View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Elsevier - Publisher Connector

JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 54, 49-58 (1976)

Asymptotic Behavior of Integral Equations Using Monotonicity
Dexnis G, Wrers

Department of Mathematics, Arizona State University, Tempe, Arizona 85281

Submirtted by Novman Levinson

In this paper, some Volterra integral equations that arise in heat transfer are
studied. In particular, sufficient conditions for asvmptotically periodic solu-
tions are given. The results are derived, in part, using the fact that the resolvent
form of the equations involved vields a monotone operator.

INTRODUCTION

This paper deals with the asymptotic behavior of some Volterra integral
equations. In particular, we are looking at solutions that are asvmptotically
periodic, 1.¢., if x is a solution, then there exists periodic p such that x(r) — p(t)
goes to zero as f goes to infinity. The proofs are based upon the monotonicity
of certain integral operators connected with the equations involved.

The interest in the type of equations studied here started with the work
of Mann and Wolf in [3]. They looked at heat radiation from a half space

and found an integral equation of the form
- ‘t - .
u(t) = (1) + | alt — 9 gls, ws) dv. (1
]

In the above equation, f(f) comes from initial conditions, a(f) comes from
(t)"1 2 times some physical constants, g comes from the normal derivative
radiation condition ou/cm = g(t, u), and u(f) is the temperature at the
boundaryv. Note that a similar equation occurs in half spaces interacting via
radiation, see [2].

Now the same type of analysis can be extended to a wall radiating from
both sides and mathematically similar problems, see [4, 5, 7]. Suppose the
wall is given by 0 < x <C 1, and the radiation conditions are ¢u/én = g,(t, u)
atx = 0, and du/dn = gy(t, u) at x = 1, then we get the equation
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Here u; and u, are the temperatures at the boundaries of the wall and f; , £,
come from the initial conditions. When this second equation is written in
matrix form, it looks exactly like Eq. (1).

To analyze the problem of the wall or the half space, we will need the
resolvent of the kernel a(t), which we define here as the locally L! (possibly
matrix) solution of

0 = at) [ alt — )7 ds

—a(t) - [ e~ ) ate)
The resolvent may be used to rewrite (1) in the “variation of constants” form
wt) =10 — [ 1= ds + [ 1t — ) o) + glo N . @)

See [6] for this and other basic results on integral equations.

Before stating the mathematical problem, we will “justify” physically some
of our assumptions. For example, consider the problem of radiation from a
wall with the boundary conditions g,(¢, #) = go(t, u) = —(u — ¢), where c is
a constant, and zero initial conditions. In this case, the matrix form of (2)
becomes

u(t) = ’Ot r(t — 5) [ﬂ ds

From standard results on the heat equation we know that lim,_,, u(¢) = [{].
Taking the limit of the preceding equation we get

[ =1 o]

If we let ay(t) = a(t)/N, and ry(¢) equal the resolvent of ay(t), then
Eq. (2) becomes

) = F(0) — [ radlt — ) f) ds + [ ralt — 5) () + s, s/ ds.
0 [} (3)

When the boundary conditions are g,(¢, x) = —N(x — Ty(¢)) and gy(t, x) =
—N(x — Ty(t)), with Ty(t), Ts(t) nonnegative C? functions and N > 0, and
the initial conditions are zero, the maximum principle for the heat equation
can be used to show that the solution is nonnegative. The integral Eq. (3)
reduces to

u(t) :J‘ ry(t —s) [ f;] ds.
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Since u(t) is nonnegative and T'(t), T5(t) are arbitrary C?, nonnegative
functions, the above shows that r(¢) is nonnegative a.e. for all N > 0.

Also note that if g(¢, x) is Lipschitz on bounded sets of x uniformly in ¢,
then given a bounded set of x, we can make the Lipschitz constant of g(#, x); .}V,
the “g” of Eq. (3), less than one.

Due to the type of analysis used here, we will need concepts like positive,
nonnegative, greater than or equal to, etc. for vectors in R" and n - n
matrices. When descriptive terms, such as positive, nonnegative, come up
we mean that the description applies to all entries of the vector or matrix.
When comparative terms, such as greater, less than or equal, come up they
refer to component by component comparison, e.g. col(l, 2, 3) = col(2, 2, 4)
since 1 .- 1, 2 =2, 3 2= 4. We also need a specific norm in R", namely,
rx !l = max{ v, |17 = |,...,, n{, and the convention that col(d), for a number d.
means col(d, d...., d).

STATEMENT OF VMATHEMATICAL PROBLEM AND THEOREMS

The basic equation under consideration will be

-t
x() = | a(t — $) g(s, x(s)) ds, (E)
<0
where v is a function from R-(=[0, o0)) to R", a is a function from R to
the » . 7z matrices over R, and g 1s a function from R <« R" to R". In
addition, we will use the following assumptions:

A. ais locally L! and has an L! resolvent r that is nonnegative a.e. and
satisfies

‘ i r(s) ds col(c) = col(c)

L]
for any constant c.

B. g(t, x) is continuous in (t, x), Lipschitz continuous in ¥ on bounded
sets of x uniformly in # and of the ‘‘separated” form g(t, x) == col(g,(¢, x;):
{ == l,..., n); also assume there are constants a and & such that a < 0 <C b,
g(t, col(a)) > 0 (note that this is the zero in R"), g(¢, col(h)) < 0 and the
Lipschitz constant for g on the bounded set D = fx: col{a) =< x = col(h)] is
less than one.
The variation of contants equation for (E) is

xX(t) = “Ut r(t — ) (x(s) + g(s, x(s))) ds (V)



52 DENNIS G. WEIS

and this equation is equivalent to (E) in the sense that they have the same
solutions, We will define the operator Q, on continuous functions on R+, by
the equation

0() (1) = [t = 9 (s6) + gl () .

LemMa 1. Assume A and B, then Q is monotone in the sense that if x and
ye C(R+, D) and x(1) = y(t) for t€ R*, then Q(x)(t) = Q(»)(t) for te R*.
Also, we have that Q(col(a))(t) = col(a), and Q(col(b))t) < col(b) for t € R*.

Now, in a manner similar to fixed point theorems for monotone functions
in one dimension, the above information can be used to prove the next
theorem.

THEOREM 1. Given that Eq. (E) and assumptions A and B are true, Eq. (E)
has a unique, continuous, solution on R+ and this solution, x(t), satisfies col(a) <
x(2) < col(b) for t € R

Thus, assumptions A and B ensure that £ has a unique solution for all
t > 0. To study asymptotic results, we will need an assumption about the
asymptotic character of g. That information is contained in assumption C.

C. There exists a function G{¢, x) from R X R™ to R" that satisfies B
with Rt replaced by R (using the same a4 and b), which is periodic in ¢ and
strictly decreasing in x for fixed ¢, and that satisfies lim,_. g(¢, x) - G(t,x) =0
uniformly on bounded sets of x.

Now consider the following limiting equation

)= [ 70 (30— 9) + Gt — .5 — ) s, (LE)
and the limiting operator

M(3) ()= [ ") (300 — ) + Glt — 5,30 — ) .

This limiting equation is important because it is actually the equation of the
asymptotic form of the solution of (E). Next, we want to show that (LE)
has a unique solution and that the solution is periodic.

Levma 2. Assume A and C. Then, M is monotone on C(R, D) in the same
sense that Q was on C(R+, D), M(col(a))(t) = col(a) and M(col(8))(t) < col(b)
for t € R*.
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TueorReM 2. Assume A, B, and C, then (LE) has a unique solution, v(f),
on R such that col{a) < y(t) < col(b). The solution is also periodic with the
same period as G(t, v) has with respect to t.

We just note in passing that G must be strictly decreasing, not just non-
increasing, for uniqueness in Theorem 2. In the one-dimensional case, for
example, define ¢ = G by g(t, &) == —(x + 1);2 for x = —1, g(t,x) = 0
for —1 T x < 1, and g(t, ) = —(x — 1);2 for x - |. Then the limiting
equation becomes

¥ = | ") (W — 5) - gt — s ¥(t — ) .

Since f; r(s)ds = 1, ¥(t) = c is a solution for any ¢ such that —1 :7J ¢ =" 1.
The same example can be constructed in anv dimension to show non-
uniqueness for a nonincreasing G.

Once that we know that the solution to (LE) is unique, the problem about
limiting behavior 1s essentially solved. From the uniqueness it easily follows
that the solution of (E) must be asymptotic to the solution of (LE).

THEOREM 3. If x(t) is the solution of (E) and v(1) is the approxipriately
bounded solution of (LE), then lim,_, v(t) — x(t) = 0, i.e., x(#) is asymptotically
periodic.

The next section contains the proofs to the above theorems and lemmas.
In a way, the proofs are as interesting as the theorems. They are interesting
in that they use a constructive approach to solving the main equations that
1s made possible by the monotonicity of the operators involved. The con-
structions and the unique solution to (LE) then give us asymptotic behavior.

Now that we have treated the homogeneous equation (E), there is the
question of how to handle the nonhomogeneous problem

() = ) = [t = 9) (x6) ~ gl () s

It turns out that we can handle it in several ways. We can transform it into (E)
by defining x'(t) = x(¢) — f(#), and thereby getting a new g(¢, x'), or we can
handle it with an analysis similar to that for the homogeneous problem by
making several assumptions on f(#). A similar analysis will work if we assume:
f(t) is continuous and

col(h) — |0' r(t — 5) ds col(h)

> f(t) — |0t H(t — ) f(s) ds = col(a) — | "ot — 5) ds col(a).
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The last assumption may be taken physically as saying that the initial tem-
perature distribution, in the material, is bounded above by b and is bounded
below by a (see [7]). Also note that the last assumption implies

fim £6) — [ 1(t = 9/ ds =0

since 7 is as in assumption A, which says [, 7(s) ds col(c) = col(c).

Proors oF LEMMAs AND THEOREMS

Proof of Lemma 1. Let x and y € C(R*, D) and x(t) = »(t) for te R*.
Then

Q(x) () —A(» (1) = Jot r(t — $) (x(s) — ¥(s) + &(s, %(s)) — &(s, ¥()) ds,

and x(s) — y(x) + &(s, #(s)) — g(s, ¥(5)) = col(x{s) — 2s) + £ils, xs)) —
gds, y{s)): m = 1,..., n). Since the Lipschitz constant of g on D is less than
one, the Lipschitz constant for each g; is less than one and the sign of
x,(8) — ydx) + gids, x{5)) — (s, ¥i(5)) is the same as the sign of x,(s) — y(s).
Hence, x(s) — y(s) nonnegative implies that col(x,(s) — ¥.,(s) + g.(s, %,(s)) —
gis, y(s)): » = 1,..., n) is nonnegative. Therefore, _ff, r(t — s)(x(s) — y(s) +
&(s, x(s)) — g(s, ¥(5))) ds is the integral of the product of a nonnegative matrix
and a nonnegative column, and thus, is nonnegative itself. Now

O(col(a)) = ‘[0' r(t — s) (col(a) + g(s, col(a))) ds
= ft r(t — s) col(a) ds
> "t — 5) col(a) ds = col(a),

since col(a) is negative, r(t) is nonnegative a.e., and g(s, col()) is nonnegative.
A similar argument can be used to show that Q(col(b))(t) << col(b).

Proof of Theorem 1. Define QYa) = Q(col(a)) and ¢g"*Y(a)(t) = O(Q"(a))(?),
for n = 1, 2,... . Then Q*(a)(t) is a sequence of continuous functions and it
easily can be shown that Q"+Y(a)(t) = Q™(a)(t), forallt = 0,and n = 1, 2,..,,
and that Q"(a)(t) < col(b) for similar ¢ and n. Since Q"(a)(t) forms a bounded
increasing sequence of numbers for each ¢, the sequence of functions Q*(a)(t)
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converges pointwise to some function, call it A(f). Because of its source and
because r(t) is L1, h(2) satisfies

af
h(t) = JO r(t — s) (h(s) + g(s, h(s))) d.

The above integral representation for # shows that it must be continuous.
By the usual arguments for integral equations, 4 is the unique solution for (E)
since g is Lipschitz. Note that 4 also may be generated by a sequence Q" (b)(#),
defined in analogy to O"(a)(t). Also note that O"(a)(¢), or O™(b)(t), converges
to A(t) uniformly on compact sets of ¢. The last statement on convergence
comes from the fact that the sequence is a sequence of continuous functions
converging pointwise and monotonically to a continuous function.

Proof of Lemma 2. 'The proof is an obvious extension of the proof of
Lemma | and will not be stated.

Lemma 3. If M*(a)(t) and M7 (b)(t) are defined in a way that is analogous
to the definition of Q"(a) in the proof of Theorem 1, and if A, B, and C are true,
then M™a)(t) and M7™(b)(¢) both converge uniformlv and monotonically to
periodic functions that solve (LE). The functions will have values in the set 1)
and have the same period as G(t, x).

Proof. First look at
Mia) (t) = "J r(s) (col(a) + G(t — s, col(a)))ds.

The integrand is obviously periodic in ¢ with the same period as G(¢, x).
Therefore, M(a)(t) must be periodic with the same period as G(t, x).

M2(a) (1) = |07 r(s) (MYa) (1 — s) + G(t — s, M(a) (1 — 5))) ds.

In the case of M?a)(t), we also have a periodic integrand with the same
period as G(t, x). Thus, M*(a)(t) is periodic with the same period as G(z, x).
Similar arguments can be made for all M"(a)(z). By the same reasoning as in
Theorem 1, M*(a)(t) converges monotonically and uniformly on compact
sets of ¢ to a continuous function L(f) that satisfies (LE). Using the mono-
tonicity of M and that fact that col(a) < M(col(@))(t) <= M(col(b))(t) < col(d),
we have that

col(@) < M(a) (1) < M*a) (1) < M2 1(8) (1
< M7(b) (t) < col(b). 4)

Hence, L(#) is bounded, i.e. has values in D. Since the functions M ™(a)(?) are
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periodic with the same period, L(¢) is periodic with that period. Periodicity
may then be used to show that the uniform convergence on compact sets is
in fact uniform. Similarly, it can be shown that M"(b)(¢) converges uniformly
and monotonically to a function U(t) that solves (LE) and has the same
period as G(#, x). From (4), we know that U(t) > L(t).

LemmMa 4. Assume evervthing as in Lemma 3. Then, the constructed solutions
U(t) and L(t) are in fact equal.
Proof. Suppose that U(t) == L(t). Then let
m = max{| U(t) — L(t)|:te R} >0

and note that col(0) << U(#) — L{t) < col(m). Inasmuch as U(t) — L(t)
is periodic, there is a t;€ R such that U(f) — L(t,) < col(m), but
U(#,) — L(#y) < col(m) (i.e., one of the components of U(t,) — L(z,) must
be equal to m). Consider the equation

V) = Lito) = [ 7(9) (Uty — ) — Llta — )
+ Gty — 5, Uty — 5)) — G(t, — 5, L(ty — 9))) ds.
If U(t, — s5) = L(t, — ), then

0 << U, —s) — Lty — 5) + G(ty — 5, Uty — 5)) — G(t, — 5, L{t, — 3))
< Uty — 5) — L(ty — 5) < col(m),

()

since G(¢, x) is strictly decreasing in x and has Lipschitz constant on D less
than 1. If U(¢, — 5) = L(t, — ), then

Ulty — 5) — L(ty — 5) + Gty — s, U(ty — 9))
— G(ty — 5, L(t, — 5)) = 0 << col(m).
Therefore, from (5),

U(ty) — L(ty) < J r(s) col(m) ds = col(m).
0
But this last statement is a contradiction to U(t,) — L(#,) < col(m). Hence,
Ut) = L(1).

Proof of Theorem 2. Let y(t) be any solution of (LE) with values in D.
Applying the monotone operator M to the inequality col(a) < y(#) < col(b)
gives MYa)(¢) < M(y)t) = y(t) < MY b)(t). Similarly, M"(a)(t) < y(t) <
Mn(b)(¢). Therefore, since M"(a)(t) converges to L(t), M"(b)(t) converges to
U(?) and L(¥) = U(z), y(¢t) = U(t) = L(t). This means that L(t) = U(z) is
the unique solution with values in the interval noted. The periodicity follows
from Lemmas 3 and 4.
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LemMa 5. Assume A, B, and C. Then, given n and ¢ > 0, there exists a T
such that | Q*(a)(t) — M(a)(?)| << e/2 and | Q"(b)(t) — M*(b)(t)! <C e/2, for
t = T.

Proof. 'To show the above, we will show by induction, that
lim Q"(a) (t) — M7"(a)(t) = 0.
t x

and a similar statement for 6. Given n = 1, look at
M(a) (1) — O¥a) (t) = ' : r(s) (col(a) + G(t — s, col(a))) ds
0

— J‘t r{s) (col{a) + g(t — s, col(a))) ds

4

- J[ #(s) (col(@) + G(t — s, col(a))) ds

-1
— ' r(s) (G(t — s, col(a)) — g(t — s, col(a))) ds.

0
In the last statement above, the first integral goes to zero as f goes to 20 since
r(s) integrable and the rest of the integrand is bounded. The second goes to
zero since it is the convolution of an L! function and a function that goes to
zero as its argument goes to infinity. Consider M a)(t) — Q" Ya)(t),
assuming M"(a)(t) — O"(a)(t) goes to zeros at ¢ goes to infinity. First note
that, under the above assumptions, G(t, M™(a)(t)) — g(t, O"(a)(t)) goes to
zero as ! goes to infinity. Rewrite the last difference as G(¢, M™(a)(t)) —
G(t, O"(a)(t)) + G(1,0™(a)(t)) — g(t, O"(a)(?)). The first term goes to zero
inasmuch as M"(a)(t) — O™(a)(t) goes to zero and G(¢, x) is Lipschitz in x.
The second term goes to zero since, from C, lim,_, G(t, x) — g(#, x) = 0
uniformly on bounded sets of x.

Mri(a) () — Om+3(a) (1
=[O OP@ (= 9+ 6~ M@ ¢~ s
— [ 9@ @ (@~ 9+ gt — 5.0 — )y ds
— ’, r(s) (M7(a) (t — 5) + G(t — s, M*(a) (1 — 5))) ds
+ ‘nt r(s) (M(a) (t — 5) — O%(a) (r — s)

+ Gt — s, M™(a) (t — 5)) — g(t — 5,0™a) (t - 5))) ds.
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For the same reasons as in the first case, these last integrals go to zero as ¢
goes to infinity. Similar arguments can be made for M"(b)(z) — O™(b)(¢).

Proof of Theorem3. Givene > 0, pick nsuch that| y(2) — M™a)(t)] <e/2
and | y(t) — M"(b)(t)] < e/2. Now pick T such that | O"(a)(t) — M"(a)(t)| <
e/2 and | Q™(b)(t) — M"(b)(t)! < /2 for t == T. The above inequalities also
can be written as 0 <C y(t) — M™)a?)t? < col(ef2), 0 < M™(d)(t) — ¥(2) <
col(e/2), —col(e/2) <Q™(b)(t)—M7(b)(t)<col(e/2), for ¢ == T; and —col(ef2) <
O™(a)(t) — Mn(a)(t) < col(e/2), for t > T. Next note that

¥r) — x(t) = y(t) — O™(b)(r)
> MP(b)(1) — col(e/2) — 0" (b))
= —col(e/2) — col(e/2) = —col(e),

for t > T. We can also show that y(t) — x(f) < col(e) for t >> T. From the
definitions, col{e} = y(f) — x(t) = -—col(e) implies that | y(f) — x(t)| < e
for ¢t = T. Thus, we are finished inasmuch as the last phrase is equivalent
to lim,_. y(t) — () = 0.
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