
European Journal of Combinatorics 30 (2009) 1071–1081

Contents lists available at ScienceDirect

European Journal of Combinatorics

journal homepage: www.elsevier.com/locate/ejc

Cage-amalgamation graphs, a common generalization of
chordal and median graphs
Boštjan Brešar, Aleksandra Tepeh Horvat
FEECS, University of Maribor, Smetanova 17, 2000 Maribor, Slovenia

a r t i c l e i n f o

Article history:
Available online 4 October 2008

a b s t r a c t

A class of graphs, called cage-amalgamation graphs, that is
contained in weakly modular and fiber-complemented graphs
and contains median and chordal graphs, is introduced and
characterized in several ways. A variation of the Hamming
polynomial is also introduced and used in obtaining two tree-like
equalities for these graphs, that were previously known for both
chordal andmedian graphs. The first equality is

∑
i≥0(−1)

iρi(G) =
1, where ρi(G) is the number of i-regular Hamming subgraphs in a
cage-amalgamation graph G.

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Several generalizations of the well-known class of median graphs have been studied so far. Quasi-
median graphs were introduced by Mulder by generalizing the concept of medians of triples (in
median graphs) to pseudo-medians of triples [13]. Similar, but locally oriented condition, yields the
class of weakly median graphs, as introduced by Bandelt and Chepoi [1]. Another natural class are
fiber-complemented graphs, defined by a condition on the gate function in graphs [8].
All these median-like classes have at least one characterization which is of common nature and

states that they are precisely the graphs that can be obtained by a sequence of gated amalgamations
from Cartesian products of the graphs that belong to a certain small subclass of this class [1,2,8]. This
subclass naturally consists of those graphs from the class that are not decomposable with respect
to Cartesian product operation nor can be realized as nontrivial gated amalgams of two graphs; we
call them prime graphs of the class. It was proposed in [4] to study median-like classes through the
properties of their prime graphs. In particular, classes of fiber-complemented graphs that are closed
for gated subgraphs, gated amalgamations and Cartesian products were studied and called GACI-type
classes of graphs [4]. Such classes are for instance median graphs (with only K2 as the prime graph),
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quasi-median graphs (prime graphs are all complete graphs [2]), weakly median graphs (see [1] for
a quite long list of prime graphs), and fiber-complemented graphs themselves (their prime graphs
can be characterized as the graphs whose only gated subgraphs are singletons [7,8]). In this paper we
give a closer look at the GACI-type class whose prime constituents are all connected, chordal graphs
without cut-vertices. We call this class the cage-amalgamation graphs, where cage in the name stands
for the Cartesian product of arbitrary (connected, cut-vertex-free) chordal graphs. By definition these
graphs are obtainable from cages by a sequence of gated amalgamations. They form a natural common
generalization of chordal and median graphs. In particular, it is easy to see that triangle-free cage-
amalgamation graphs are precisely median graphs, and square-free cage-amalgamation graphs are
precisely chordal graphs.
In the next section we fix the notation and state some preliminary results. In Section 3 we prove

our main results, that is several characterizations of cage-amalgamation graphs, in which we use
operations of expansion and peripheral amalgamation, as well as Uab-sets and the gate function. In
Section 4 we introduce a variation of the Hamming polynomial of a graph, and prove some general
properties of this polynomial. Then we consider the Hamming polynomial in cage-amalgamation
graphs, and infer two tree-like equalities that generalize previously known equalities in both median
graphs and chordal graphs.

2. Preliminaries

In this paper we consider finite, undirected graphs. For u, v ∈ V (G), let dG(u, v) denote the length
of a shortest path between u and v in G (we write d(u, v) for short). A subgraph H of a graph G is an
isometric subgraph, if dH(u, v) = dG(u, v) for all u, v ∈ V (H). For instance, it is easy to see that a
shortest odd cycle in a graph is isometric. The interval I(u, v) is the set of vertices that lie on shortest
paths between u and v, that is I(u, v) = {x : d(u, v) = d(u, x) + d(x, v)}. A subgraph H of a graph G
is convex in G if for any two vertices u, v of H , I(u, v) lies in H .
Convexity can be strengthened as follows. A subset of vertices S ⊆ V (G) is called gated in G if for

every x ∈ V (G) there exists a vertex u in S such that u ∈ I(x, v) for all v ∈ S. If for some x such a vertex
u in S exists, it is unique, and it is called the gate of x in S, and denoted by pS(x). By abuse of language
subgraphs induced by gated sets will be called gated subgraphs.
The Cartesian product G�H of graphs G andH is the graphwith the vertex set V (G)×V (H) in which

vertices (g, h) and (g ′, h′) are adjacent whenever gg ′ ∈ E(G) and h = h′, or g = g ′ and hh′ ∈ E(H). A
very useful metric property of the Cartesian product is that

dG�H((g, h), (g ′, h′)) = dG(g, g ′)+ dH(h, h′)

for any two vertices (g, h), (g ′, h′) ∈ V (G) × V (H). For an arbitrary h ∈ V (H) the G-fiber of G�H is
Gh = {(g, h): g ∈ V (G)}, thus it induces a subgraph isomorphic to G. Similarly we define H-fibers and,
more generally, fibers in Cartesian products with more factors. The Cartesian product is associative
and commutative and K1 is its unit; see [10] for more on graph products. Finally, recall that Cartesian
products of complete graphs are called Hamming graphs.
A graph satisfies the triangle property if, for any edge vw and any vertex uwith d(v, u) = d(w, u) =

k ≥ 2, there exists a common neighbor x of v and w with d(x, u) = k − 1. A graph satisfies the
quadrangle property if, for any vertices v, z, w and u with d(v, u) = d(w, u) = k = d(z, u) − 1 and
d(v,w) = 2, where z is a common neighbor of v andw, there exists a common neighbor x of v andw
with d(x, u) = k−1. A graph isweakly modular if it satisfies the triangle and the quadrangle property.
Clearly a convex (and thus also any gated) subgraph of aweaklymodular graph is alsoweaklymodular.
A cover C of a graph G is a set of induced subgraphs C = {G1, . . . ,Gn} of G such that G =

G1 ∪ G2 ∪ · · · ∪ Gn. We say that a cover C is proper, if every induced Hamming subgraph of G is
contained in at least one of the graphs of C (in particular, every edge is contained in one of the graphs
of C). A graph G is said to be the (gated) amalgam of G′ and G′′ if {G′,G′′} is a proper cover of G and
G′,G′′ are both gated subgraphs of G. Note that G′ ∩ G′′ is also a gated subgraph and we will say that
G is obtained by an amalgamation along the common gated subgraph G0 = G′ ∩ G′′ of G′ and G′′. It is
easy to see that if H is a gated subgraph of G′ then H is gated also in G.
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Let G be a connected graph, and let {G1, . . .Gk} be a proper cover of G, each Gi is gated in G, and
Gi ∩ Gj = G0 for all i 6= j, where also G0 is a gated subgraph of G. Let H be a connected graph on the
vertex set V (H) = {1, 2, . . . , k}. A gated expansion G∗ of a graph G with respect to the proper cover
{G1, . . . ,Gk} (overG0) andwith respect toH , is a graph constructed as follows. LetG∗i be an isomorphic
copy of Gi, for i = 1, . . . , k, and, for any vertex u of G0, let ui be the corresponding vertex in G∗i . Then
G∗ is obtained from the disjoint union of graphs G∗1, . . . ,G

∗

k , added by edges between distinct copies
of G∗i ’s in such a way that for each u of G0, ui is adjacent to uj precisely when ij ∈ E(H). (Note that,
since the cover is proper, a vertex of Gi \ Gj cannot be adjacent to a vertex of Gj \ Gi. Hence in G∗ there
is an induced subgraph isomorphic to G0�H which forms a cut-set whenever at least two graphs of
the proper cover are not G). An expansion G∗ is unique if we assume that H is a labeled graph and that
the cover is fixed.
An expansion of Gwith respect to H in which the proper cover is of the form {G,G0, . . . ,G0} (that

is, one subgraph of the cover is G and all the others are copies of G0) is called peripheral expansion
of G over G0 with respect to H . Note that peripheral expansion can be interpreted also as the gated
amalgamation ofG andG0�H alongG0. Peripheral expansionwas introduced byMulder in [14], where
it was used for characterization of median graphs. This idea was further generalized in [4].
Prefiber graphswere introduced (under the name elementary graphs) by Chastand [8] as the graphs,

in which the only proper gated subsets are singletons, see also [7]. It turns out that prime graphs
of fiber-complemented graphs are precisely prefiber graphs [7,8]. In addition, Chastand proved the
characterization of fiber-complemented graphs as the graphs that can be obtained by a sequence of
gated expansions from K1 where each step is performed with respect to a prefiber graph. The main
result of [4] implies that such a characterization holds for any class of fiber-complemented graphs that
is closed for Cartesian products, gated subgraphs and gated amalgamations (where prefiber graphs are
to be replaced by prefiber graphs from the corresponding class).
The neighborhood of a vertex v is a set of vertices N(v) = {u ∈ V | uv ∈ E}, while the closed

neighborhood of v is N[v] = N(v) ∪ {v}. We will use the same notation for subgraphs induced by
(closed) neighborhoods. The wheel Wk is a graph obtained by connecting a single vertex (the central
vertex) to all vertices of the k-cycle;W−k is the graphobtained fromWk bydeleting an edge between the
central vertex and a vertex of the k-cycle. Wewill also refer the reader to premedian graphs, as defined
by Chastand [8]. They are defined as weakly modular graphs without K2,3 and W−4 as an induced
subgraph, and it was shown in [8] that they are fiber-complemented graphs.
Finally, a graph G is a median graph if |I(u, v) ∩ I(u, w) ∩ I(v,w)| = 1 for every triple of vertices

u, v, w ∈ V (G). A graph is a chordal graph if it has no induced cycles of length greater than 3. It is
well known and easy to see that median and chordal graphs are both weakly modular graphs. For
more results and properties of median graphs and chordal graphs we refer the reader to excellent
surveys [11,3], respectively.

3. Cage-amalgamation graphs

The definition of new class is preceded by introduction of another new concept. Let G be a graph.
A C-block in G is a maximal connected, chordal induced subgraph without a cut-vertex. That is, C is a
C-block in G if C is an induced subgraph that is connected, chordal and has no cut-vertices, and for any
set S of vertices in G \ C , V (C) ∪ S induces a subgraph that is not chordal or not connected or it has a
cut-vertex. Similarly, a connected, chordal graph without a cut-vertex is called a C-block graph, while
the Cartesian product of arbitrary C-block graphs is called a cage. A graph G is cage-amalgamation if it
can be obtained by a sequence of gated amalgamations from cages.
In Fig. 1 three cages are depicted, namely the cube, the Hamming graph K3�K2�K2, and the product

of K2 and a chordal graph with 4 triangles. In Fig. 2 two cage-amalgamation graphs are depicted.
The following observation is not hard to see, and will be used several times in what follows.

Lemma 3.1. Cartesian products, gated subgraphs, and gated amalgams of cage-amalgamation graphs are
also cage-amalgamation graphs.
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Fig. 1. Three cages.

Fig. 2. Two cage-amalgamation graphs.

In [4] it was proven that every class of finite fiber-complemented graphs that is closed for gated
amalgamations, Cartesian products and gated subgraphs enjoys a characterization as the graphs
that can be obtained by a sequence of peripheral expansions from K1 with respect to prefiber
graphs from this class [4]. As will be clear in due course, cage-amalgamation graphs are fiber-
complemented, which combinedwith Lemma 3.1 implies that they enjoy such a characterization (see
(iv) of Theorem 3.5).
The following sets of vertices are often defined in the context of median-like graphs. For a graph G

and ab ∈ E(G),

Wab = {x ∈ V (G) : d(x, a) < d(x, b)},
Uab = {x ∈ Wab : ∃y ∈ Wba, xy ∈ E(G)}.

Lemma 3.2. Let G be a graph in which every C-block is gated and every set Uab is convex. Then G is a
weakly modular graph that does not contain K2,3, Wk, or W−k , k ≥ 4, as an induced subgraph.

Proof. Let G be a graph inwhich every C-block is gated and for every edge ab,Uab is a convex set. First,
assume that G contains an induced K2,3 with bipartition {x, y} and {a, b, c}. For an edge xa note that
c, b ∈ Uxa and y ∈ I(c, b)which is contradictory to convexity of Uxa, since y ∈ Uax.
Suppose G contains an induced subgraphW isomorphic toW−k orWk, respectively, where k ≥ 4.

Let x be a vertex fromW that is not adjacent to the central vertex, ifW is isomorphic toW−k ; or any
noncentral vertex, ifW is isomorphic toWk. ThenW − x is a chordal subgraph. LetW ′ be any C-block
in G that containsW − x. Since x is clearly not inW ′ and is adjacent to two different vertices inW ′ we
infer thatW ′ is not gated, a contradiction.
Next we prove the triangle property. Let vw ∈ E(G) and d(u, v) = d(u, w) = k ≥ 2. LetM be a C-

block in G that contains the edge vw. Denote by u′ the gate of u inM . Then d(u′, v) = d(u′, w) = k−`,
where ` = d(u, u′). SinceM is chordal, it isweaklymodular, thus there is a commonneighbor x inM of
vertices v andw such that d(u′, x) = k−`−1. Then d(u, x) = d(u, u′)+d(u′, x) = `+k−`−1 = k−1.
To prove the quadrangle property, let u, v, w, z be vertices of G with k = d(u, v) = d(u, w) =

d(u, z) − 1 such that z is a common neighbor of nonadjacent vertices v and w. Assume that these
vertices violate the quadrangle property, where, in addition, k ≥ 2 is as small as possible. Let y be a
neighbor of u and y ∈ I(u, w). Then k− 1 ≤ d(y, v) ≤ k+ 1.
Case 1. d(y, v) = k − 1. Since also d(y, w) = k − 1, vertices v, z, w, y satisfy the quadrangle

property, thus there exists a vertex x ∈ N(v) ∩ N(w)with d(x, y) = k− 2. But then d(x, u) = k− 1,
a contradiction with the assumption that u, v, w, z violate quadrangle property.
Case 2. d(y, v) = k. In this case vertices v, z, y satisfy the triangle property thus there is a vertex

a ∈ N(v) ∩ N(z) such that d(y, a) = k − 1. Thus d(u, a) = k. By the triangle property for vertices
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Fig. 3. Subgraph H and Case 2 of the lemma.

v, a, u there is a vertex b ∈ N(v) ∩ N(a) such that d(b, u) = k − 1. We also infer that there exists
c ∈ N(w) ∩ N(a) with d(c, y) = k− 2 (either by triangle property for vertices a, w, y or quadrangle
property for a, z, w, y; depending on whether the edge aw exists or not). Thus d(c, u) = k − 1 and
since also d(b, u) = k − 1, we obtain a vertex u′ ∈ N(b) ∩ N(c) with d(u, u′) = k − 2 by triangle
property (for vertices b, c, u) or quadrangle property (for vertices b, a, c, u). Note that vertices u and
u′ may coincide.
So far we established that there is a subgraph H in G with V (H) = {v, z, w, a, b, c, u′} and

{va, vb, vz, wz, wc, ab, ac, az, u′b, u′c} ⊆ E(H). In subgraph H the following edges are not possible:
• bz, cz and au′, otherwise there would exist a path between u and z of length k,
• bw and cv, otherwise vertices v, z, w, u satisfy the quadrangle property,
• wu′ and vu′, otherwise there would exist a path between vertices u and v (u and w respectively)
of length k− 1,
• zu′, otherwise there would exist a path between vertices u and z of length k− 1.
Nowwe can derive that also edges aw and bc cannot exist. If we allow one or both edges, we obtain

one of the following forbidden induced subgraphs:W−6 (if we allow aw),W
−

5 (if we allow bc) orW5
(if we allow both aw and bc). Hence the subgraph H is induced in G (see Fig. 3 where H is depicted on
the left-hand side).
By the triangle property we obtain the following two vertices: r ∈ N(u′) ∩ N(c) ∩ N(v) (since

d(u′, v) = d(c, v) = 2) and s ∈ N(w) ∩ N(c) ∩ N(v) (since d(w, v) = d(c, v) = 2). If b and r are
adjacent, then vertices a, b, c, r, u′ induce a forbiddenW4 orW−4 , a contradiction. Hence, b and r are
not adjacent. Also u′ and s are not adjacent, otherwise vertices v, z, w, uwould satisfy the quadrangle
property contrary to our assumption. From the same reason we have r 6= s. We claim that b and s
are also not adjacent. Indeed, bs ∈ E(G) would imply that b, u′, c , a and s would induce a K2,3 orW−4
which is a contradiction. Thus b and s are not adjacent and also r and s are not adjacent (since rs ∈ E(G)
would imply that v, s, c, u′, b, r induce aW−5 ).
Since d(u′, v) = d(u′, s) = 2 we obtain by the triangle property a vertex t ∈ N(u′) ∩ N(s) ∩ N(v)

(note that t cannot be any of the vertices that are already noted). Now, vertices v, u′ and b, r, t induce
one of the following subgraphs: K2,3,W4, orW−4 , which is the final contradiction in this case.
Case 3. d(y, v) = k + 1. In this case y ∈ Wzv , which implies u ∈ Uvz and y ∈ Uzv . Since also

z ∈ Uzv and w ∈ I(y, z), we derive w ∈ Uzv because of convexity of Uzv . Thus w has a neighbor x in
Uvz , that must be adjacent to v since d(w, v) ≤ 2. Hence x ∈ N(v) ∩ N(w). Since d(x, u) cannot be
k− 1 (contradiction to the assumption again), we consider the following two possibilities:
(a) If d(x, u) = k + 1, then w ∈ I(u, x). Since u, x ∈ Uvz (and w 6∈ Uvz) we are in a contradiction

with convexity of Uvz .
(b) If d(x, u) = k, then vertices x, w, u satisfy the triangle property, thus there exists x′ ∈

N(x) ∩ N(w)with d(x′, u) = k− 1. Since x′ ∈ I(x, u) and x, u ∈ Uvz , we derive x′ ∈ Uvz by convexity
of Uvz . This implies d(x′, v) = 1. But now vertices v, z, w, u satisfy the quadrangle property, the final
contradiction. �
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The relation ∼ (as defined in [17], yet in a different context appeared already in [9]) is closely
related to sets Uab andWab. Edges xy, ab ∈ E(G) are in relation∼ if x ∈ Uab and y ∈ Uba. The relation
is reflexive and symmetric, but not always transitive (for instance in K2,3). For a proficient reader in
the field it might be interesting to remark that in bipartite graphs the relation ∼ coincides with the
well-known Djoković–Winkler relation Θ , but they are no longer the same in nonbipartite graphs.
Also, it is easy to see that if∼ is an equivalence relation then the following implication holds for any
ab, xy ∈ E(G):

xy ∼ ab⇒ Uab = Uxy.

Lemma 3.3. Let G be a cage-amalgamation graph. Then ∼ is an equivalence relation and sets Uab are
convex for every ab ∈ E(G).

Proof. Let G be a cage-amalgamation graph. The proof is by induction on the number of gated
amalgamation steps by which G is obtained from Cartesian products of C-block graphs. Clearly for the
basis of induction we must prove that the statement holds in Cartesian products of C-block graphs.
We start with a product of one factor, that is, with a C-block graph. It is easily seen that in this case
Uab = {a} for any edge ab ∈ E(G), thus Uab is convex and∼ is trivial.
Suppose G is a Cartesian product of two graphs H1 and H2 such that in both factors ∼ is an

equivalence relation and all sets Uab are convex. Let e and f be any two edges in H1, and let e′ and
f ′ be edges in H1�H2 such that the natural projection of e′, resp. f ′, to H1 is e, resp. f . Then, by the
distance in H1�H2 we derive that e and f are in relation∼ in H1 if and only if e′ and f ′ are in relation
∼ in H1�H2. Hence any∼-class E in H1 yields a∼-class in H1�H2 which is the following set of edges:
{(ai, v)(bi, v) | aibi ∈ E, v ∈ V (H2)}. In analogous way, any ∼-class of H2 yields a ∼-class in H1�H2
which readily implies transitivity of ∼ in H1�H2. Convexity of sets Uab in H1�H2 then also follows
using the fact that projections of shortest paths in H1�H2 are shortest paths in Hi.
Finally, let G be the gated amalgam of H1 and H2 where in both H1 and H2, ∼ is an equivalence

relation and all sets Uab are convex. Suppose there exist two edges in G, ab that lies in H1 \ H2, and
xy that lies in H2 \ H1, and suppose that ab ∼ xy (where ∼ is of course taken with respect to G). Let
a′ = pH2(a) and b

′
= pH2(b). We claim that a

′ and b′ are adjacent and a′b′ ∼ xy. Since a′ is the gate
for a in H2 we infer that

d(a, b′) = d(a, a′)+ d(a′, b′).

On the other hand, d(a, b′) ≤ d(b, b′)+ 1 which yields

d(a, a′)+ d(a′, b′) ≤ d(b, b′)+ 1.

By reversing the roles of a and bwe get

d(b, b′) ≤ d(a, a′)− d(a′, b′)+ 1,

and so d(a, a′) + d(a′, b′) ≤ d(a, a′) − d(a′, b′) + 2. Finally from d(a′, b′) ≤ 1 we find that a′ and b′
are adjacent. Since a′ is the gate for a in H2 and a ∈ Wxy, we also have a′ ∈ Wxy. Similarly b′ ∈ Wyx,
and so a′b′ ∼ xy.
From the above observation and transitivity of ∼ in both H1 and H2, the transitivity of ∼ in G

follows. Indeed, let ab, xy and uv be edges in Gwith ab ∼ xy and xy ∼ uv, and suppose ab and xy are
not both in the same Hi (but ab and uv both lie in, say, H1). Then we consider the edge x′y′, where x′
(resp. y′) is the gate for x (resp. y) in H1. Hence ab ∼ x′y′ and x′y′ ∼ uv (also with respect to G since
H1 is gated in G), and by transitivity of∼ in H1 we infer that ab ∼ uv. In a similar way one can easily
check the other cases with respect to the position of edges ab, xy and uv.
Since∼ is transitive in G, Uab and Uxy denote the same set of vertices whenever xy ∼ ab. Suppose

xy and ab are edges in relation∼ that lie in differentHi. Let x′ = pH2(x), y
′
= pH2(y). Then by the above

x′y′ is an edge in H1 ∩ H2 and Ux′y′ is an amalgam of Uab with respect to H1, and Uxy with respect to
H2 (notation chosen without loss of generality). As Hi are gated, any shortest path between x ∈ Ux′y′
from H1 and a ∈ Ux′y′ from H2, passes a vertex w from H1 ∩ H2 which is also in Uab (by convexity of
Hi), and fromw all shortest paths to a are also in Ux′y′ . Thus Ux′y′ = Uab is convex in G. �
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Note that in the above proofwe used the fact thatG is cage-amalgamation graph onlywhen proving
the basis of induction where we considered C-block graphs (the only prefiber graphs from the class).
Hence by following the lines of the above proof, one can prove the following more general result.

Corollary 3.4. Let G be a GACI-type class of graphs (a class of fiber-complemented graphs that is closed
for Cartesian products, gated subgraphs and gated amalgamations) and let H be the subclass of its prime
graphs. If in all graphs fromH ,∼ is transitive and every set Uab is convex then in all graphs from G,∼ is
transitive and every set Uab is convex.

Everything is prepared for the proof of our main result.

Theorem 3.5. Let G be a finite connected graph. Then the following assertions are equivalent:

(i) G is a cage-amalgamation graph,
(ii) Every C-block is gated in G and every set Uab is convex,
(iii) G can be obtained from K1 by a sequence of gated expansions with respect to C-block graphs,
(iv) G can be obtained from K1 by a sequence of peripheral expansions with respect to C-block graphs.

Proof. (i)⇒ (ii). Let G be a cage-amalgamation graph. Then by Lemma 3.3 every set Uab is convex. To
prove that every C-block is gated in Gwe use induction on the number of amalgamation steps. If G is
a Cartesian product of C-block graphs, the claim is true since C-blocks in G are precisely fibers which
are clearly gated. Now, suppose G is an amalgam of G′ and G′′ along G0. Let M be a C-block in G. We
claimM ⊆ G′ (orM ⊆ G′′).
Suppose without loss of generality M ∩ (G′ − G0) 6= ∅ and let x ∈ V ((G′ − G0) ∩ M) be adjacent

to y ∈ V (G0 ∩ M). Suppose there is a vertex z ∈ V (G0 ∩ M), adjacent to y. Let P be an induced path
inM between vertices x and z that does not contain y (it exists, sinceM has no cut-vertices). If P is of
length 1, we obtain a contradiction to G′′ being gated in G. Otherwise P together with y forms a cycle
Cn, n ≥ 4. SinceM is chordal and P is an induced path between x and z, every vertex on P is adjacent to
y. Then there exist adjacent vertices s and t on P such that s ∈ G0 and t ∈ G′−G0 which again implies
a contradiction to gatedness of G′′. Thus G0 ∩ M = K1 and therefore (since M has no cut-vertices)
M ⊆ G′. By reversing the roles of G′ and G′′ we finally obtain that eitherM ⊆ G′ orM ⊆ G′′, whereM
is gated by induction hypothesis, and thusM is gated also in G.
(ii)⇒ (iii). Suppose that G is a graph in which every C-block is gated and every set Uab is convex.

Hence by Lemma 3.2, G is a weakly modular graph that does not contain either K2,3, Wk, and W−k ,
k ≥ 4, as induced subgraphs. Thus G is a premedian graph, and this in turn implies that G is a fiber-
complemented graph. Therefore G can be obtained by a sequence of gated expansions from K1 with
respect to prefiber graph from the class. We claim that prefiber graphs of K2,3-, Wk-, and W−k -free
(k ≥ 4) weakly modular graphs are precisely C-block graphs.
It is easy to see that C-block graphs are weakly modular and prefiber graphs, and clearly they are

K2,3-,Wk-, andW−k -free, for k ≥ 4. Suppose to the contrary that G is a nontrivial (i.e. different from
K1) weakly modular prefiber graph without induced K2,3,Wk,W−k , k ≥ 4 and G is not a C-block graph.
Suppose G contains a triangle T . Then a C-blockM that contains T is gated in G and G 6= M becauseM
is a C-block graph and G is not, which is a contradiction with G being a prefiber graph. If G does not
contain any triangle, then it does not contain any odd cycles at all. Indeed, if G contains odd cycles of
length greater than 3, then a shortest cycle C among them is isometric. Applying the triangle property
on C yields a triangle, a contradiction. Thus G is bipartite in this case, and all its edges yield gated
subgraphs. Since G is not K2, it contains proper gated subgraphs which is a contradiction again. Hence
C-block graphs are the only prefiber graphs in this class and thus G can be obtained by the sequence
of gated expansions from K1 with respect to C-block graphs.
(iii)⇒ (i). We prove this direction by induction on the order of a graph G∗, where G∗ is obtained

from G by the gated expansion with respect to the proper cover {G1, . . . ,Gk} of G and with respect to
a C-block graph H . Let G0 be the corresponding intersection of Gi’s, let G∗i be an isomorphic copy of Gi,
and G∗0i ⊆ G

∗

i an isomorphic copy of G0 in G
∗ for i = 1, . . . , k. If for every i, G∗i − G

∗

0i is empty, then G
is isomorphic to G0 and G∗ = G�H . By induction, G is a cage-amalgamation graph thus by Lemma 3.1
also G∗ is a cage-amalgamation graph. Now, suppose G∗i − G

∗

0i is nonempty for some i. Then G
∗ is the
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Fig. 4. Cage-amalgamation graph and its peripheral subgraphs.

gated amalgam of G∗i and G
∗
− (G∗i − G

∗

0i) along G
∗

0i. Since by induction G
∗

i and G
∗
− (G∗i − G

∗

0i) are
both cage-amalgamation graphs (using Lemma3.1 again)we infer thatG∗ is also a cage-amalgamation
graph.
(i) ⇔ (iv). It is clear that C-block graphs are fiber-complemented. Hence cage-amalgamation

graphs are fiber-complemented and GACI-type class. Thus by the main result from [4] they can be
obtained by peripheral expansions with respect to their prefiber graphs which are exactly C-block
graphs. The reverse implication is trivial. �

A peripheral expansion of a graph G over G0 with respect to H yields a graph G∗ such that
G∗ \ G is isomorphic to (H − v)�G0 (the latter is called a peripheral subgraph in G∗). Clearly any
cage-amalgamation graph has (at least one) peripheral subgraph. For an illustration, all peripheral
subgraphs of the cage-amalgamation graph in Fig. 4 are rounded by dotted curves. A peripheral
expansion procedure for this graph ends by adequately adding one of these subgraphs.
We believe that the converse of Lemma 3.2 is also true, but we were not able to prove it. Thus we

pose it as follows.

Conjecture 3.6. A graph is cage-amalgamation if and only if it is weakly modular and does not contain
K2,3, Wk, or W−k , k ≥ 4, as an induced subgraph.

If the above conjecture is true, it might be useful in designing a polynomial algorithm for
recognition of cage-amalgamation graphs. Anyway, it might be possible to construct an efficient
recognition algorithm for cage-amalgamation graphs already from the present results. We leave this
as another open problem.

4. Hamming polynomial and tree-like equalities

For a graph G, let ρi(G) denote the number of induced i-regular Hamming graphs in G. Note that
ρ0(G) = |V (G)| and ρ1(G) = |E(G)|. Let r(G, x) be the generating function of the sequence (ρi(G))∞i=0,
that is,

r(G, x) =
∑
i≥0

ρi(G)xi.

For finite graphsG, r(G, x) is a polynomial andwe call it theHamming polynomial of G. It can be derived
from the Hamming polynomial as defined in [5] by appropriately merging all variables to one and
summing the corresponding coefficients.
For instance, if T is a tree on n vertices, then r(T , x) = (n−1)x+n. Note also that r(Qn, x) = (x+2)n,

r(Kn, x) = (1+x)n−1
x , and that ρk(G) = r(k)(G,0)

k! for any graph G. We continue with properties of
Hamming polynomial in arbitrary graphs.
Let us first present some properties of the polynomial in an arbitrary graph G. Given the proper

cover C = {G1, . . . ,Gn} of a graph G, and any subsetA ⊆ In = {1, . . . , n}, let GA be the intersection
(possibly empty and possibly disconnected) of the graphs Gi (i ∈ A). The following result generalizes
[6, Proposition 1], and the proof follows similar lines.
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Proposition 4.1. Let C = {G1, . . . ,Gn} be a proper cover of a graph G. Then,

r(G, x) =
∑
A⊆In

(−1)|A|−1r(GA, x).

Proof. For i ≥ 0 and j ∈ {1, 2, . . . , n}, let Aji be the set of induced i-regular Hamming subgraphs of
the graph Gj. Then ρi(G) = |A1i ∪ A

2
i ∪ · · · ∪ A

n
i |. Hence, by the inclusion-exclusion principle, we infer

ρi(G) =
∑
A⊆In

(−1)|A|−1
∣∣∣∣∣⋂
j∈A

Aji

∣∣∣∣∣ .
In addition, r(GA, x) =

∑
i≥0
| ∩j∈A A

j
i|x
i. Therefore,

r(G, x) =
∑
i≥0

ρi(G)xi

=

∑
i≥0

(∑
A⊆In

(−1)|A|−1
∣∣∣∣∣⋂
j∈A

Aji

∣∣∣∣∣
)
xi

=

∑
A⊆In

∑
i≥0

(
(−1)|A|−1

∣∣∣∣∣⋂
j∈A

Aji

∣∣∣∣∣
)
xi

=

∑
A⊆In

(−1)|A|−1r(GA, x). �

Corollary 4.2. If G is a gated amalgam of G1 and G2 along G0, then r(G, x) = r(G1, x) + r(G2, x) −
r(G0, x).

Observe that an induced k-regular subgraph of a Cartesian product G�H is uniquely representable
as A�B, where A is an induced i-regular subgraph of G and B an induced (k− i)-regular subgraph of H .
Hence, for every k ≥ 0,

ρk(G�H) =
k∑
i=0

ρi(G)ρk−i(H).

From here we easily conclude:

Proposition 4.3. For any graphs G and H,

r(G�H, x) = r(G, x)r(H, x).

Combining Corollary 4.2 and Proposition 4.3, and recalling the fact thatG∗ is a peripheral expansion
of G along G0 with respect to H exactly when G∗ is a gated amalgam of G and H�G0 along G0 we derive
the following result.

Proposition 4.4. Let G∗ be a graph constructed by the peripheral expansion of G along G0 with respect
to H. Then

r(G∗, x) = r(G, x)+ r(G0, x)(r(H, x)− 1).

In what follows, we concentrate on the Hamming polynomial of cage-amalgamation graphs. Note
that the main building stones for the construction of cage-amalgamation graphs are the C-block
graphs (i.e. connected, chordal graphs with no cut-vertices), hence we first focus on this case.
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Lemma 4.5. Let G be a connected, chordal graph. Then

r(G,−1) = 1.

If in addition G has no cut-vertices then

r ′(G,−1) = 1.

Proof. Since r(Kn, x) = (1+x)n−1
x we get r(Kn,−1) = 1. Hence if n ≥ 2 then r ′(Kn, x) =

(1+x)n−1(x(n−1)−1)+1
x2

, and so r ′(Kn,−1) = 1.
We proceed by induction on the order of a chordal graph G. Let a be a simplicial vertex of G, and

N[a] be the complete subgraph induced by the closed neighborhood of a. Then {N[a],G−a} is a proper
cover of G and by Proposition 4.1 we infer r(G, x) = r(G− a, x)+ r(N[a], x)− r(N(a), x). Hence

r(G,−1) = r(G− a,−1)+ r(N[a],−1)− r(N(a),−1) = 1+ 1− 1 = 1

which proves the first formula by induction. For the second formula, note thatG having no cut-vertices
implies that N(a) is a complete subgraph on at least two vertices. Hence r ′(G,−1) = r ′(G− a,−1)+
r ′(N[a],−1)− r ′(N(a),−1) = 1+ 1− 1 = 1. �

Note that the second part of the above lemma does not hold for chordal graphs with cut-vertices.
In particular if T is a tree withm edges then r ′(T , x) = m. More generally, by using the amalgamation
formula as many times as necessary, one easily derives that r ′(G,−1) = d(G), where d(G) is the
number of blocks in a connected chordal graph G.
By expanding the expressions r(G,−1) and r ′(G,−1) we derive the following tree-like equalities

for chordal graphs:∑
i≥0

(−1)iρi(G) = ρ0(G)− ρ1(G)+ ρ2(G)− · · · = 1 (1)

and ∑
i≥0

(−1)i+1iρi(G) = ρ1(G)− 2ρ2(G)+ 3ρ3(G)− · · · = d(G). (2)

The first formula generalizes |V (G)| − |E(G)| = 1 relation for trees. Both formulae were obtained
by McKee [12], where ρi(G) denotes the number of i-cliques in a chordal graph. In chordal graphs
i-regular Hamming subgraphs coincide with i-cliques, while in median graphs they are precisely
i-cubes. The same two relations were proved for median graphs by Soltan and Chepoi [16], and
independently by Škrekovski [15], where d(G) stands for the isometric dimension of a median graph
(that is the dimension of the smallest hypercube into which G can be isometrically embedded).
We now present a common generalization of relations (1) and (2) to an arbitrary cage-

amalgamation graph. By d(G)we denote the isometric dimension of a cage-amalgamation graphwhich
is the smallest number of factors in a Cartesian product of C-block graphs into which G can be
isometrically embedded. Alternatively, this is the minimum number of peripheral expansion steps
by which the cage-amalgamation graph G can be obtained from K1.

Theorem 4.6. Let G be a cage-amalgamation graph, ρi(G) the number of induced i-regular Hamming
graphs in G and d(G) its dimension. Then∑

i≥0

(−1)iρi(G) = 1 (3)

and ∑
i≥0

(−1)i+1iρi(G) = d(G). (4)
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Proof. We prove the relations by induction on the number of peripheral expansion steps by which a
cage-amalgamation graph G∗ is obtained from K1. By Lemma 4.5, if G∗ is a C-block graph, we have

1 = r(G∗,−1) =
∑
i≥0

(−1)iρi(G∗)

and

1 = r ′(G∗,−1) =
∑
i≥0

(−1)i+1iρi(G∗),

which proves the basis of induction for both equalities.
Let now G∗ be a cage-amalgamation graph obtained by the peripheral expansion from G along G0

with respect to C-block graph H . By Proposition 4.4 we get

r(G∗,−1) = r(G,−1)+ r(G0,−1)(r(H,−1)− 1).

Using r(G,−1) = 1 as induction hypothesis, and r(H,−1) = 1 by Lemma 4.5, we infer r(G∗,−1) =
1+ r(G0,−1)(1− 1) = 1. Note that r(G∗,−1) =

∑
i≥0(−1)

iρi(G∗)which implies the first equality.
By derivation of the equality in Proposition 4.4 and plugging x = −1 we get

r ′(G∗,−1) = r ′(G,−1)+ r ′(G0,−1) (r(H,−1)− 1)+ r(G0,−1)r ′(H,−1)
= d(G)+ 0+ d(H)
= d(G)+ 1
= d(G∗),

from which the second equality readily follows. �
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