i
W ]Mz,xy,xz,y?}
Fill in:

i
W ]xz(xz,xy,xz,y2>

Pull out:

i
W ](xg.xy,xz.yQyz}

Fill in:

i
[ ]xz(x ,xy,xl,yz,ﬂr‘

i
Pull out: w 1yly,z!
i
Fill in: W ‘xyzfy,z.‘

Pull out:

i 2
w I€xy,><z,ye.yz,z"7

Fill in:

W I)(2{)<_y xz,yz,yz 27}

The critical case # > mt in k[[w, x, y, z]], w < x < < z. There are three subcases:
(1) m=2, n=3; a=whxpl b=wixi (2) m=2, n=4; a=w'xy'%" b= wixi® (3)

=3, n=4; a=w'xB; b=w'ix'2y’’, Only the monomials having the same degree as a
and b and the same constant w power respectively are dlagramed for each ideal. These are the
only monomials that change from 7, to 7,
deg @ < deg b. Subcase (3) splits into two subsubcases. (a) There is enough room to switch a

, b=w'ib. Always it is true that

single constant w, constant x power row. {b) There is not enough room.
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or

i, 1:. Gt oo i)~ e +im) Ll
X, XX " X

X xtmog elmot ot plm= 1ty AL Xl e xiny (6)
Since all monomials of degree equal degree of b which are less than b are in
I, and since all monomials of degree equal degree b+ 1 are in I,, the
generators lost from those of [, will be all monomials M’ of degree, deg
b+ 1, with

x, - (first monomial before b) < M' < x, - ¥/,

or
x'll...x:rr‘n—zzx'mm—i+ x‘”r'n x, <M < 11
[F R (R 0 ey ¢ P I I | i
X xll_ixl 1 m 141 n xl’lll P xnnxr. (7)
Dividing each term in (7) by xii ... xfi-y x{fit -+ =lrat %) = o shows
that the generators lost will be all monomials M’ = ¢’M' with
x;im+---+i,,)—(i,’+,+~--+i,’,,)x;',’ﬂ :,,, zx:,,, ,+1x£';l,,~1xr <M/ <xl}'+“1 "'xl;:"xr
(8)

Dividing each term in (6) by x' .-+ x/ shows that the new generators are all
monomials M = xi ... x'M’ with M’ satisfying (8). Therefore the number of
new generators equals the number of generators lost. Hence the number of
generators of /. equals the number of generators of I,. By the induction
hypothesis applied to /.., the number of generators of I, < the number of
generators of 7.

Case 2b; [=m. The remaining case is when [I=m; ie,
i,+ - +1i,<i,. Then pull out all monomials M which satisfy

Xt yelmot elm ot M XA X =a.

Fill in all monomials M’ that satisfy

—= xl1. 4 i1 yim=1 yelm—Umert oo g dmyy L yein
b =x, <M < x XX Xmey e,

Proceeding as before we find colength 7, = colength I, = N and number of
generators of I,, equals the number of generators of I,. Now use the
induction hypothesis again to get the number of generators of I, < the
number of generators of 1,. 1
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I now give asymptotic bounds for the number of generators of m* in terms
of the colength N of m’. An idea of the constants involved is given by
r/A/rf <eandlim,__r/i/rT=e.

PROPOSITION 2. Given m* < k||x,,..,x,]], colength m* = N.

(A) Ifris held fixed and s — %, then
#gens m* = (r/3/r) N -V7,
In fact (r/3/r) NO-VD L #gens m* < (r/3/ T NO- YD1 + (r— 1)/2s].
(B) If s is held fixed and r — oo, then
sgens m* = (s/3/s1)~¥ ¢ DN 0,
In fact
(s/3/51) /S ONSS=D L gens m* < (s/3/5!) S TINYS D[ 14 (s—1)/2r).

Proof of A.
r+s—1 _(r+s—1)!
N=( s—1 )‘m ~
= — =#gens m’
s r+s—1 (r+s— 1) s
#gens m =( S )zm
$ - r 1—1 (Nr!)‘/’
gens m*/(r/F) N~ = (rN/s)/ (r/R/P) N V0 = 2o
— r
-_—% ((—r(:;_f_l—)})"‘> =%((r+s— D-(r+s—2) - (r+s_r.))l/r.

Now if /,,..., I, are positive numbers such that }";_, I, =K, K fixed, then
11i-.1; is a maximum when /;=K/r, Vi=1,.,r. (This is easily seen if
r =2, and the general case follows from the r = 2 case.) Thus

1<%((r+s—1)-(r+s—2)-...-(r+s—r))‘/’

<L (((r+s—1)+(r-:s—2)+...+s>r>v,

2%(r2+rs—(r(r+l)/2))=1+(_r—_l).

r 2s
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Therefore,
1 < #gens m*/(r/y/PYNC =V L1 4 [(r = 1)/2s]. )
It follows that if  is held fixed and s » oo
#gens m* (r/\/;!_) NU-VD

Proof of B. Since N=(r+s5—D!/ri(s—1) and #gens
m'=(r+s— 1)}/(r— Dls!, interchanging r and s has the effect of
interchanging N and #gens m’. Thus by (9),

1 < N/((s/3/s))(gens m) V9 1+ [(s — 1)/2r).

Therefore,
1  #gens m‘/((s/s\/sT)—s/(s-nNsus—1) <1+ [(s = 1)/2r]} =560,
This means that if s is held fixed and r - oo,
#gens m® = (s/3/s!) ¢ ONS-D ]

An immediate consequence of Theorem 1 and Proposition 2 is a sharp
upper bound on the number of generators of a graded ideal I of colength ¥
in R =k[{x;0x,]].

THEOREM 3. Let I be a graded ideal of colength N. Then

#gens I < (r/3/r) N' V(1 + &(N, r)),
where e(N, r) is a function of N and r, and for fixed r, lim,~ &(N, r)=0.

Progf. Let s(N) be the unique positive integer such that
m W11 5m*™, From the definition of I,, it is clear that
#gens m" M1 C#gens I, < #gens m*™,  and  also  that  colength
m ™1 < Ncolength m*™. Thus if we set N’ =colength m*™, then
N' — N < #gens m*™ !, Therefore, by Theorem 1 and Proposition 2,

—1
#gens I < sgens I, <#gens m™ < (r//r) N/ 0717 (1 * 2rs(N))

= /W + @ =N (14

25(N)
— (1-Yyr)
g(r/r\/ri!) (N+(r/§/7!)}v“—1/r> <1 +ﬁ>)

<(+5m)
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RN (1 R (1)

2s(N)— 2

X (1 kit
25(N) )
By the binomial theorem, the last line equals

(r/3/r) N =VD(1 4+ &(N, 7)),

where ¢(N,r) is a function of N and r, and for fixed v,
lim, - eV, r)=0. 1
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