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ABSTRACT 

If D = (V, A) is a digraph, its p-competition graph has vertex set V and 
an edge between x and y if and only if there are distinct vertices al, . , aP 
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and arcs (z, ai) and (y, ai) in D for each i 5 p. This definition generalizes the 
widely studied p = 1 case of ordinary competition graphs. We obtain results 
about pcompetition graphs analogous to the well-known results about ordinary 
competition graphs and apply these results to specific cases. 

1. INTRODUCTION 

The notion of competition graph was introduced by Joel Cohen [7] in 
connection with a problem in ecology. Since Cohen’s initial article, an ex- 
tensive literature has appeared on competition graphs and their various 
applications, which in addition to ecology include applications to channel 
assignments, coding, and modeling of complex economic and energy sys- 
tems; see [31]. For surveys of the literature of competiton graphs, see [19, 
23, 391. Many variations of ordinary competition graph have been intro- 
duced, including the common enemy graph (resource graph) in [26, 381, the 
competition-common enemy graph in [18, 22, 36, 371, the niche graph in 
[3, 5, lo], and the competition multigraph in [I]. 

We introduced another such generalization, the pcompetition graph, in 
[20]. This notion and related parameters have spawned considerable inter- 
est, including [ll, 14, 17, 211. The present paper contains the foundations 
of that work, as first presented in [20]. 

Suppose D = (V, A) is a digraph. (For all undefined graph theory termi- 
nology, see Bondy and Murty [2] or Roberts [33].) If p is a positive integer, 
the p-competition graph C,(D) corresponding to D is defined to have vertex 
set V with an edge between x and y in V if and only if, for some distinct 
al,..., ap in V, the pairs (2, al), (Y, al), (2, as), (Y, as), . . . , (z, oP), (y,o,) 
are arcs. If D is thought of as a food web whose vertices are species in 
some ecosystem, with an arc (x, y) if and only if x preys on y, then {x, y} 
is an edge of C,(D) if and only if x and y have at least p common prey. 
Note that Cl(D) is the ordinary competition graph of [7]. 

It is common in the literature of competition graphs to make special as- 
sumptions about D, in particular that it is acyclic. However, the definition 
makes sense in general. The definition can be thought of as a special case 
of a more general notion of tolerance intersection graph which has been 
developed in [15, 161. 

In the present paper, we study the properties of pcompetition graphs, 
obtaining, where possible, analogues of results about ordinary competition 
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graphs. Section 2 introduces p-edge clique coverings as the basic tool for 
the study of p-competition graphs of arbitrary digraphs (loops allowed), 
producing results analogous to those of Dutton and Brigham [9]. We also 
present several basic results for 2-competition graphs. Section 3 studies 
pcompetition graphs of loopless digraphs, producing results analogous to 
those of Roberts and Steif [35], and also the acyclic case, producing results 
analogous to those of Dutton and Brigham [9] and Lundgren and Maybee 
[24]. Section 4 contains closing remarks and in particular applies our meth- 
ods to an analogue of the notion of upper bound graph, obtaining a result 
analogous to those of McMorris and Zaslavsky [30]. 

2. p-COMPETITION GRAPHS OF ARBITRARY DIGRAPHS 

In this section, we study p-competition graphs of arbitrary digraphs. 
Following the work on ordinary competition graphs in [9], we allow loops 
in this section. 

The notion of edge clique covering plays an important role in the study 
of ordinary competition graphs. An edge clique covering, or ECC, of G 
is a collection of cliques such that every edge of G is in at least one of 
these cliques. In the case of p-competition graphs, a related notion plays 
an analogous role. Suppose G is a graph and F = {SI, . . . , ST} is a family 
of subsets of the vertex set of G, repetitions allowed. We say that F is a 
p-edge clique covering or p-ECC if for every set {ii, i2, . . , ip} of p distinct 
subscripts, T = Si, n Si, n. . . II Sip either is empty or induces a clique of G, 
and the collection of sets of the form T covers all edges of G. Note that a l- 
ECC is an ordinary ECC. (An equivalent notion of “p-generator” is defined 
in Chung and West [6].) Let 0:(G) be the smallest r for which there is a 
p-ECC. Our first result is analogous to the Dutton-Brigham theorem [9] 
for competition graphs of arbitrary digraphs. 

THEOREM 1. A graph G with n vertices is a p-competition graph of an 
arbitrary digraph if ‘and only if 8!(G) 5 n, which is true if and only if G 
has a p-ECC consisting of n sets. 

Proof. Suppose G = C,(D), where D = (V, A), and let V(G) = 
{WI,. . . , wn}. For each i, let Si = {wj: (wj,wi) E A}, making the family of 
Si a pECC. Conversely, suppose G and a p-ECC F = (5’1,. . . , S,.}, with 
r 5 n, are given. Define D = (V,A) on V = V(G) by letting (Q,w~) E A if 
and only if vi E Sj. It is easy to verify that G = C,(D). The last part of 
the theorem follows because repetitions are allowed in F. ??

Note that the D constructed in the proof of Theorem 1 might indeed 
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have loops. Note also that repetitions need to be allowed in F, since K2 
is a 2-competition graph but does not have a 2-ECC which consists of two 
distinct sets of vertices. Furthermore, repetitions cannot be allowed among 
the subscripts ii, . . . , i,, since the 4-cycle C4 is not a 2-competition graph 
(as shown in the following corollary), but the collection of two-element sets 
corresponding to its edges would form a 2-ECC if repetitions were allowed 
among the i’s. 

COROLLARY 1. C4 is not a 2-competition graph of an arbitrary digmph. 

Proof Let the vertices around the Ccycle be, in order, zi, x2, x3,24. 
By Theorem 1, we can suppose F is a 2-ECC which consists of four sets. 
Suppose that some vertex, say xi, belongs to all four sets. Since x2, x3 
appear together in at least two sets of F, x1 and x3 must both appear 
together in at least two sets, which contradicts the nonadjacency of xi and 
x3. Thus, each xi is in at most three sets in F. But xi must be in at least 
two sets with x2 and at least two sets with x4, while x2 and x4 are in at 
most one set together. Thus, xi is in at least three sets, and so in exactly 
three sets of F. We conclude that each xi is in exactly three sets of F. But 
then xi and x3 are in two sets together, which is a contradiction. H 

Corollary 2 will be stated in terms of 0, (G), the cardinality of a smallest 
ECC of G, and will give a condition for G to be a p-competition graph of 
an arbitrary digraph. It is a consequence of Theorem 1 and the follow- 
ing lemma. 

LEMMAS. For any graph G, B:(G) I B,(G) +P - 1. 

Proof. Let Ll,..., L, be an ECC of G. Define Si = Li if i 5 r and 
Si = V(G) if i = r+l,. . . ,r+p-1. To see that the Si’s form ap-ECC, note 
that the intersection of any p of them is either empty or the intersection 
of some of the Li’s, and hence is empty or a clique. Also, any edge of G is 
included in some Li and hence in Si n $-+I n . . . n ST+p-~. ??

COROLLARY 2. If G has n vertices and B,(G) 5 n - p + 1, then G is 
a p-competition graph of an arbitrary digmph. 

Recall that a graph is a chordal graph whenever every cycle of length at 
least four has a chord (an edge joining two nonconsecutive vertices along 
the cycle). 

COROLLARY 3. Every chordal graph is a 2-competition graph of an 
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arbitrary digraph. 

Proof. If G is chordal, then B,(G) 5 n - 1. The proof is by induction 
on n, noting that, by [8], every chordal graph G has a vertex x whose closed 
neighborhood is a clique, and so B,(G) 5 B,(G - x) + 1. ??

The bound in Corollary 2 is sharp, since Cd is not a 2-competition graph 
of an arbitrary digraph and ee(C4) = n - p + 2 if p = 2. The 6-cycle Cs 
shows that the converse is not true: e,(Cs) = 6 > n - p + 1 if p = 2, but 
by the corollary to Theorem 3 below, C’s is a 2-competition graph. We 
also show in Theorem 4 that the converse of Corollary 2 fails: 0,(G) can 
be arbitrarily larger than n - p + 1 for G a p-competition graph, indeed 
even when p = 2. We next give a few results about 2-competition graphs 
in preparation for Theorem 4. 

We first show that several simple constructions allow us to build up a 
new 2-competition graph from another 2-competition graph G. One con- 
struction is that of adding a pendant edge at a vertex x of G. This means 
adding to G a new vertex u and a new edge (5,~). Another construc- 
tion is a restricted case of adding a path Pk between vertices x and y of 
G. This means adding to G vertices x1,52,. . . , xk_2 and edges {x,x1}, 
{~1,~2},...,{ - Xk 3,5k-2}, {x&2, y}. A third construction is a restricted 
case of adding a path Pk with a pendant edge, which means adding a path 
Pk as above and also a vertex v and edge {xi, v} for some i between 1 
and k - 2. 

THEOREM 3. Suppose G is a 2-competition graph of an arbitrary di- 
graph. Then G’ is a 2-competition graph of an arbitrary digraph if G’ is 
obtained from G by 

(a) adding a pendant edge at a vertex; 
(b) adding a path Pk with k = 3 between adjacent vertices x and y in G, 

or adding Pk with k > 4 between arbitrary distinct vertices in G; or 
(c) adding a path P4 from x to y with a pendant edge, where x and y are 

distinct vertices in G. 

Proof. Let G have n vertices. By Theorem 1, there is a 2-ECC Si, . . . , 
S, for G. 

(a): Let G’ be obtained from G by adding a pendant edge {x,u} at 
vertex x. We may assume that x is in 5’1. For, if x is in any Si, we may 
assume it is in Si. If x is not in any Si, then we can add x to Si without 
changing the fact that we have a 2-ECC. Form a 2-ECC for G’ using n + 1 
sets by setting Si = Si U {u}, Si = Si for i = 2,. . , n, and SL+i = {x, u}. 
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(b): Let G’ be obtained from G by adding a path Pk with Ic = 3 or 
k > 4 from x to y. Suppose k > 4. We shall show that we can assume 
without loss of generality that x E Sr and y E Ss. If {x, y} is an edge of G, 
then x, y are together in two sets Si and Sj, and without loss of generality 
these are S1 and Sz. Suppose {x, y} is not an edge. As in the proof of part 
(a), we may assume without loss of generality that x is in Si. If y is in any 
Sj, j # 1, we may assume y is in Sz. If y is not in any Sj, j = 1,. . . , 78, we 
may add y to S2 without changing the fact that Si, . . . , S,, is a 2-ECC. If 
y is only in Sr and x is also in some Sj, j # 1, we may switch subscripts 
to get the desired conclusion. It remains to consider the case where x and 
y are in 5’1, but neither x nor y is in any other Sj. Then we may remove y 
from & and add it to & without changing the fact that we have a 2-ECC. 

Now, we build a 2-ECC for G’ which uses n + k - 2 sets by taking 5’: = 
Sr U {XI}, Sh = S.2 U {x~_z}, S,! = Si for i = 3,. . . ,n, Sh+,,, = {x, xi, x2}, 

$zte that if this construction were used for k = 4, then {x,x2} could be 
= {x1,x2,x3}, Sk+, = {x2,x3,x4}, ‘.‘> ‘$+,_2 = {x/c-3,x!+2,y). 

in the two sets 5’; and Sh+i, which is not acceptable.) 
Suppose k = 3, and that (2, y} is an edge of G. In this case, there are 

two sets, 5’1 and Ss without loss of generality, which both contain x and y. 
Build a 2-ECC for G’ by taking 5’: = Si U {xl}, S,! = Si, i = 2,. . . , n, and 
S’ n+1 = {Wl,Y~- 

(c): Let G’ be obtained from G by adding a path P4 from x to y and 
a pendant edge, without loss of generality (22, w}. If x is not in any Si, 
then we may place x in Si and not change the fact that we have a 2-ECC. 
Thus, by changing subscripts if necessary, we may assume that x is in Si. 

Assume first that y is not in Si. Then, define a 2-ECC for G’ by 
taking S{ = Si U {xl}, 5”: = Si, i = 2,. . . ,n, $+I = {XI, ~2,y}, 5$+2 = 
{x:,x1, x2, v), Sk+, = {y, x2, w}. (Note that to prove that this is a 2-ECC, 
we need y not in Si, for otherwise y, xi are in two sets together.) 

Suppose next that x and y are both in Si. Define a 2-ECC for G’ 
by taking S’i = S1 U {x1,x2}, Si = S,, i = 2,. . ,n, SA,, = {x,x1}, 
5%+2 = {Y> x2,21}, Sk+, = {x1,x2,7J). ??

Note that part (b) of Theorem 3 would be false with k = 4, since K2 
is a 2-competition graph but C4 is not. Part (b) would also be false with 
k = 3 and x and y nonadjacent, since Pa is a 2-competition graph (by 
Corollary 3 to Theorem 1) but C4 is not. 

Recall that a unicyclic graph is a graph which is connected and has 
exactly one cycle. 

COROLLARY 4. All unicyclic graphs except C4 are 2-competition graphs 
of arbitrary digraphs. 
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Proof Note that K4 is a 2-competition graph. Each n-cycle C, with 
n # 4 is a 2-competition graph by Theorem 3(b). Suppose that G is 
unicyclic and that the unique cycle in G has length n. If n # 4, then G can 
be built up from C, by adding pendant edges, and so is a 2-competition 
graph by Theorem 3(a). If n = 4 and G # Cd, then G can be built up from 
C4 by successively adding pendant edges, and so is a 2-competition graph 
by Theorem 3(a) [noting by Theorem 3(c) that C4 with a pendant edge is 
a 2-competition graph, since it can be constructed from Kz by adding a P4 
with a pendant edge]. ??

Isaak et al. [13] study the question of what complete bipartite graphs 
are 2-competition graphs. One of the results shown there is that Kz,~ is a 
2-competition graph if and only if x = 1 or 5 2 9. 

We can now show that the converse of Corollary 2 to Theorem 1 can 
be wrong in an arbitrarily large way. 

THEOREM 4. For every t, there is a graph G which is a p-competition 
graph of an arbitrary digmph and which has 

B,(G) - (n - p + 1) > t. 

Proof. Start with C’s, which is a 2-competition graph by Corollary 4. 
ForCs, x=6,(G)-(n-p+l)=lifp=2. AddingapathPkwithk>4 
between two distinct vertices of C’s produces another 2-competition graph 
by Theorem 3(b). Moreover, 8, has increased by k - 1, and the number 
of vertices n has increased by k - 2, which means that X = 2. Repeat 
the process, each time adding a path Pk with k > 4 between two distinct 
vertices, and so each time increasing X by 1. ??

3. p-COMPETITION GRAPHS OF ARBITRARY LOOPLESS 
DIGRAPHS AND OF ACYCLIC DIGRAPHS 

In the case of ordinary competition graphs, Roberts and Steif [35] prove 
that Kz is the only graph which is a competition graph of a digraph with 
loops but which is not one when loops are forbidden. The situation is 
more complicated for p-competition graphs. Since any graph of at most 
p + 1 vertices which has an edge is obviously not a pcompetition graph 
of a loopless digraph, Theorem 1 or the corollary to Theorem 3 can be 
used to see that Kz, K2 U K1, P3, and KS are 2-competition graphs but 
not if the digraph is required to be loopless. For every p 2 1, Kp+l is an 
example of a p-competition graph which is not a pcompetition graph of a 
loopless digraph. 
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The following theorem is analogous to the result of Dutton and Brigham 
[9] about ordinary competition graphs and has an analogous proof using 
Theorem 1. 

THEOREM 5. Suppose G is a graph of n vertices. Then G is a p- 
competition graph of a loopless digraph if and only if G has a p-ECC con- 
sisting of sets 571,. . . , S, and a labeling of vertices as ~1, . . . , v, so that 
vi E Sj implies i # j. 

The next result is analogous to one of Roberts and Steif [35] about 
ordinary competition graphs of loopless digraphs and has an analogous 
proof using Theorem 5. 

LEMMA 6. A graph G is the p-competition graph of a loopless digraph 
if and only if G has a p-ECC 5’1,. . . , S, such that if Di = V(G) - Si, then 
{Dl,Dz,... , Da} has a system of distinct representatives. 

THEOREM 7. Suppose G is a graph of n vertices. Then G is a p- 
competition graph of a loopless digraph if and only if G has a p-ECC 
Sl,... , S, such that for all k < g, ISi, fl Si, n . . . n Si, 1 < n - k. 

Proof By Philip Hall’s theorem, { DI, . . . , Da} has a system of distinct 
representatives if and only if the condition in the theorem holds. ??

Note that Theorem 7 is not as complete a result as the result of [35] 
which lists all examples of graphs which are l-competition graphs of arbi- 
trary digraphs but not of loopless digraphs, Kz being the only example. 
We have not been able to compile a complete list of such examples, even 
for the case p = 2. 

In studying competition graphs of acyclic digraphs, Roberts [32] ob- 
served that adding sufficiently many isolated vertices to an arbitrary graph 
G makes it into the competition graph of some acyclic digraph. The small- 
est such number of isolated vertices was called the competition number of 
G and denoted k(G). The characterization of competition graphs of acyclic 
digraphs reduced to the question of computing the competition number of 
an arbitrary graph. Analogously, Kim et al. [21] show that every graph G 
can be made into the p-competition graph of some acyclic digraph by adding 
sufficiently many isolated vertices, and they call the smallest such number 
of isolated vertices the p-competition number of G, It,(G). In particular, 
[21] shows that, for all graphs G, kr(G) 5 k(G) +p - 1, and that in many 
cases this bound is tight; nevertheless, there are G for which k,(G) < k(G), 
and even when p = 2 the difference can be made arbitrarily large. 
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The next theorem is a graph-theoretic characterization which is anal- 
ogous to those for competition graphs by Dutton and Brigham [9] and 
Lundgren and Maybee [24]. The proof is also analogous, using Theorem 5. 

THEOREM 8. Suppose G is a graph of n vertices. Then G is a p- 
competition graph of an acyclic digraph if and only if G has a p-ECC con- 
sisting of sets SI, . . . , S, and a labeling of vertices as ~1,. . . , v, so that 
Vi E Sj implies i < j. 

4. CLOSING REMARKS 

The results in this paper leave some natural questions unresolved. For 
example, we have not been able to find a complete list of graphs which are 
pcompetition graphs for arbitrary digraphs with loops but not for arbitrary 
digraphs without loops. Also, are there interesting families of graphs which 
are S-competition graphs of arbitrary digraphs? 

We have also not touched upon the natural generalization of the major 
open problem for ordinary competition graphs: Which acyclic digraphs 
have p-competition graphs which are interval graphs? A related problem is 
to characterize those pcompetition graphs which are interval graphs under 
different assumptions about the underlying acyclic digraphs. (See [12] for 
recent work on these latter two problems for the case p = 1.) 

Another direction of research would be to apply the theory of p_ECCs 
which we have developed to study pgeneralizations of various classes of 
graphs which have characterizations by edge clique coverings. A variety of 
such classes of graphs are described in the survey paper [34]. To give an 
example, if F is a family of sets, its p-intersection graph can be defined to 
be the graph whose vertices are the sets in F and whose edges correspond 
to pairs of sets which have at least p elements in common. Thus, the l- 
intersection graph of F is the same as the ordinary intersection graph. The 
analogy between intersection graphs and p-intersection graphs is studied 
in [28]. 

It can easily be shown that every graph arises as a p-intersection graph 
for every p (see [is]). M oreover, we can define the p-intersection number 
of a graph G to be the cardinality of the smallest set 5’ such that G is a p- 
intersection graph of a family of subsets of S. Then one can show that this 
pintersection number is the same as B:(G), which is a generalization of the 
well-known result that the ordinary intersection number of G is the same 
as f?,(G); see [34]. From Theorem 1 we see that determining pintersection 
numbers is important in the study of pcompetition graphs. This parameter 
has been recently investigated in [4, 6, 14, 17, 20, 211. 

To give a second example, a topic of interest related to competition 



176 SUH-RYUNG KIM ET AL. 

graphs is the study of upper bound graphs of posets; see [25, 29, 301. If 
(X, <) is a poset, its upper bound graph G is defined as follows: V(G) = X, 
and {u, v} E E(G) if any only if, for some w E X, either u < w or u = w, 
and also either v < w or v = w. Analogously, we might say that G is 
the p-upper bound graph of (X, <) if V(G) = X and there are distinct 
Wl,..., wp E X such that, for i = 1,. . . ,p, either u < wi or u = wi and 
also either v < wi or v = wi. The following characterization of pupper 
bound graphs is analogous to the characterization of upper bound graphs 
using ordinary ECC’s in [25] and has an analogous proof. 

THEOREM 9. Suppose G is a graph of n vertices. Then G is a p-upper 
bound graph of a poset if and only if G has a p-ECC consisting of sets 
SIT..., S,, and a labeling of vertices as vi,. . , , v, such that vi E Si for all 
i and also such that (vi E Sj) implies both i 5 j and Si 2 Sj for all i, j. 

Other classes of graphs, such as neighborhood graphs and 2-step graphs, 
defined in [34], are studied in [27]. 
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