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0. Introduction

The Iwasawa main conjecture, which predicts the mysterious relation between “arithmetic” char-
acteristic elements and “analytic” p-adic zeta functions, has been proven under many situations for
abelian extensions of number fields. However, it took many years even to formulate the main conjec-
ture for non-commutative extensions. In 2005, John Coates et al. [5] formulated the main conjecture
for elliptic curves without complex multiplication by using algebraic K-theory. Then Kazuya Kato [13]
has constructed the p-adic zeta functions and proven the main conjecture for certain specific p-adic
Lie extensions called “Heisenberg-type extensions” of totally real number fields. Mahesh Kakde [11]
has recently generalized Kato’s method and proven the main conjecture for another type of exten-
sion. On the other hand, Jiirgen Ritter and Alfred Weiss had also formulated the main conjecture for
1-dimensional p-adic Lie extensions called “equivariant Iwasawa main conjecture” [19] in a little dif-
ferent way from the formulation of John Coates et al., and proven it for certain special cases [20-22].
In this paper, we will prove the Iwasawa main conjecture—the formulation of John Coates et al.—
for another type of non-commutative p-extensions of totally real number fields by generalizing the
method of Kazuya Kato [13].

Let p be a prime number, F a totally real number field and F*° a totally real p-adic Lie extension
of F containing the cyclotomic Zy-extension of F. Assume that only finitely many primes of F ramify
in F®°. For simplicity, also assume that Iwasawa’s p = 0 conjecture is valid (see condition (i) in
Section 1.2 for more general condition). The aim of this paper is to prove the following theorem.

Theorem 0.1 (= Theorem 2.1). Assume the following two conditions:
1F, Fp Fp
(1) the Galois group G of F*°/F is isomorphic to <8 (1) F]" ?) x I" where I' is a commutative p-adic Lie
group isomorphic to Zy; 00 0 1
(2) the prime number p is not equal to either 2 or 3.

Then the p-adic zeta function &pe ;p for F*° /F exists and the Iwasawa main conjecture is true for F*° /F.

We will review the formulation of the non-commutative Iwasawa main conjecture in Section 1.2.
Now let us summarize how to prove the theorem. The basic strategy to construct the p-adic zeta
functions and prove the main conjecture for non-commutative extensions has been proposed by David
Burns, and Kazuya Kato applied it in his results [13]. We will also use their technique to prove our
main theorem (Theorem 0.1); precisely we first construct the family § consisting of pairs {(U;, Vi)}?zo
of subgroups of G such that each V; is normal in U; and all Artin representations of G are obtained
as Z-linear combinations of representations induced by characters of the abelian groups {U;/ Vi}?:o
(see Section 3.1 for details). Let A(G) (resp. A(U;), A(U;/V;)) denote the Iwasawa algebra of G (resp.
U;, U;/V;). Consider the composition

Os.i: K1 (A(G)s) i Ky (A(Uy)s) SmOMl g, (AU Vi)s) = AU/ Vi)]

for each i where A(G)s (resp. A(Uj)s, A(U;/Vi)s) denotes the canonical Ore localization of A(G) (resp.
A(Uj), A(U;/V;)) introduced by John Coates et al. in [5, Section 2] (also refer to Section 1.2 of this
article) and Nr; denotes the norm map. Set 6s = (95,,-)?:0. Then each A(U,~/V,~)5X contains the p-adic
zeta pseudomeasure &; for Fy, /Fy, constructed by Pierre Deligne, Kenneth A. Ribet and Jean-Pierre Serre
[6,24] (Fy, and Fy, denote the maximal intermediate fields of F*°/F fixed by U; and V; respectively).
Now suppose that there exists such an element & in K1(A(G)s) as 0s(¢) coincides with (éi)?zo. Then
we may check that & satisfies the interpolation property which characterizes the p-adic zeta function
for F>°/F (see Definition 1.5) by using Brauer induction, hence the element & is nothing but the p-
adic zeta function for F*°/F. Moreover £ satisfies “the main conjecture” 3(§) = —[Cro/r] because the
main conjecture for each abelian extension Fy,/Fy, holds by virtue of the deep results of Andrew
Wiles [29] (see Section 2.2 for details). Therefore we have only to verify that (S,-)?:O is contained in
the image of the map 6s. However it is difficult to characterize the image of 6s. On the other hand,
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we may characterize the image ¥ of 6 = (Qi)?zo by using theory on integral logarithms introduced by
Robert Oliver and Laurence R. Taylor [17,18] (see Section 3 and Section 4), where 6; is the composition

0 K1 (A(G)) 25 Ky (A(U)) SN, k) (A(Ui/Vi)) = AU/ Vi)™

By this fact and easy diagram chasing, we may conclude that (si);‘zo is contained in the image of 65
if it is contained in a certain subgroup ¥s of []; A(U,~/V,~)SX (which contains the image of 6s) charac-
terized by certain norm relations and congruences (see Theorem 2.4 and Section 5 for details).

Now the proof of Theorem 0.1 reduces to the verification of norm relations and congruences for
(S,-)?ZO. We may easily verify the norm relations by formal calculation using the interpolation proper-
ties for {Ef}fzo. To study congruences among {5,-};‘:0, we will use the g-expansion principle for Hilbert
modular forms proven by Pierre Deligne and Kenneth A. Ribet [6] (see Section 6). Kazuya Kato, Jiir-
gen Ritter and Alfred Weiss also used the g-expansion principle and successfully derived congruences
among abelian p-adic zeta pseudomeasures which were necessary to verify their results [13,20-22].
Unfortunately it is difficult to derive all the desired congruences in our case by only using the tech-
nique of Kato, Ritter and Weiss. Therefore we will use the existence of the p-adic zeta function for
a certain non-commutative subextension Fy/F of F®°/F which is of Heisenberg type (note that the
existence of the p-adic zeta functions for Heisenberg-type extensions has already been proven by
Kazuya Kato [13]), and complete the proof of our Theorem 0.1 by using certain induction (see Sec-
tion 7 for details).

Notation

In this paper, p always denotes a positive prime number. We denote by N the set of natural
numbers (that is, the set of strictly positive integers), denote by Z (resp. Zj) the ring of integers
(resp. p-adic integers), and denote by Q (resp. Q) the rational number field (resp. the p-adic number
field). For an arbitrary group G, we denote by Conj(G) the set of all conjugacy classes of G. For a pro-
finite group P, A(P) denotes its Iwasawa algebra (that is, its completed group ring over Z,). We
denote by I" a commutative p-adic Lie group isomorphic to Z,. Throughout this paper, we fix a
topological generator t of I" (in other words, we fix an isomorphism A(I") = Zp[T]; t—> 14T
where Zp [T] is the formal power series ring over Zjp). For an arbitrary finite group A, Z,[Conj(A)]
denotes the free Zp-module of finite rank with the free basis Conj(A). For an arbitrary pro-finite
group P, Z[Conj(P)] denotes the projective limit of the free Zp-modules Z,[Conj(P;)] over finite
quotient groups P, of P. We always assume that all associative rings have unity. For an associative
ring R, we denote by M;(R) the ring of n x n-matrices with entries in R and denote by GL,(R) the
multiplicative group of M;(R). For a module M over a commutative ring R and a finite subset S
of M, [S]g denotes the R-submodule of M generated by S. In this article all Grothendieck groups
are regarded as additive abelian groups, whereas all Whitehead groups are regarded as multiplicative
abelian groups. Finally we fix embeddings of the algebraic closure of the rational number field Q into
the complex number field C and the algebraic closure of the p-adic number field @p.

1. Preliminaries
1.1. Brief review on theory of integral logarithms

Integral logarithmic homomorphisms were first introduced by Robert Oliver and Laurence R. Taylor
[17,18] to study the structure of Whitehead groups of group rings of fundamental groups. We will use
these homomorphisms to translate “the additive theta map” into “the (multiplicative) theta map” (see
Section 4 for details). Jiirgen Ritter and Alfred Weiss also used them to formulate their “equivariant
Iwasawa theory” [19]. We refer to [1,15,26] for basic results on (lower) algebraic K-theory.

Let R be an absolutely unramified complete discrete valuation ring with mixed characteristics
(0,p) and K its fractional field. In the following, we assume that p is odd for simplicity. Fix the
Frobenius endomorphism ¢:K — K on K if its residue field is not perfect. Let A be a finite p-
group and R[A] its group ring over R. Note that R[A] is a local ring whose maximal ideal mg(a]
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is the kernel of the canonical surjection R[A] — R/pR. We define R[Conj(A)] (resp. K[Conj(A)])
as the free R-module (resp. the K-vector space) with the free basis Conj(A). Then the logarithm
log,(1+y)= Z?il(—l)ffl(yj/j) converges p-adically on the multiplicative group 1+ mg[a; and in-
duces a group homomorphism logp : K1(R[A], mga]) = K[Conj(A)]. It is known that we may extend
this homomorphism to log, : K1(R[A]) — K[Conj(A)] if R is the integer ring of a finite unramified
extension of Qp (see [17, Theorem 2.8]). Finally, we define the “Frobenius correspondence” ¢ on
K[Conj(A)] by the relation ¢(3_(gjcconjca) Uzl[8]) = Y [g1econia) @(agg)lgP1?

Proposition-Definition 1.1 (Integral logarithm, Oliver-Taylor). For an element x in K1(R[A], mg[a}), let
I'Am(x) denote the element in K[Conj(A)] defined as log,(x) — p‘lgo(logp(x)). Then I'a m induces
a homomorphism of abelian groups I'a m:K1(R[A], mgia]) —> R[Conj(A)] which we call the integral
logarithmic homomorphism for R[A]. Moreover I'a m is extended uniquely to the group homomorphism
I'a : K1 (R[A]) — R[Conj(A)]if R is the integer ring of a finite unramified extension K of Qp.

Proof. Apply the proof of [17, Theorem 6.2] replacing Z, and Q, by R and K respectively. O

When R is the p-adic integer ring Zp,, we may derive further information about the kernel and
the cokernel of the integral logarithms [17, Theorem 6.6]:

Theorem 1.2. Let A be a finite p-group and A® its abelization. Then the following sequence is exact:

1 K1 (Zp[A1) /K1 (Zp[A)), . 22> Zp[Conj(a)] 225 A — 1

tors

where K1(Zp[ADtors is the torsion part of Kqi(Zp[A]) and wp is the homomorphism defined by
wA(Z[g]ECmﬂA) aglgl) = H[g]eConj(A) gUsl (g denotes the image of [g] in A?P).

The torsion part K;(R[A])tors Was well studied by Graham Higman [10] (for abelian A) and Charles
Terence Clegg Wall [28] (for general A):

Theorem 1.3. Let A be a finite p-group.

(1) The torsion part of K1 (R[A]) is isomorphic to the multiplicative abelian group (t(R) x A® x SK1(R[A])
where w(R) is the multiplicative group generated by all roots of unity contained in R.

(2) The group SK1(R[A)) is finite if R is the integer ring of a number field K.

(3) The group SK1(R[A]) is trivial if A is abelian.

Proof. See [28, Theorem 4.1] for (1) and [28, Theorem 2.5] for (2) respectively. The claim of (3)
obviously follows from the definition of SK;(R[A]). O

1.2. Non-commutative Iwasawa theory for totally real fields

Now we review the formulation of the non-commutative Iwasawa main conjecture for totally real
p-adic Lie extensions of totally real number fields. Let p be an odd prime number, F a totally real
number field and F*°/F a Galois extension of infinite degree satisfying the following three conditions:

1. the Galois group of F°°/F is a compact p-adic Lie group;
2. only finitely many primes of F ramify in F°°;
3. F* is totally real and contains the cyclotomic Z,-extension FY¢ of F.

Fix a finite set X of primes of F containing all primes which ramify in F*°. Let G be the Galois
group of F®/F, H that of F®/FY¢ and I' that of FY¥¢/F respectively. Note that H is a normal closed
subgroup of G and the quotient group I" is isomorphic to Z, by definition. Let S denote a subset
of A(G) consisting of an element f such that the quotient module A(G)/A(G)f is finitely generated

2 ¢ is not necessarily induced by a group endomorphism because g — gP is not a group endomorphism in general.
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as a left A(H)-module. John Coates et al. showed that S was a left and right Ore set without zero
divisors [5, Theorem 2.4], which they called the canonical Ore set for the group G (see [14,25] for details
of Ore localization). Let A(G)s denote the left Ore localization of A(G) with respect to S (which
is canonically isomorphic to the right Ore localization). It is well known that A(G)s is a semi-local
ring [5, Theorem 4.2]. Now consider the Berrick-Keating’s localization exact sequence [2] for the Ore
localization A(G) — A(G)s:

K1(A(G)) = K1(A(G)s) 3, Ko(A(G), A(G)s) — 0. (1.1)

The connecting homomorphism 9 is surjective by [5, Proposition 3.4]. Let €"*(A(G)) denote the
category of complexes of finitely generated left A(G)-modules quasi-isomorphic to bounded com-
plexes of finitely generated projective left A(G)-modules, and <€5Perf(A(G)) the full subcategory
of €Pf(A(G)) generated by all objects of €Fef(A(G)) with S-torsion cohomology groups. Then
the relative Grothendieck group Ko(A(G), A(G)s) is canonically identified with the Grothendieck
group KO(%SPG“(A(G)),qis) of the Waldhausen category <@”}’erf(A(G)) with quasi-isomorphisms as
weak equivalences. Therefore for an arbitrary object K' of the category %”sperf(A(G)), there exists
an element fx- in K1(A(G)s) satisfying 9(fx-) = —[K']. We call such fg- the characteristic element
of K'. By the localization exact sequence (1.1), the characteristic element of K is determined up to
multiplication by an element in K1(A(G)). Especially consider the complex

C = Cp/r = RHom(R I (Spec Of=[1/ X1, Qp/Zp), Qp/Zp) (1.2)

where I is the global section functor for étale topology. The cohomology groups of C are calculated
as H(C) = ZLp, H~1(C) = Gal(M 5 /F*>®) where My is the maximal abelian pro-p extension of F® un-
ramified outside X', and H%(C) = 0 for the other q. We denote Gal(My/F*) by X5 (F°°/F). Yoshitaka
Hachimori and Romyar T. Sharifi proved the following proposition [9, Lemma 3.4]:

Proposition 1.4. Let G’ be a pro-p open subgroup of G and F’ the maximal intermediate field of F*°/F fixed
by G’. Then the followings are equivalent:

(1) the Galois group X5 (F°°/F) is S-torsion as a A(G)-module;
(2) the Iwasawa p-invariant of the cyclotomic Zy-extension (F')Y¢/F' is zero.

In particular X (F®/F) is S-torsion if the following condition is satisfied:

(#) there exists a finite subextension F’ of F* such that the Galois group of F*°/F’ is pro-p and
H((FH)Y/F) =0.

Kenkichi Iwasawa conjectured that the Iwasawa p-invariant of the cyclotomic Zp-extension of an
arbitrary number field is zero—Iwasawa’s u = 0 conjecture—which implies that condition (g) should
be always satisfied. Famous Ferrero-Washington’s theorem [7] asserts that condition (f) is satisfied
if F/Q is a finite abelian extension. We always assume condition (f) in the rest of this article. This
assumption implies that C is an object of <€5Perf(A(G)), hence we may define the characteristic element
freoyF for F® /F as that of the complex C.

Next we will define the “p-adic zeta function” as the element in K1(A(G)s) satisfying certain in-
terpolation properties. Let p:G — GLy(Q) denote an Artin representation (that is, the kernel of p is
an open subgroup) and let « : Gal(F(up~)/F) — Zj denote the p-adic cyclotomic character. Since K"
factors through the group I" for an arbitrary natural number r divisible by p — 1, pk" induces a ring
homomorphism A(G) — My(E) where E is a certain finite extension of Qp. This also induces a ho-
momorphism of Whitehead groups:

evoer 1 K1(A(G)) = Ki(Mg(E)) = K1(E) = E*
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(the isomorphism K;(Mg(E)) => K1 (E) is induced by the Morita equivalence between Mgy(E) and E).
Composing this with the natural inclusion E* — Q;, we obtain the map ev,.r: K1(A(G)) — Q;. As
is discussed in [5, Section 2], this map can be extended (in a non-trivial way) to ev.r: K1(A(G)s) —
@p U {oo}, which is called the evaluation map at px". We denote by f(o«") the element ev,,r(f) for
fin K1(A(G)s).

Definition 1.5 (p-adic zeta function). If an element &po/r in K1(A(G)s) satisfies the following interpo-
lation property

Ep/r(px") =Le(1 =1 F¥/F, p) (13)

for an arbitrary Artin representation p of G and an arbitrary natural number r divisible by p — 1, we
call it the p-adic zeta function for F*°/F (here Lx(s; F®°/F, p) denotes the complex Artin L-function
of p in which the Euler factors at X' are removed).

The Iwasawa main conjecture is formulated as follows:

Conjecture 1.6. Let F and F*° be as above.

(1) (The existence of the p-adic zeta function)
The p-adic zeta function &g/ for F*°/F exists.
(2) (The non-commutative Iwasawa main conjecture)
The p-adic zeta function &g f satisfies d(§poc/F) = —[Cpoo/F].

Remark 1.7 (The abelian case). Assume that G = Gal(F°°/F) is an abelian p-adic Lie group. In this case,
John Coates observed that if certain congruences among the special values of the partial zeta func-
tions were proven, we could construct the p-adic L-function for F°°/F [4, Hypotheses (H;) and (Cp)].
These congruences were proven by Pierre Deligne and Kenneth A. Ribet [6] due to their deep re-
sults on Hilbert-Blumenthal modular varieties. Then by using Deligne-Ribet’s congruences, Jean-Pierre
Serre [24] constructed the element &r,F in the totally quotient ring of A(G)—Serre’s p-adic zeta pseu-
domeasure for F°°/F—which satisfied the following two properties:

(1) the element (1 — g)érF is contained in A(G) for arbitrary g in G;
(2) the element &rF satisfies the interpolation property (1.3).

Remark 1.8. The non-commutative Iwasawa main conjecture which we introduced here was first for-
mulated by John Coates, Takako Fukaya, Kazuya Kato, Ramdorai Sujatha and Otmar Venjakob [5] for
elliptic curves without complex multiplication (the GL;-conjecture). Then Takako Fukaya and Kazuya
Kato [8] formulated the main conjecture for rather general cases and showed the compatibility of the
main conjecture with the equivariant Tamagawa number conjecture [3].

2. The main theorem and Burns’ technique
2.1. The main theorem

Consider the 1-dimensional pro-p-adic Lie group G which is the direct product of the finite p-
group G/ defined as

1 F, F, F,
o1 F B
00 1 Fp
00 0 1
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and the commutative p-adic Lie group I" isomorphic to Z,. In the following, we fix generators of Gf
and denote them by

1100 1 000 1 000
o= 0100 = 0110 y = 0100
0010])" 0010])" 001 1)
00 01 0 0 01 0 0 01
1010 1 000 1 0 0 1
5= 0100 c— 01 01 c= 0100
0010} 0010} 0010
0 0 01 0 0 01 0 0 01

The center of G/ is the cyclic subgroup generated by ¢ and there exist four non-trivial fundamental
relations

la,pl1=46, [B.vl=e, la,el=¢ [0, v]=¢

where [x, y] denotes the commutator xyx~'y~! of x and y. From now on we will assume that p is
not equal to either 2 or 3, then the exponent of the finite p-group G/ coincides with p.

Theorem 2.1. Let p be a positive prime number not equal to either 2 or 3, F a totally real number field and
F°° a totally real Galois extension of F whose Galois group is isomorphic to G = Gf x I'. Assume that F®/F
satisfies conditions 2, 3 and condition () in Section 1.2. Then the p-adic zeta function &g~ for F*° /F exists
and the main conjecture (Conjecture 1.6(2)) is true for F*° /F.

Remark 2.2. On the uniqueness of the p-adic zeta function, we may conclude by Theorem 2.1 and
Proposition 4.5 that the p-adic zeta function &rer exists uniquely up to multiplication by an element
in SKyq (Zp[Gf]). It is well known that SK1(Zp[A]) vanishes for many finite p-groups A. For the p-
group G/, Otmar Venjakob announced to the author that he and Peter Schneider have recently proven
the vanishing of SKj (Zp[Gf]), hence the p-adic zeta function &p/r in Theorem 2.1 is determined
uniquely if we admit their results.

2.2. Burns’ technique

There exists a certain strategy to construct the p-adic zeta functions for non-commutative ex-
tensions of totally real fields, which was first observed by David Burns. We will summarize his
outstanding idea in this subsection.

Let F be a totally real number field and F*° a totally real p-adic Lie extension of F satisfying
conditions 1-3 and condition (f) in Section 1.2. Set G = Gal(F°°/F) (we do not have to assume that
G is isomorphic to G/ x I" in this subsection). Let § be a family consisting of a pair (U, V) where
U is an open subgroup of G and V is an open subgroup of H respectively such that V is normal
in U and the quotient group U/V is commutative. Assume that the family § satisfies the following
hypothesis:

(b) an arbitrary Artin representation of G is isomorphic to a Z-linear combination of induced
representations lndg (xu.v) as a virtual representation, where each (U, V) is an element in § and
Xu.v is a character of the abelian group U/V of finite order.

In the following, we assume that there exists a family § satisfying hypothesis (b) and fix such §.
For each pair (U,V) in §, let 0y v :K1(A(G)) - AU/V)* denote the homomorphism defined
as the composition of the norm map Nru)/aw) and the canonical map Ki(AU)) — AU/V)*.
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Similarly define the homomorphism 6s y v : K1(A(G)s) — A(U/V)§ for the canonical Ore local-
ization A(G)s (we use the same symbol S for the canonical Ore set for U/V by abuse of no-
tation). Set 6 = (Oy,v)w,v)eg and Os = (Os,u,v)wu,v)eg respectively. Let ¥s be a certain subgroup
of [Ty.vyeg AWU/V)g and let ¥ be the intersection of ¥s and [[y vy AU/V)*.

Definition 2.3 (The theta map). (See [13, Section 2.4].) Let G, 3, 6, 0s, ¥ and W¥s be as above. Suppose
that 6, 6s, ¥ and Y¥s satisfy the following conditions:

(
(

0-1) the group ¥ coincides with the image of the map 6;

0-2) the group ¥s contains the image of the map 6s.

Then we call the induced surjection 6:K1(A(G)) — ¥ the theta map for the family §, and call the
induced homomorphism s : K1 (A(G)s) — Ws the localized theta map for the family §.

For each pair (U, V) in §, let Fy (resp. Fy) be the maximal subfield of F* fixed by U (resp. V).
Since the Galois group of Fy/Fy is abelian by assumption, the p-adic zeta pseudomeasure &y v
for Fy/Fy exists uniquely as an invertible element in the totally quotient ring of A(U/V) (see Re-
mark 1.7).

Theorem 2.4 (David Burns). (See [13, Proposition 2.5].) Let F, F* and G be as above. Assume that there
exist a family § of pairs (U, V) satisfying hypothesis (b), the theta map 6 and the localized theta map 0s for
S. Also assume that (§y,v)u,v)eg is contained in Ws. Then the p-adic zeta function &eop for F*° /F exists
uniquely up to multiplication by the element in the kernel of 6. Moreover, the Iwasawa main conjecture is true
for F*° /F.

Proof. Let f be an arbitrary characteristic element for F°°/F (that is, an element in K1(A(G)s) sat-
isfying 9(f) = —[Cpe,F]). Let uy v be the element defined as SU,VGS,U,V(f)‘l for each pair (U, V)
in §. Then d(uy v) =0 holds by the functoriality of the connected homomorphism 8 and the main
conjecture d(§y,v) = —[CF,/F,] for the abelian extension Fy/Fy proven by Wiles [29]. Hence uy v
is contained in A(U/V)* by the exact sequence (1.1). On the other hand (uy,v)w,v)eg is contained
in ¥s by (6-2) and the assumption on (£§y v)w,v)cz. Therefore (uy v)w,v)eg is contained in the
intersection of [y ez A(U/V)* and Ws, which coincides with ¥ by definition. Then there ex-
ists an element u in Kq(A(G)) satisfying 6(u) = (uy,v)w,v)eg by condition (6-1). Put &reo/p = uf
(we denote the image of u in K1(A(G)s) by the same symbol u). By construction &rer satisfies
0(&poyF) = —[Crooyp] and 6s(&re/F) = (u,v)(u,v)eg. We may verify the interpolation property (1.3)
by formal calculation, using the equation 60s(&r~/r) = (§u,v)u,v)eg, hypothesis (b) and the induc-
tivity of Artin L-functions. Finally suppose that é;’;/p is an element in K;(A(G)s) which satisfies
equations 8(5}'92”) = —[CF,F] and 95(5;’0)0”) = (,u.v)W.v)eg for i =1,2. Then the element w de-
fined as &;2/}7(&;202”)*1 is identified with an element in K1(A(G)) by the localization exact sequence
(1.1), and the equation 6(w) =1 holds by construction. O

We remark that Kazuya Kato constructed the theta maps for p-adic Lie groups of Heisenberg
type [13] and for certain open subgroups of Z; x Zp [12].

3. The additive theta map

The following three sections are devoted to the construction of the theta map 6 and the lo-
calized theta map 6s under the settings of Theorem 2.1. In this section, we construct a family
F={U;j, V,-)};‘:0 satisfying hypothesis (b), define a Zp-module homomorphism 67 : Z, [Conj(G)] —
[TiZp[Ui/Vi] and characterize its image £2. We will show that 6% induces an isomorphism be-
tween Zjp [Conj(G)] and §2, which we call the additive theta map for the family §.
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3.1. Construction of the family §

Consider the family § consisting of the following five pairs of subgroups {(U;, V,-)};‘:0 of G:

10 F, F,

e — G Voo |01 O F |

=6, = X s
0 °“loo 1 o
00 0 1
1 F, F, F, 100 F,

[0 1 0o F (o010 0
Ui=lo o 1 7 | Y1=loo1 o>
00 0 1 000 1
10? ? 1 oogp

[0 1 F, F, {010 F
U2=l0 0 1 7 | %0 2=10 0 1 o [
00 0 1 000 1
10 0 F, 100 0

{01 F, F {010 F
Us=loo 1 F | *0 s=10 01 o >k
00 0 1 000 1
100 F,
[0 10 F L
Us=|g o 1 5 | <D Vs = {id} x {1}.
000 1

Note that V; is the commutator subgroup of U; for each i (thus the quotient group U;/V; is abelian).
Proposition 3.1. The family § satisfies hypothesis (b) in Section 2.2.

Before the proof, note that G/ is regarded as the semi-direct product

1 F, F, 0 100 F
éﬁpgl’xgl’zo1mo%01om
0o o0 1 770 o 1o 001 F,

P 00 0 1 000 1

by the obvious manner which we denote by H x N. The subgroup H acts on N from the left as
ordinary product of matrices. We will identify the group N with the 3-dimensional Fj-vector space,
and choose such a basis {v;;}?z1 of N as x1v1 4+ XV, +x3v3 corresponds to £(xq, X2, x3). Set Ny = Fpve
for each ¢. To show Proposition 3.1, it suffices to check that §/ = {(Uif, Vif)};‘:O satisfies hypothesis (b)

for the finite p-group G/ where Uif and Vif denote the first factors (“finite parts”) of U; and V;
respectively. We use representation theory of semi-direct products of finite groups [23, Chapitre 9.2].

Proof of Proposition 3.1. Let X(N) denote the character group of the abelian group N. It consists of
a character x;jx for 0 < i,j,k < p — 1 which is defined by X,-jk(t(xl,xz,)g)) =
exp(27 /—1(x1i + X2 j +x3k)/p). The left action of H on N naturally induces the right action of H on
X(N)). It is easy to see that U2:1 X(Ny) forms a set of representatives of the orbital decomposition
X(N)/H. Let H; denote the isotropic subgroup of H at a character in X(N¢) \ {x0,0,0} for each ¢. Then
Hy has the following explicit description:
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10 0 1 F, F,
H1:<0 1 1F,,>, H2:<0 1 o), H3=H.

0 0 1 0 0 1

By using representation theory on semi-direct products, an arbitrary irreducible representation of G/
is isomorphic to one of the following representations [23, Chapitre 9.2, Théoréme 17]:

. lndngN(m ® x1) where p1 is a character of H1 and )7 is an element in X(N1) \ {x0.0,0} (namely
X1 coincides with ;oo for certain i except for 0).

° lndgix,\,(pz ® x2) where p; is a character of Hy and > is an element in X(N2) \ {x0.0,0} (namely
X2 coincides with xg j o for certain i except for 0).

e 03 ® x3 Where ps3 is an irreducible representation of H3 and y3 is an element in X(N3) (namely
X3 coincides with xg ¢ for certain k).

Note that p; ® x1 (resp. p2 ® x2) is regarded as a character of the abelian group U;/V3f (resp.
U { /V]f ). By applying the similar argument to the semi-direct product

<1 Fp IFP) (1 Fp IFp) (1 0 0>

H=[0 1 T 01 0 |x|0 1 I

0 0 1 0 0 1 0 0 1

(which we will denote by N’ x H’), we may prove that an arbitrary irreducible representation of H
(= H3) is isomorphic to either a character of the abelization of Hs or the induced representation
of a character of the abelian subgroup N’. Hence each p3 ® x3 is isomorphic to the induced repre-
sentation of a character of either Ug/Vg or Ulf/Vlf. Consequently the family §/ = {(Uf, V,.f)}i:g,w

satisfies hypothesis (b) for the group Gf. We will add (Uf, sz) and (Uf, V‘{) to our family §/ for
certain technical reasons. O

12

3.2. Construction of the isomorphism 6+

Take a system of representatives {aj, ap,...,a} of the left coset decomposition G/U; for each i.
Set Tri([g]) = Z;‘:] 7j([g]) for each i and for a conjugacy class [g] of G, where t;([g]) is defined as

the conjugacy class of a;lgaj in U; if ajf]gaj is contained in U; and 0 otherwise. It is easy to see
that Tr;([g]) is independent of the choice of representatives {aj};.i:1, thus Tr; induces a well-defined
Zp-module homomorphism Z, [Conj(G)] — Zp[Conj(U;)] which we call the trace homomorphism from
Zp[Conj(G)] to Zp [Conj(U;)]. Now we define the homomorphism 9;‘+ as the composition of the trace
map Tr; and the natural surjection Zp [Conj(U;)] — Zp[Ui/V;]. Set 61 = (91*);‘:0. The value 87 ([g])

for each conjugacy class [g] of G/ is given in Table 1. There we use the notation [a, b, c,d, e, f] for
lad f
Olbe
001c¢

the conjugacy class containing (
0001

) and the notation hy,; for the element 1+ u; +--- + uf_]

where u; is an element in U;/V;.

Let Il.f be the image of the map 9i+'f : Zp[Conj(G/)] — Zp[US /V/] induced by ;" for each i except
for 0. Then by Table 1, we easily see that each Iif is described as in Table 2. Note that generators of
each Il.f given in Table 2 are linearly independent over Z, except for i = 3; those of I3f have one
non-trivial relation Z?;é p%¢/ =p - ph,. For each natural number n, let G™ denote the finite p-
group G/ x I'/I'P" and U™ the finite p-group U,.f x I'/T"" respectively. Set I{" = Iif ®z, ZplI'/TP"]
(regarded as a Zp-submodule of ZP[UE")/Vi]). Obviously the projective system {If") }nen has the limit
I; which coincides with the image of 6,.+.
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Table 1

Calculation of 6 ([g]) for [g] in Conj(G').
Conjugacy class ot — (9;,0;,02*,93*, 91)
Cf::,;ig,za%bb;’d'e’ ! (@*py<,0,0,0,0)
cfl(a;;:C [it?) ched @*y*, a®y 896 hes-a,0,0,0)
c'(f{:);o[f’ 0.0.de ] (@, a®%hs,0,0,0)
c{S(*;): o éigid’ “f (BY<, 0, By hs, By hy,0)
c37@: :050’ podedl (8, 0, Bbhs, ppbcI=*4,0)
C%Z):o[,odgég’)d‘e’ /] (¢, y8%he, py©s?,0,0)
ci,c,(};é[g), 0,c,0,e, f1 %, yehe, pY©, pY<he, py<hahy)
c{,”{(ii?l);()[)o, 0,0,d,e, f] @, pstec. pt.0.0
cf%);[g),o,o, 0.e, f] A, pe®, p, phe, p2e%hy)
) =10.0.,0,0,0, f] a.p.p.p2ct . p3ehy

Table 2
Calculation of Il.f for each i.

1 = [0y 8% heesalz,, 1§ =[Py hs (b#0), py<silz,,
1§ =[p%¢! . py°he. BPy hy (b#0,c#0), ppe b #0)z,.

1] =1p*c!, p2eth; (e #0). py‘heh; (c#0)lz,.

Definition 3.2. We define £2 to be the Z,-submodule of ]_[?:0 ZpUi/Vi] consisting of an element
(yi);‘zo such that
1. (trace relations) the following equations hold:
(rel-1) Trz, fuo/vol /2, [U1/vo] (Y0) = Y1,
(rel-2) Trz, juo/vo] /2, [U2/vo] (Y0) = Y2,
(rel-3) Trz, [u,/v,1/z, [Us/v,] (V2) = Y3,
(rel-4) Trz, [u,/v,1/2, [U1nU2/va] V1) =Tz, [Uy v,y 1/2, [U1nU2/v2 ] (V2D
(rel-5) Trz, fuy/vi1/z, [Ua/v1] (Y1) = Y4
(rel-6) Trz, [us/vs]/z, [Ua/vs] (V3) = Y4
(see Fig. 1);
.t

2. the element y; is contained in I; for each i except for 0.

Proposition-Definition 3.3. The homomorphism 6 induces an isomorphism between Z, [Conj(G)] and £2,
which we call the additive theta map for §.

Proof. It is clear by construction that £2 contains the image of 67, hence we will prove the injectivity
and surjectivity of the induced map 6% :Zp,[Conj(G)] — 2. It suffices to show that the homomor-
phism §7® :Z,[Conj(G™)] — 2™ induced by #* is isomorphic for each natural number n, where
2™ is defined to be the Zp-submodule of ]_[?=0 ZP[UI.(”)/Vi] satisfying the conditions corresponding
to those in Definition 3.2.
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A(Uo /W)
AU/ W) A(U2/V2)
AU N T2/ Va)

A(Us/V3)

A(Us/Va)
Fig. 1. Trace and norm relations.
Injectivity. Let y = 3|, )cconjim) Migl[8] be an element contained in the kernel of 6+™_ To prove
that y is equal to zero, we will show that o(y) vanishes for an arbitrary class function ¢ on the

group G™. By hypothesis (b), it suffices to prczv)e that x;(y) vanishes for each i where x; is the
associated character to the representation Ind® (n)(x,) induced by an arbitrary character y; of the

abelian group U; ® /Vi. Then we have

L= 3, mg Z xi(a; ' 805) = %06 )

[g]eConj(G™) j.a7lga; EU(")

by the definition of X; (where {ai,...,a;} is a system of representatives of the left coset decomposi-
tion G<”>/U§")). Therefore the proof is done because Gf'(")(y) vanishes for each i by assumption.

Surjectivity. Let (y,-)f':O be an arbitrary element in £2™. Then each y; is described as a Zp[F/FPn]—
linear combination of generators of Ii(") :

Yo = Z Kabcaaﬂbyc,

a,b,c
Y1 = ZA&?S%‘* + Z A aeh
d.e a#0,e
3 4
—+ Z Aid)yCSdhg + Z )»éczle()[ )/CSdSehaclg—a,
c#0,d a#0,c#0,d,e
1 2
y2= Z M( )ﬂb “hs +ZPM£d)V
b#0,c cd
1 2 3 4
y3_zp2 ();f+zpv() Ch;—}- Z \)( )/3 )/Ch + Z pv( )/3 {f
b=£0,c£0 b0, f
Va= Zp a(l);“f + Zp 0 Peh, + Zp ®yCheh,.
f e#0 c#0

Note that v(l) O<f<p—-1 and v(z) are not determined uniquely because of the relation

Zp ob 2if=p. ph;. The trace relations in Definition 3.2 give constraints among coefficients above,
Wthh are described explicitly as follows:
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1 2
(rel-1) Kkooo = Y A% Kao= e (@#0),
d,e

e

Kooe =Y Ay (C#0).  Kaoe= Aeye (@#0,c5#0),

d d,e

(rel-2) Kooc =y [y, Kobe =ty (DO,
d
(rel3) pp) =vy) (b#0,c£0), =Y v (b#£0),
f

2 2 2 1 2
nG =v® €0, i =Y v+,
f
1 2 3 2
(rel-4) D kg =pogs el =heg (€#0),
e

1 1 1 2 3 3
(rel5) agg =y of’, g =0 (@#£0), 1G =0 (#0),
f

(rel-6) vj(cl) = a}]), v(()z) = Zoe(z), vc(z) = 06(3) (c#0).
e#0

We remark that in order to derive the relations v}” = a}]) and véz) =>, £0 oe(z) in (rel-6), we have to
replace v}l) and v(()z) appropriately by using the relation Z’f’;(l) p2cf=p- ph;. Then we may calculate

directly that the element y in Zp[Conj(G™)] defined as

_ (a,b,c) 4) .(a,c.de) (2) (a.e)
y= 2 ka7 Y et + D hae i

a#0,b#£0,c a#0,c#0,d,e a#0,e
(1) (b,0) (4) (b, f) () (c.d) 2) (o)
+ Z Hpe v+ Z Vpp byt Z Hed Cvi ‘*‘Zvc Syt
b£0,c£0 be£0, €£0,d0 0
(1) (d.e) (2) .(e) M ()
+ Z Age Sy +Z°€ X +Z”f X
d+#0,e e£0 f

satisfies 6™ (y) = (y;){_, by using the explicit trace relations above. O

4. Translation into the multiplicative theta map

In this section we will translate the additive theta map 6™ constructed in the previous subsection
into the multiplicative theta map 6. The main tool is the integral logarithmic homomorphism introduced
in Section 1.1. Let 6; denote the composition of the norm map Nr; and the canonical homomorphism
K1(A(Uj)) — A(U;/Vi)* for each i, as in Section 0. Set 6 = (6)7_,,.

Proposition-Definition 4.1 (Frobenius homomorphism). Set ¢(g) = gP for arbitrary g in G. Then ¢ induces
a group homomorphism ¢ : G — I", which we call the Frobenius homomorphism. We denote the induced ring
homomorphism A(G) — A(I") by the same symbol ¢, and also call it the Frobenius homomorphism.
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Proof. Since the exponent of G/ is p, ¢ coincides with ¢ o ¢ where @ :I" — I' is the Frobenius
endomorphism on I induced by ¢t + tP and 7¢ is the canonical projection G — I, hence ¢ is clearly
a group homomorphism. O

Remark 4.2. The correspondence g +— gP does not induce a group endomorphism ¢ :G — G in gen-
eral.

In the following, we also denote by the same symbol ¢ the induced ring homomorphism
AU/ Vi) — AD).

Lemma 4.3. Let G{ and G£ be arbitrary subgroups of Gf. For £ = 1,2, set Gy = G{ x I'. Suppose that G

contains Gy. Then the Verlagerung homomorphism Verg; : G?b — ng coincides with the composition of the

e-th power of the Frobenius homomorphism ¢°€ : Gél‘b — I' and the canonical injection I’ — ng where we
denote the index of G, in G1 by p€.

Proof. By the transitivity of the Verlagerung homomorphism, it suffices to prove the claim when the
index of G, in Gp is p. In this case it is well known that G, is normal in Gi. Let o be an element

in Glf which generates G1/G;. Then {aj}?;(} is a set of representatives of G1/G,. Suppose that an

element g in G; satisfies gG, = 6 /(8 G,. Then by the definition of the Verlagerung homomorphisms,
we have Verg;(g) = ]_[?;(} o~ Uti@goi=gP =p(g). O

Hence in our special case (more generally, in the case when the exponent of the finite part G/
is p), we may identify every Verlagerung homomorphism with the several power of the Frobenius
homomorphism.

Definition 4.4. We define ¥ to be the subgroup of ]_[;1:0A(U,-/V,-)X consisting of an element (77,-);‘:0
such that

1. (norm relations) the following equations hold:
(rel-1) Nrag/ve)/AWU;/Ve) (M0) =11,
(rel-2) Nrawo/ve)/awW,/ve) (M) =12,
(rel-3) Nra,/vy)/AWUs/v,) (M12) = 13,
(rel-4) NI, /vy)/AU1NU2/V2) (1) = NEAU, VL) /AUNU V) (112),
(rel-5) Nraw,/vi)/awa/v () =14,
(rel-6) Nra(us/vs)/AUa/vs) (13) =14
(see Fig. 1);
2. (congruences) the congruence 7; = ¢(170)“*Y1/P mod I; holds for each i except for 0.

Proposition 4.5. The homomorphism 6 induces a surjection from K1(A(G)) onto ¥ with kernel SK1(Z, 6.
In other words, 6 induces the theta map for the family § (in the sense of Definition 2.3).

In the rest of this section, we prove Proposition 4.5 by using the additive theta map #+ and
the integral logarithmic homomorphisms. Since the integral logarithmic homomorphisms are defined
only for group rings of finite groups, we fix a natural number n and prove the isomorphy for finite
quotients 8™ : K1(Zp[G™1)/SK1(Zp[GT1) = w™(C []; Zp[Ui(")/Vi]X) where ¢ ™ is the subgroup
of TJ; Zp[Ui(")/Vi]X defined by the same conditions as in Definition 4.4. Then we may obtain the
desired surjection by taking the projective limit.

4.1. Logarithmic isomorphisms

In the following three subsections, we fix a natural number n.
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Lemma 4.6. For each i except for 0, 1 + Ii(") is a multiplicative subgroup of ZP[U,.(")/Vi]X and the p-adic
logarithmic homomorphism induces an isomorphism between 1 + If") and If").

Proof. By direct calculation, we have

(I%ﬂ))2 = [pogayfgdgehgc(;fa, padgehgc{gfa, aayfh&a((m c) # (0, O))]Zp[r/rpn],
2 2
(Ién)) = [pﬂbychg, pzyc‘sd]zp[r/rp”]v (Ién)) = [p/gbych{v pzﬂb{f]zp[r/rp"]’

(1) =[p% p°s%he, p*y hehc ], rony

where h; . is defined as Y o< o<p1 89g¢. This calculation implies that (Il.("))2 is contained in Ii("),
thus each 1+ I\ is stable under multiplication. Moreover we may calculate directly that (I\")*
coincides with p(I")3 for i =1 and (I")3 coincides with p(I{")? for other i. Set N =3 if i is equal
to 1 and N =2 otherwise. Note that the topology on (If"))N induced by the filtration {(If"))N+m}meN
coincides with the p-adic topology by the calculation above.

The existence of inverse elements. By the argument above, y™ is contained in p™~N (I?"))N for an
arbitrary element y in I}") and for an arbitrary natural number m larger than N. Hence (14 y)~! =
Zm>0(—1)my’” converges in I?") with respect to the p-adic topology.

Convergence of logarithms. Take an arbitrary element y in Ii("). Then by simple calculation y™/m
is contained in If") for m less than N (use the assumption p # 2,3) and in (pm*N/m)If”) for m

strictly larger than N. Therefore the logarithm log(1 + y) = Zm21(—1)m_1(y’"/m) converges p-
(n)

adically in ;™.

Logarithmic isomorphisms. Let m be a natural number. Since {(Ii(”))’“}’\“'l is contained in pm(li("))mN ,
we may show that 1+ (I”)™ is a subgroup of 1+ I{" and the logarithm on 1+ (I™)™ converges
p-adically in (Ii("))m by the same argument as above. Since {(Il.("))Ner}meN gives the p-adic topology
(m\N
)

on (I; , it is sufficient to show that the logarithm induces an isomorphism

(1 (")) /(0 @)™ = @) /)™ Ty ey

To prove it, we have only to verify that y?*/pk is contained in (1™ym+1 for an arbitrary element
1+yin 1+ (Ii("))m and for an arbitrary natural number k. By direct calculation, ypk is contained in
ppk*3(15"))2 if both i and m are equal to 1 and contained in pmphm*](li("))erl otherwise. Then it is
easy to see that both ppk*3/pk and pmpk*mfl/pk are integers (use the assumption p #2,3). O

For the later use, we now introduce the Z,-submodule J3 of Z,[U3/V3], which is defined as the
image of the composition of Trz, [conj(Us)]/Zp [Coni(U3)] and the canonical surjection Z, [Conj(U3)] —
Zp[U3/V3]. Then J3 has the explicit description [Py °h;(c # 0), ppP¢/1z, ®z, A(I"), which we
denote by J3 ®z, A(I"). Set |V = J] ®z, Zp[I"/I"""]. Since (J3")* = p(J§”)* holds by simple cal-
culation, we may prove that 1+ j;”) is a multiplicative subgroup of Z,,[U;m/Vg]X and the p-adic
logarithm induces an isomorphism between 1+ ];") and ]§") by the same argument as Lemma 4.6.

Note that J é“) contains Ié“) by construction.
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4.2. w™ contains the image of 6™

Lemma 4.7. The following diagram commutes for each i:

log .
K1(Zp[G™]) ——= Qp[Conj(G™)]
Ner[G(”)]/Zp[U,gn)] l lTr@p [Conj(G(M)1/Qp [CDnj(Uf"))]

Ki(Zp[U["™D) — > QplConj(U;™)]
Proof. By the proof of [18, Theorem 1.4], the following diagram commutes

lo
K1 (Zp[GM]) — = Qp[Conj(G™)]

Ner [G(")]/Zp[U}")] i i R’

K1(Zp[U™) o QplConj(U™)]

where R’:Zp[Conj(G(“))] — Zp[Conj(Ulf"))] is defined as follows: for an arbitrary element x in G™,
take a set of representatives {a}, .. .,a;l_} of the double coset decomposition (x)\G™/ Ul.("), and let J

be the finite set consisting of such j as a;f]xa’j is contained in Ui("). Then R’(x) is defined as an
L

element }_; 5 d] ]xa/j. Obviously it suffices to show that R’ coincides with the trace.

(Case-1). Assume that {a;'}lgjgsi represents the left coset decomposition G(”)/Ui(”). Then R’ coincides
with the trace map by definition.

(Case-2). Assume that {Xka;‘}ogkgpf],]gjgsi represents the left coset decomposition G(”>/Ui("). In this
case R'(x) is equal to p~!Tr(x) by definition. Note that j is contained in J if and only if xa/j is
contained in a}Ui(”). This is impossible because {xka/j}ogkgquggsi represents the left coset decom-
position G(”)/U,.("). Therefore J is empty and Tr(x) = R’(x) =0 holds. O

Proposition 4.8. The image of an element 1 in K, (Zp[Gm)]) under the composite map 9;“(") o I'cm is de-

scribed as log (g (Gé”) (n))*(G:Uf)/pGi(") (1)) for each i except for 0, where I'zw) is the integral logarithm for G™
(see Proposition-Definition 1.1).

Proof. The claim follows from Lemma 4.7 and the relation
G:U; 1
u(p o™ _gr® o1,
p
which is easy to verify for each g in G™. O

Proposition 4.9. The following congruences hold for arbitrary n in K1(Zp[G m7):

(1) 6" () = @ (6" () mod 1" fori =1,2;
(2) 65 () = p(6,” ()P mod J§";
(3) 6" () = (6" ()P mod pZ,[U" /Vsl.
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Proof. We may verify the congruence (1) by the calculation similar to the proof of [27, Lemma 1.7],
hence we will give the proof only for the congruences (2) and (3). Note that pr[Ui")/ V4] obviously
contains Ii") (see Table 2).

The congruence (2). Let 1 = Zogi,j,kgp—](ni(,kj)lgk)aisj be an arbitrary element in Z,[G™] where
each ciefficient 771(5.) is an element in Zp[Ufl")]. Then we may easily calculate that «fs™p is
equal to Zogi,jgpfl(Z{::—(} vg,m(nl.(li)“_m_ek)ﬁ")a%j where vy, (x) is the element defined as

:
in (Z/pZ)®? and the upper-index (k) as an element in Z/pZ). Then we may calculate 6)3(”)(17) as
follows (we use the same notation W,m(ni(’i)e,j—m—zk) for its image in Zp[Ugn)/V3])I

(at8™yx(t8™)~1 for each 0 < ¢,m < p — 1 (we regard the sub-indices i, j of n;; as an element

p—1
™, ®) K
b3 () = det( > vem (15— e.m—0.60) B )

k=0 @, j), (6,m)

p—1
= Z sgn(o) H (Zw’m(ng{()&m)(l,m)(O,lk))ﬂk>

ces P (¢,m)e(Z/pZ)®2 \ k=0

where &P”) is the permutation group of the finite set {(¢,m) |0 < £¢,m < p — 1}. We denote by P,
the o -component of 93(")(17). Since the commutator [, 8] is trivial, the equation

p—1
(k) k
Vo, (Pg) = sgn(o) l_[ ( Z Ve, m+u (na(é,m)—(z,m)—(o,ék))ﬁ<)

0<em<p—1 \ k=0
p—1
_ ) k
=sgne)  [] (Z Vem (N (¢ m—p0)+0.0) - €m)-0.60) P ) (41)
0<e,m<p—1 \ k=0

holds for each © in Z/pZ. First suppose that o does not satisfy
o,my=o(,m—u)+O,n) (4.2)

for certain w in Z/pZ, then the right-hand side of (4.1) coincides with P, where 7, is the per-
mutation defined by 7,({,m) =0, m — u) + (0, )3 Each T, is distinct by assumption, hence
ZZ;% Py, is contained in le;:lo UO,M(ZP[U§">/V3]) which is no other than the image of the trace

map from Zp[Conj(Uén))] to Zp[Ugn)/V3]. In other words, ZZ;B P, is contained in ];") by defini-
tion.

Next suppose that o satisfies the relation (4.2) for an arbitrary p in Z,/pZy. Set o (¢,0) =
(ag,by), then o (¢, —u) = (ag,by — @) holds for each w in Z/pZ by (4.2). This implies that all
permutations satisfying (4.2) are described as cs (¢, m) = (s(€), hy + m), where s is a permuta-
tion of the set {0,1,...,p — 1} and h = (hy), is an element in (Z/pZ)®P. We may calculate P,
as

3 Note that sgn(o) is equal to sgn(ty) because 7, coincides with a composition ¢, 0o oc_,, where ¢, is a cyclic permutation
of degree p defined as (¢, m) — (¢, m+ ).



T. Hara / Journal of Number Theory 130 (2010) 1068-1097 1085

p—1
_ (k) k
Pe,, = sgn(cs,n) 1_[ ( Z ‘)&m(ncx,,(z,m)f(e,m)f(o,Zk))ﬂ )

o<e,m<p—1 \ k=0

p—1
I
= sgn(s) 1—[ ( Z "&m(’?gze)e,hzw))ﬂk)

0<e,m<p—1 \ k=0

(we use the relation sgn(csp) = sgn(s)?). Set Qgp.p = Zﬁ;& nff()()fe h,feloﬁk' We claim that the

congruence ]_[,‘:1_:10 V0,m(Qs,n:e) = ©(Qs n¢) mod ];") holds; in general, let x =) v/ Xull be an
3

f
uels/
element in Zp[Ugn)/V;;] (where each x, is in Zp[I'/1I P"]). Then

p—1 p—1
[Tvom@= > []vomuvom() mod 5"
m=0

ueUéc/ng m=0

PyerVs m
= > xgVer () mod J3
3

ueu]v]

(n)
holds by [27, Chapter 5, Lemma 1.9]. Recall that Verzgm(u) is equal to @(u) =1 by Lemma 4.3,
thus the claim follows because x} is congruent to ¢(x,) modulo pr[F/Fpn] (recall that ];") con-
tains pZ,[I"/I"P"]). Now we obtain

p—1
Y P, = ngn(s)( I1 VK,O(‘P(Qs,h;Z))) mod J§"
s,h s,h =0

p—1
= ngn(s)( Z 1_[ w(ngf@)_e’hl_@kw)> mod ]é") (4.3)
s,h

0<ko,....kp—1 <p—14£=0

(we use the obvious relation v, g o ¢ = ¢ for the second congruence). We denote the right-
hand side of (4.3) by Zs,h,(km R hiko....kp_1- First suppose that s(¢) — £ (resp. k¢, hy — £kg) is
equal to a certain constant A (resp. «, u) determined independent of ¢. Such s and h are de-
scribed as sp; €+ £+ A and (hy )¢ = €k + p for each A,k and pu respectively, and the equa-

tion R, n, k.. = <p(r}§'f2l)p holds (note that sgn(s;) is 1 because s, is a cyclic permutation

of degree p). Otherwise set kzw) =kpyw, SW (@) =s +w) —w and h;w) = hypw — Wkyyy for

each w in Z/pZ respectively. Then each R5<W> RO k) W) is a distinct term in the expansion
NGRS o

(4.3) but has the same value by construction. Hence the element prjo Rs(w> h<W>-kgW) k(w)1 is con-
KO k™ kT

tained in J{” because J{ contains pZ,[I'/I'""]. Consequently the element 65" (1)) is congruent
to
p
> Rompenwnc= 9. o) =emP mod JP.

0<A ke Sp—1 0<A, pk <p—1
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The congruence (3). Similarly to the argument in the proof of (2), we may calculate 64(n) for an
element 7= 3" , 1 k.e.me*BES™ in Zp[G™] (each my. ¢ m is in Zp[Ufl")]) as

04(n) = Z sgn(o) 1_[ Vie,e,m (Mo (k,e,m)—(k, ¢,m))
cea®® 0k, e, m<p—1

where &P” is the permutation group of (Z/pZ)®3. Let P, denote the o-component of the
right-hand side of the equation above. First suppose that the permutation 7, , defined by
Kk, L,m)yr—> ok — Kk, —Xr,m— )+ (k,x, ) is distinct for each (k, 2, u) in (Zp/pr)@3. Then
ZK,A,M P, ,, is contained in Ii") (hence also contained in pr[Ufln)/V4]) by the similar argu-
ment to the proof of (2). On the other hand, suppose that o is the permutation ¢, , for
(k, A, ) in (Zp/pZ]p)6193 defined by (k,¢,m)+— (k+ k,€+ A,m+ ). Then we obtain the congru-
ence P, = (,0(17,(,,LM)1’2 mod pr[Ui")/VA;] similarly to the proof of (2)* O

Since each Oi(") is essentially a norm map, it is clear that (Oi(")(n))fzo satisfies the desired norm
relations for ¥™. Note that the congruences in Proposition 4.9(1) are the desired ones for i = 1, 2.
Now set ]fl") = pr[Ufl")/VA;]. Then we may define the element y; = log(w(eé")(17))‘<G:U">/p9i(")(n))
in ]1.(") for i = 3,4 by the congruences (2) and (3) in Proposition 4.9. On the other hand, y; is an
element in Ii(") by Proposition 4.8. Hence (p(@é")(n))‘(ciu")/pei(")(n) is contained in 1+ Ii(") because
I:‘(n) Ii(n)'s

the p-adic logarithm induces an injection on 1+ J i(") and an isomorphism between 1+ and

This implies the desired congruence for i = 3, 4, thus (Qi(”)(n));‘zo is contained in ¥ ™,
4.3. Surjectivity for finite quotients

Let (n,-)?zo be an arbitrary element in ¥ ™. Then for each i except for 0, the multiplicative group
1+ I; contains an element ¢ (1)~ ¢:Ud/Py; by the congruences in Definition 4.4. Hence the element
yi defined as log(¢ (o) ~“:U/Py;) is contained in II.(") by Lemma 4.6. For i =0, set yg = Ty, (M0)-

0

Then (y,-)f:0 satisfies the trace relations for £2™ by using Lemma 4.7, thus (y,-)f:O is an element
in 2. By the additive theta isomorphism (Proposition-Definition 3.3), there exists a unique ele-
ment y in Z,[Conj(G™)] corresponding to (y;)?_,.

Proposition 4.10. Let y be as above. Then w;w (y) vanishes where w¢w is the group homomorphism intro-
duced in Theorem 1.2. In other words, y is contained in the image of the integral logarithm I'cam.

Proof. The homomorphism wgm coincides with . © 0y ‘™ by definition where o) ‘™ s the

ui v
canonical abelization G™ — U(()”)/Vo, thus we obtain the equation wgm (¥) = DY v, (yo) =1 be-
cause Yo is contained in the image of Fu“”/vo (see Theorem 1.2). O

0

Let ' be an element in K1(Z,[G™]) satisfying I'ca (') = y. Then u’ is determined up to multi-
plication by a torsion element in K1(Zp[G™]) by Theorem 1.2. Note that 8™ o I'cw (1) coincides
with (yi);‘zo by construction. Combining with Proposition 4.8, we obtain the following equations:

4 Here we use the congruence n,‘(’»)\.” = @Mk 1,n) Mod pr[Ufl")/VA;]. This is the reason why we have to replace Ifl") by

PZylUL" /Val.
5 For i =4, the p-adic logarithm induces an isomorphism between 1 +pr[UL(1")/V4] and pr[Ufl")/V‘;] since p is an odd
prime number. For i = 3, see the last paragraph of Section 4.1.
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Yo=Tym .y, (10) = Ly 1 (65" (). (4.4)

@(10)C:UD/P @O (1))(G:UD/p

yi =log 1<i<4. (4.5)

From Eq. (4.4) and the fact that the integral logarithmic homomorphism is injective on
K1 (Z,,[U(()")/Vo]) modulo torsion elements, there exists a unique element 7 in Kj (Zp[Ué")/Vo])tors
satisfying 1o = t@é")(n/). The element 7 is identified with an element in w,_1(Zp) x (U(()")/Vo) by
Higman-Wall's Theorem 1.3, thus the equation 05”)(77’1:) = 6(()") ()T = no holds. Set n = n’t. Then
Eq. (4.5) holds when we replace n’ by n (recall that t is contained in the kernel of I'cm ). There-
fore we obtain Gi(")(n) =, for each i by Lemma 4.6, which implies that 8™ induces an surjection
onto ¥™,

4.4. Taking the projective limit

Consider the following diagram with exact rows and an injective left vertical arrow:

am
0 — ker(§™) —— K1(Zp[G™)) 1 0

| |-

0 — ker(I'gwm) — K1(Zp[G™]) —— Im(@* ™o ew) —0,
o+ Mor )

where Log is defined by the formula Log((ni)7_,) = (log(¢(170)~“:Ud/Py))?_; (we denote T, U v, )

by log(¢(170)~1/Pno) by abuse of notation). It is easy to see that the kernel of Log is coincides with
the image of 9(”)|ker(pc(n)), which is isomorphic to wp_1(Zp) x U(()")/Vo by Higman-Wall's Theo-
rem 1.3. Hence the kernel of 8™ is isomorphic SK1(Zp[G™]) by the snake lemma. We remark that
SK1(Zp[G™]) is decomposed as the direct sum of SK1(Zy[G/]) and SKy(Z,[I'/T"P"]) by Oliver’s

theorem [16, Proposition 25], and 51(1(ZP[F/FP"]) is trivial since 1“/1“1’rl is abelian. Therefore we
obtain the following exact sequence of projective systems of abelian groups:

am
1 — SK1(Zp[G]) —= K1 (Zy[G™]) 140 1. (4.6)

The projective system {SK; (Zp[Gf D}neny obviously satisfies the Mittag-Leffler condition, hence we
obtain the exact sequence

1— SK1(Zp[G']) — lim K4 (Zp[c;(”)]) Oy g 4.7)
neN

by taking the projective limit of (4.6). The kernel of A(G) — ZP[G<”)] satisfies the condition (%) in
[8, Section 1.4.1], hence by the same argument as the proof of [8, Proposition 1.5.1], we may prove
that @neN K1 (Zp[G(”)]) is isomorphic to K1(A(G)). The proof of Proposition 4.5 is now finished.

5. Localized theta map

First note that the canonical Ore set S for a 1-dimensional p-adic Lie group G coincides
with the multiplicative closed set A(G) \ mg where m¢ is the kernel of the augmentation map
A(G) - A(I')/pA(I') (use [5, Lemma 2.1 (3) or (4)] for H = GY). Especially for G = G/ x I,
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A(G)s (resp. A(U;/V;)s) is isomorphic to A(F)(p)[Gf] (resp. A(F)(p)[Uf/Vf]) where A(I)(p) is
the localization of A(I") with respect to the prime ideal pA(I"). Let R = A(I“)(p) denote the p-
adic completion of A(I")(p) and let ¥s be the subgroup of []; A(U;/V;)§ consisting of an element
(15,1t such that

1. (norm relations) the following equations hold:
(rel-1) Nrag/ve)s/AUL/Vo)s (15,0) = 75,1,
(rel-2) Nrao/ve)s/AUa/Vo)s (15,0) = 75,2,
(rel-3) Nraw,/vy)s/aws/va)s (s.2) = 1s.3,
(rel-4) NI A, /vy)s/AULINUL Vs (115.1) = NL AU, V)5 /AULNU/Va)s (T5,2)s
(rel-5) Nraw,/vi)s/AWUa/vy)s (Ms,1) = 15,4,
(rel-6) NI a(us;/vs)s/AUa/V3)s (115,3) = 05,4
(See Fig. 1);
2. (congruences) the congruence 7s.; = ¢(175.0)®*Y"/P mod Is; holds for each i except for 0 where

Is; is defined as Iif ®z, AI')(p)-

Let 65 = (05,,-)?:0 be the family of the homomorphisms 6s; which is defined as the composition
of the norm map Nrx(G)s/aw;)s and the canonical homomorphism Ki(A(Uj)s) — A(U,~/V,~)§ (see
Section 0).

Proposition 5.1. The image of 0s is contained in Ws.

Proof. It suffices to show that (95,1(175))?:0 satisfies the norm relations and congruences above for
ns in K1(A(G)s). Norm relations are obviously satisfied by the definition of 8s. The congruences for
i=1,2 are obtained by the argument similar to the proof of [27, Lemma 1.7]. For i = 3, 4, we obtain
the congruence 65 ;(1s) = 6s.0(s)®YP/P mod Js; by the same argument as Proposition 4.9 where
Js.i is defined as ]if ®z, A (p)- SetTi = Il.f ®z, R and 7,~ = ]if ®z, R respectively. Then we obtain
the logarithmic isomorphism 1 +1; Lfl\, and 1 +7,- = 71‘ for i = 3, 4 by the argument similar to the
proof of Lemma 4.6. Therefore we obtain the congruence 65 ;(ns) = 6s.0(ns)©U)/P mod T; similarly
to the argument following the proof of Proposition 4.9 by using the generalized integral logarithm
I'y g (see the following Remark 5.2). The proof is now finished since the intersection Of/l\j and

A(U;/V;)s coincides with Is ;. (We may easily check that for an arbitrary element inTi NAU;/Vi)s,

its coefficient of each generator of Iif in Table 2 has to be contained in A(I")[p~!']NR = AT ).
Also refer the argument in the proof of Proposition 5.3.) O

Remark 5.2. The integral logarithm I'A m for R(A) is also extended to a group homomorphism I'g A:
K1 (R[A]) — R[Conj(A)] if R is the completion of the localized Iwasawa algebra A(F)( ) let x be an

element in K;(R[A]) and X its lift to R[A]*. There exist an element 7 in R* and ¥ in 1+ mga; such
that x =7y holds. Then put I'g ao(X) = I'R(F) + I'n.m(y) where I'g:R* — R is the integral logarithm
for R (regarded as a group ring of the trivial group) and y is the image of y in Kq(R[A], mg[a]).

Proposition 5.3. The intersection of ¥s and [ [; A(U;/V;)* coincides with .

Proof. It suffices to prove that I's ;N A(U;/V;) coincides with I; for each i except for 0. The Zp-module
I; is clearly contained in Is ;N A(U;/V;). Note that all monomials which appear in the generators of I,.f
in Table 2 are of the form of pu; for u; in Uif/Vif and they are distinct except for i = 3. First sup-
pose that i is not equal to 3. Then for an arbitrary element in Is; N A(U;/V;), the coefficient of each

generator in I,.f has to be contained in A(I")[p~'1N A(I)(py, which coincides with A(I"). Hence the
intersection Is; N A(U;/V;) is contained in I;. Next consider the case i =3. Take an arbitrary ele-

ment in Is 3N A(U3/V3) and let v}l) (resp. véz)) denote its coefficient of p2¢/ (resp. ph¢), which is
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(2)

contained in A(I")p). Then the coefficient of cfis pzv}]) + py,~ for each f, which is contained in
A(I') by definition. Replace véz) by \7(()2) = véz) + pvé” and v}l) by fz(fl) = v}l) — vé” using the rela-

tion Z?;é p*¢/ =p- ph;. Then v(()z) is contained in A(I)[p~11N A(I") ) (= A(I")) by construction,
thus each 2 is also contained in A(I") automatically. This implies that the intersection of Is 3 and
A(U3z/V3) is also contained in [3. O

Hence we obtain the localized theta map s : K1(A(G)s) — ¥s for J.
6. Congruences among abelian p-adic zeta pseudomeasures

Let Fy, (resp. Fy;) be the maximal subfield of F* fixed by U; (resp. V;). In the previous sections
we have constructed the theta map 6 and the localized theta map s for the family §. If we may
apply Theorem 2.4 to our case G = G/ x I', the element (gi);‘zo is expected to be contained in Ws
where £; is the p-adic zeta pseudomeasure for Fy,/Fy,. In order to show it, we have to verify that
&’s satisfy the norm relations and the congruences in the definition of ¥s. The norm relations among
&’s are easily verified by formal calculation using their interpolation properties, hence what is the
most difficult is to derive the desired congruences among abelian p-adic zeta pseudomeasures.

6.1. Congruences

Now let us study the congruences among &;'s.

Proposition 6.1 (Congruences among &;’s). The p-adic zeta pseudomeasures {&; }14:0 satisfy the following con-
gruences:

(1) & =@(&) mod Is fori=1,2;
(2) & =c3 mod Js 3 where c3 is a certain element in A(I")(py;
(3) &2 =c4 mod Is 4 where cq4 is a certain element in A(I")(p).

Remark 6.2. These congruences are not sufficient to prove that (g,»);‘zo is contained in ¥s. Hence
we have to modify Burns’ technique 2.4 to prove our main theorem (Theorem 2.1), which will be
discussed in the next section.

Remark 6.3. We may replace c; by an element in A(I") for i =3 and 4 because c3 (resp. c4) is
determined modulo pA(I)p) (resp. p3A(F)(p)). Note that the intersection of Js3 (resp. Is4) and
A(I")(p) coincides with pA(I)(py (resp. p> A (p))-

The congruence (1) is just the Ritter-Weiss’ congruence [21] for the extensions Fy,/Fy,/F. They
derived such a kind of congruences by using Deligne-Ribet’s theory on Hilbert modular forms [6].
Kazuya Kato also obtained similar kinds of congruences in [13, Section 4]. In the following, we will
prove Proposition 6.1 (2) and (3) by mimicking the method of Ritter-Weiss and Kato.

6.2. Approximation of abelian p-adic zeta pseudomeasures

Suppose that i is equal to either 3 or 4 in this subsection. To simplify the notation, we de-
note U;/V; by W; and Uif/Vif by Wif respectively. For an arbitrary open subgroup U of Wi,
let m@) be the non-negative integer defined by the relation kP~'U) =1+ p™“Z, where « is
the p-adic cyclotomic character. Then we obtain the canonical isomorphism between Z,[W;] and
My, - open Zo[Wi /U p"DZ, Wi /U] (see [21, Lemma 1]). Let & denote a C-valued locally con-
stant function on Wj. Then there exists an open subgroup U/ of W; such that & is constant on
each coset of W;/U, hence we may describe & as 3", v, i/ £(x)8® where §® is the characteristic

function with respect to a coset x, that is, §*®)(w) is equal to 1 if w is contained in x and O other-
wise.
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Definition 6.4 (Partial zeta function). Let x be an arbitrary coset of W;/U{. Then we define the partial
zeta function for 8 as the function

)3 8 (((Fv,/Fu,). 2))

ry,/r, (5:6%) = Way

Oyéag(?pu_
i

where ((Fy,;/Fy,),—) is the Artin symbol for Fy,/Fy, and Na is the absolute norm of an ideal a.
This function has analytic continuation to the whole complex plane except for a simple pole at 1,
and it is known that CFy, /Fy, (1 —k, 8") is a rational number for an arbitrary natural number k. We
also define the partial zeta function CFy, /Fy, (s, €) for a locally constant function € on W; as the function

D xewu ECOCEy, /Fy, (5, 8%), where & = Y7,y 1, £(0)8¥ is the decomposition as above.

For an arbitrary element w in W;, an arbitrary Qp-valued locally constant function ¢ on W; and
an arbitrary natural number k divisible by p — 1, we define a p-adic rational number A} (1 —k, &) by

AV (1 =k, &) =Lry Fy (1 =k, &) — k(W) spy (1=K, Ew)

where ¢, is the locally constant function on W; defined by &, (w') = g¢(ww’) for w’ in W;. Pierre
Deligne and Kenneth A. Ribet showed [6, Théoréme (0.4)] that A}’ (1 — k,8®) is a p-adic integer
for an arbitrary element w in W; and an arbitrary coset x of W;/U (also refer to [4, Hypothesis
(Hp—1)]). Jiirgen Ritter and Alfred Weiss showed the following proposition [21, Proposition 2] which
approximated the p-adic zeta pseudomeasure by the value A (1 —k, 5W)y:

Proposition 6.5 (Approximation lemma, Ritter-Weiss). Let U be an arbitrary open subgroup of W;. Then for
an arbitrary natural number k divisible by p — 1 and an arbitrary element w in W, (1 — w)&; maps to

0 AP -k 8P *x mod p" 7, [Wi/u] (6.1)
xeW;/u

under the canonical surjection Z, [W;] — ZP[W,-/Z/I]/pm(“)Zp[Wi/I/{] (note that « (x)~* is well defined by
the definition of m(U)).

6.3. Sufficient conditions

In this subsection, we will reduce the congruences among pseudomeasures to those among special
values of partial zeta functions by using the approximation lemma (Proposition 6.5), and derive the
sufficient conditions for Proposition 6.1 (2) and (3). Let NU; denote the normalizer of U; in G. Obvi-
ously NU; coincides with U, if i is equal to 3 and with G otherwise. The quotient group NU;/U; acts
on the set of locally constant functions on W; by & (w) = e(c ~'wo’) where ¢ is a locally constant
function on W; and o is an element in NU;/U;.

Proposition 6.6. The following (2) and (3)’ are the sufficient conditions for the congruences in Proposition 6.1
(2) and (3) to hold respectively:

(2)" the congruence AY (1 —k, 89y =0 mod PZy holds for an arbitrary element w in I' and for each coset

yof W3/ij (j is a natural number) which is not contained in I" and fixed by NU3 /U3 (= U, /U3);
(3)’ the congruence Ay (1 —k, 80y =0 mod p™ Zp holds for an arbitrary element w in I" and for each

coset y of W4/I“pj (j is a natural number) not contained in I". Here p™ is the order of (NU4/Us4)y =
(G/U4)y, the isotropic subgroup of G/U4 at y.
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Proof. Apply the approximation lemma (Proposition 6.5) to (1 — w)§;:

A-wi= Y AY(1—ksP)ey) ™ty modp ™), (62)
yew;/rv!

Then by the condition (2)’ and (3)’, we may calculate as

3 AY(1—k, 87 V)i (07 yo) Fo o
o &(NU;/U)/(NU;i/Uj)y
=AM(1-ksMm™* Y olye

oe(NU;/U;)/(NU;/Uj)y

; )
=p™ ) o~ 'yo mod p™"z,[wi/TV']
o e(NU;/U;)/(NU;/Up)y

for each coset y of W,-/I“pj not contained in I'. The right-hand side of the equation above is
no other than the image of y under the trace map from Zp[Conj(NU;)] to Z,[U;/V;], hence

the right-hand side of the congruence (6.2) is contained in (ZP[F/FPJ] + jgj))/pm(rpj) (resp.

(ZplT/TP] + Iij))/pm(rp]>). By taking the projective limit, we obtain congruences (1 — w)&s =
cw3 mod J3 and (1 — w)&s = cw 4 mod I4 where both ¢y 3 and cy 4 are certain elements in A(I").
Since 1 — w is invertible in A(I")(,), we obtain the congruences (2) and (3) in Proposition 6.1 by
setting c;=(1 —w) ey O

6.4. Hilbert modular forms and Hilbert-Eisenstein series

In this subsection, we will review Deligne-Ribet’s theory on Hilbert modular forms (especially the
g-expansion principle). See [6] and [21, Section 3] for details. Let K be a totally real number field of
degree r, K°°/K an abelian totally real p-adic Lie extension and X' a fixed finite set of primes of K
containing all primes which ramify in K°°. Let hx denote the Hilbert upper-half plane associated to
K defined as {t € K ® C|Im(t) > 0}. For an even non-negative integer k, we define the action of
GL(K ® R)™ (the group generated by matrices with totally positive determinants) on the set of all
C-valued functions on hg by

b
<F|,< (‘C’ Z))(r) = N(ad — bo)*N (et + d)*"F(Z id>

where NV': K ® C — C is the usual norm map.

Definition 6.7 (Hilbert modular forms). Take a non-zero integral ideal f of Ok with all prime factors in
Y and set

Too(f) = {(‘C’ Z) € SLy(K) ‘a,de 14§ bed !, cef@}

where © is the differential of K. A Hilbert modular form F of weight k on I'p(f) is a holomorphic
function® F:hgx — C satisfying F|,M = F for an arbitrary element M in Ipo(f).

6 If K is the rational number field Q, we also assume that F is holomorphic at co.
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A Hilbert modular form F has a Fourier series expansion called the standard q-expansion:

c(0) + 3 peok, c(u)q’,ﬁ (q’,é is a complex number defined as exp(2mw+/—1Trg,;(u7))). Deligne and
w0

Ribet [6, Theorem (6.1)] constructed the Hilbert-Eisenstein series attached to a locally constant func-

tion €.

Theorem-Definition 6.8 (Hilbert-Eisenstein series). Let € be a locally constant function on Gal(K*° /K) and k
an even non-negative integer. Then there exist an integral ideal f of O with its all prime factors in X and
a Hilbert modular form Gy ¢ of weight k on I'o(f) characterized by the following standard q-expansion:

27 koo ik (1 —k, €) + Z( Z S(a)K(a)"*l)qﬁ

nelk ~ nealOg
w0 prime to ¥

where ook (s, €) is the partial zeta function for ¢ defined in the same manner as Definition 6.4 (¢(a) and
Kk (a) denote e(((K*°/K), a)) and k (((K*°/K), a)) respectively, where ((K*°/K), —) is the Artin symbol for
K®°/K). The Hilbert modular form Gy is called the Hilbert-Eisenstein series of weight k attached to €.

Next let us discuss the g-expansion of Hilbert modular forms at cusps. Let A?(“ denote the finite
adéle ring of K. By the strong approximation theorem SL, (AQ“) = foo(f) -SLy(K), each element M in
SLZ(A?(“) is decomposed as M = M{M, where M1 is an element in fgo(f)—the topological closure of
I'oo(f) in SLZ(A';}“)—and M, is that in SLy(K). For such M, we define F| ;M as F|;M>. Let F, denote

a 0
F|k<0 a—1)

for a finite idéle «. The Fourier series expansion of F, is called the g-expansion of F at the cusp deter-
mined by «. Deligne and Ribet [6, Theorem (6.1)] determined the g-expansion of the Hilbert-Eisenstein
series Gy ¢ at cusps:

Proposition 6.9. Let k be an even non-negative integer and ¢ a locally constant function on Gal(K°° /K). Then
the g-expansion of Gy, . at the cusp determined by a finite idéle « is given by

N((oc))k{2*%1<oo/1<<1—k,sa>+ Z( > sa(a):c(a)"”)q‘,é}

neOk ~ pueacOg
u>>0 prime to X

where (@) is the ideal generated by o and a is defined as (K> /K), (@)™ ).

Now we introduce the Deligne-Ribet's deep g-expansion principle [6, Theorem (0.2) and Corol-
lary (0.3)]:

Theorem 6.10 (q-expansion principle, Deligne-Ribet). Let Fj, denote a rational Hilbert modular form of weight
k on I'oo(§) (that is, all coefficients of the q-expansion of Fj, at an arbitrary cusp are rational numbers), and
suppose that Fy, is equal to zero for all but finitely many k. Let « be a finite idéle of K and o, the p-th compo-
nent of . Set S(&t) = 3 o Nty Fi o

Assume that there exists a finite idéle y such that all non-constant coefficients of S(y) are contained in
pl Zp) for a certain integer j. Then the difference between the constant terms of the q-expansions of S(«) and
S(B) is also contained in pr(p) for arbitrary two distinct finite idéles o and B.
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6.5. Proof of the sufficient conditions

Now we prove the sufficient conditions (2)" and (3)’ in Proposition 6.6.

Proof of Proposition 6.1. Suppose that i is equal to either 3 or 4 in the following. Let j be a suffi-
ciently large integer and y a coset of W;/I'P’ not contained in I". Let Gy s be the Hilbert-Eisenstein

series of weight k attached to 8§ and let Ey 5w be the restriction of Gy s to F. Then the standard
g-expansion of Ey 5 is given by

. Trey /F (V)
2P0y, (1—k,80) + Z( 3 a<Y>(b)K(b)"*1)qFrF”’/FV (6.3)

ve(DFU, vebgOpU,
1 . 1
v>3>0 prime to ¥

where q?u‘ is defined as exp(2n«/—1Teri/Q(v7:)). Let P; denote the set of all pairs (b, v) where b is

a non-zero integral ideal of (’)pui prime to X' and v is a totally real element in b. Then P; enjoys the
natural action of NU; and NU;/U;.

(Case-1). Suppose that the isotropic subgroup (NU;/U;),v) at an element (b, v) in P; is trivial. Then
we may easily calculate the sum of non-constant terms in (6.3) containing (NU;/U;)-orbit of (b, v)-
part:

_1 Trey. %) B e r(v)
Z 5(Y)(ha)K(bg)k 1qFFu,/F _ Z N ])(b)lc(h)quFFU'/F
oeNU;/U; 0eNU;/U;
- Trg,, /F(V)
:pmy Z 8((7}’0 1)(b)K(b)k—]qFFU,/F )

oe(NU;/U;j)/(NU;/Uj)y

(Case-2). Suppose that the isotropy subgroup (NU;/U;)p,v) is not trivial. Let F ;) denote the max-
imal intermediate field of Fy,/F fixed by (NU;/U;)p,v) and FEb » that of F*°/F fixed by the com-
mutator subgroup of (NUi)(,v). Then there exist a unique integral ideal a of OF, , and a unique

element p in a which satisfy (b, v) = (aOFUi , ). For such a and wu, the equation

8W(0) =8 (((Fv,/Fuy), a0k, )) = 8 o Ver(((F(y )/ Fib.v)), 0)) =0

holds since the image of the Verlagerung homomorphism is contained in I" by Lemma 4.3 but y is
not contained in I by assumption.

Therefore Ej s has all non-constant coefficients in p™ Zy) by (Case-1) and (Case-2). Take a fi-
nite idéle y satisfying ((Fy,/Fu,), (y)y~1) = w. Then the constant term of Ep s — Egsm(y) is also
contained in p™ Zp) by g-expansion principle of Deligne and Ribet (Theorem 6.10), which is nothing
but 27Fu; :@]Al‘."’(l —k,8Y). Note that 2 is invertible since p is an odd prime number. O

7. Proof of the main theorem

In the previous section, we obtained congruences among the abelian p-adic zeta peudomeasures
(Proposition 6.1). Unfortunately, these congruences are not sufficient to prove that (S,-)?:O is contained
in Ws, therefore we may not apply Burns’ technique 2.4 directly to (Ei)fzo. In this section we will
modify the proof of Theorem 2.4 and prove our main theorem (Theorem 2.1) by using certain induc-
tion.
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7.1. Kato’s p-adic zeta function for Fy/F

Let N be a (closed) normal subgroup of G as was defined in Section 3.1. Set G=G/N,U;=U;/N
and V; = V;N/N respectively. Note that the p-adic Lie group

_ 1 F, Fp
G= <O 1 ]Fp) x I
0 0 1
is a group “of Heisenberg type.” Kazuya Kato [13, Theorem 4.1] has already proven the existence and

the uniqueness of the p-adic zeta function for every totally real Galois extension of Heisenberg type,
hence we obtain the following:

Theorem 7.1 (K. Kato). The p-adic zeta function & for Fy /F exists uniquely and the Iwasawa main conjecture
(Conjecture 1.6(2)) is true for Fy/F.

Note that there exists a splitting exact sequence

T _
1 N G G 1
with a section s defined as
] 1a d 0150
s:G— G; 01 b]).,t°)—~ N
00 1 0010
0 001

Let C = Cfo/r denote the complex defined as (1.2), which is an object of C5;)erf(A(G)) by hypothe-
sis (#). Let [C] denote the norm image of [C] in Kg(%sperf(A(E)),qis). Note that Kato’s p-adic zeta
function £ satisfies the main conjecture 3(¢£) = —[C] by Theorem 7.1.

Proposition 7.2. There exists a characteristic element f for F* /F whose image in K1 (A(G)s) coincides with
the Kato’s p-adic zeta function &.

Proof. For an arbitrary element x in K1(A(G)s), let X denote its image in K; (A(G)s). Take an ar-
bitrary characteristic element f’ for F®/F. Then 3(£(f’)~!) vanishes by the functoriality of the
connecting homomorphism 9 and the main conjecture for Fy/F. The localization exact sequence
(1.1) implies that £(f’)~! is the image of an element in K;(A(G)), which we denote by i. Then the
element f in K;(A(G)s) defined as f’s(ii) satisfies the assertion of the proposition where s denotes
the homomorphism K;(A(G)) = Ki(A(G)) induced by s. O

7.2. Completion of the proof

Let f be a characteristic element for F*°/F whose image in K1(A(G)s) coincides with & and f; its
image under the map 6s ;. Set u; = Eif,.’l. Then 9d(uj) vanishes by construction, thus u; is contained
in A(U;/V;)* by the localization sequence (1.1). To prove Theorem 2.1, it suffices to show that (u,-);‘:O
is contained in ¥ by the proof of Burns’ technique (Theorem 2.4). Note that (ui);1 o Obviously satisfies

the norm relations for ¥ since both (f;)#_, and (&)}, satisfy them.

i=0

Proposition 7.3. Each u; satisfies the following congruences:
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Uy =@(up) mod Iy, uz =@(up) mod Iy,
u3=ds mod Js3, ug=ds modIy
where both d3 and d4 are certain elements in A(I").
Recall that J3 contains I3 (see the last paragraph of Section 4.1).

Proof. Each f; satisfies the congruences in the definition of ¥s since (f,-);‘:0 is contained in Ws.
Hence ¢(fo)~(©:UD/P f; is contained in 1+ Ig; for each i except for 0. On the other hand, each &;
satisfies the congruences in Proposition 6.1, thus gp(éo)éi_] is an elementin 1+41Is; fori=1,2, C3%'3_]
isin 1+ Js 3 and C4$4_1 is in 1+ Is 4 respectively. Then we may obtain the desired congruences by
multiplying them appropriately since we may replace c;p(&)~(¢:U)/P by an element d; in A(I") for
i=23 and 4 (refer to Remark 6.3). O

Lemma 7.4. The element (ui)?:o is contained in the kernel of the canonical surjection w* : []; A(U;/Vi)* —
[T; AU/ Vi)™

Proof. The claim follows from the construction of f (Proposition 7.2) and the compatibility between
7> and 6;. O

Lemma 7.5. The Zy-module |3 contains s o 7w ( J3) and the Zy-module 14 contains s o 7t (14) respectively.
Proof. Just simple calculation. O

Lemma 7.6. The element ¢ (u;) is equal to 1 for each i.

Proof. The Frobenius homomorphism ¢ : A(U;/V;) — A(I") factors as so@om where @: A(U;/V;) —

A(I") is the Frobenius homomorphism on A(U;/V;) and 7 is the canonical surjection A(U;/V;) —

A(U;/V;). Hence the claim holds since (u,-)f:O is contained in the kernel of 7* by Lemma 74. O

Proof of Theorem 2.1. It is sufficient to verify that (u,-)f:O satisfies the desired congruences for V.
The congruence for i =1 and 2 has been already proven in Proposition 7.3, hence we will verify the

congruence u; = ¢ (ug)®U/P mod I; for i =3, 4 as follows. By operating s o 7 to the congruences in
Proposition 7.3, we obtain the following congruences:

som(uz)=ds modsom(J3), som(ug) =ds modsorm(ly).

Both s o (u3) and s o (uy) are equal to 1 by Lemma 7.4, thus the congruences

us=ds3=1=@(up)’ mod Js, Uus=ds=1= (,o(uo)p2 mod I4 (7.1)

hold by Lemmas 7.5 and 7.6. Hence we have only to verify the congruence

us =1(=@(ue)?) mod I3. (7.2)

We remark that us is contained in 1+ J3 and u4 is contained in 1+ I4 respectively by (7.1), thus
logus is contained in J3 and loguy is contained in I4 by logarithmic isomorphisms (Lemma 4.6). We
may describe logus and loguys as A(I")-linear combinations of generators of J3 and I which we
denote by
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logus = Z v(3)ﬂ yth, +va(4)ﬂ o/,

b,c#0
loguy = Zp3af(1)§f + szoe(z)eeh; + Z paca)ychghg.
f e#0 c#0

Then we may calculate that Trzp[[u3/v3]]/zp[[u4/v3]](logu3) is equal to an element defined as
pDG)yCh + p2fj(4)h and the image of loguy in Z,[[U4/V3] is equal to the element defined
c#0 P Yoc ¢ f of "¢ p

as )¢ pz(po}l) + X0 o el + > ck0 p26 P yCh,. Since (uj)f, satisfies the norm relations for ¥,
we obtain the following relations among coefficients by the corresponding trace relation (rel-6):

4 1 2 3 3
véf)_pa()—f—Za(), véc)_pcrc() (c#0).
e£0

Therefore if we set

o
M _ 50 @ _ | Lezo0e” ifc=0
Vi =05 Ve (3) .

o; ifc#0,

3)_ =3 4 (4
v =Py (b#0,c£0), v =0 (b#0),
the element logus is written as

sz (])g“f—i-va(z) Ch;—i— Z Ulgg)ﬂbj/ch;-i- Z pvé}“ﬁb;f,
b#0,c#£0 b0, f

which implies that logus is contained in I3. Since the logarithm is injective on 1+ J3 and induces
an isomorphism between 1+ I3 and I3, usz is contained in 1+ I3. Therefore the congruence (7.2)
holds. O

Remark 7.7. The element & = uf constructed as above satisfies 0s(&) = (51)?:0. Since ¥s contains the
image of 6s, we especially obtain the following non-trivial congruences among abelian p-adic zeta
pseudomeasures:

2
E3=@¢)? modlss,  &a=¢()? modIs 4.
It seems to be almost impossible to derive such congruences by using only g-expansion principle.
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