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Abstract

Carlson and Shaffer [SIAM J. Math. Anal. 15 (1984) 737-745] defined a convolution operator
L(a,c) on the classA of analytic functions involving an incomplete beta functig(e, c; z) as
L(a,c)f = ¢(a,c) = f. We use this operator to introduce certain classes of analytic functions in
the unit disk and study their properties including some inclusion results, coefficient and radius prob-
lems. It is shown that these classes are closed under convolution with convex functions.
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1. Introduction

Let A denote the class of function& f(z) =z + Y - ,a,z" analytic in the unit disk
E ={z: |z| < 1}. The classA is closed under the Hadamard product or convolution

(f*8)@) =Y _anbpz"™ (ao=bo=1),
n=0
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where
o0 o0
f@)= Zaﬂz”H, g(2) = anz"“.
n=0 n=0

In particular we consider convolution with an incomplete beta funatian ¢) related to
the Gauss hypergeometric functigh (1, a; ¢, z) by

]

$a,c;)=z2F1(La;c, )= KOIPS
=0 (On

lz] <1, ¢c#£0,-1-2,...,

where (a), denotes the Pochhamer symbol (or the shifted factorial) and in terms of the
gamma function™ is defined by

() _F(a+n)_ 1, n:O,a;&O,
Dn="Tr@ " la@+1l..(a+n-1. neN={(12..}.
Also, if Rec > Rea > 0, then
o 1 1
. _ ¢ a—1l/q _ c—a—1tz _
¢(a,rc; Z)_il"(a)l“(c—a) t“7*(1—-1) e dt—/-du(t),
0 0
where
— I'(c) a=1l: _ ,c—a—1
o= [F(a)l’(c—a)]t 4=

is a probability measure dm, 1]. In fact

1

| @ _
[ o= e e —o -
0

whereB is the beta function.

Note that¢ (a, 1; z) = z/(1 — 2)¢ and¢ (2, 1, z) is the Koebe function.

Carlson and Shaffer [1] defined a convolution operatotdoimvolving an incomplete
beta function ad.(a,c)f =¢(a,c)x f, f e A Ifa,c#0,—-1,-2,..., application of the
root test shows that the infinite series fofa, ¢) f has the same radius of convergence as
that for f because lim, oo[(a)n/(c),]1Y" = 1. HenceL(a, c) mapsA into itself. L(a, a)
is the identity and fou #0, —1, -2, ..., L(a, c) has a continuous inverde(c, a). Also
we note that.(a, c) provides a convenient representation of differentiation and integration.
If g(z) =zf'(z),theng=L(2,1)f andf = L(1, 2)g.

We shall assume, unless otherwise stated, ¢hgt0, —1,—2,..., andc¢ # 0, —1,
—2,....

Let P be the class of analytic functiopsdefined inE by p(z) = 1+ c1z + c2z2 + - - -
and with representation
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T

1 [ 1l4ze
=z | ———— 11
p@ = [ ey dinto), (L)

—TT
whereu(¢) is a function with bounded variation g, 7] and it satisfies the conditions

e

b
[anw =2 [lanw) <k (1.2)
-7 -1

We note thak > 2 and P, = P is the class of analytic functiorns with positive real part

in E with p(0) = 1. The classP; was introduced in [9]. From the integral representation
(1.1), (1.2), it can be seen thate Py if and only if there are analytic functions,, p2 € P
such that

(k1 ko1 9
p(z) = (Z + §>p1(z) - (4_1 - E)pz(z), see [9].

We can define the clagd (1), 0< A < 1, as follows:
An analytic functionp, with p(0) = 1, belongs taP; (A) if and only if there existp1, p2
(pi(0)=1,i =1, 2) such that

ko1 ko1
p@) = (4_1 + §>p1(z) - (4_1 - E)Pz(z),
where Rep; (z) > A, i =1, 2. We note thaP (1) = P()).

By S, K, $* andC, we denote the subclasses.éfwhich consist of univalent, close-
to-convex, starlike and convex functions, respectively. It is well known thatffarC,
f/z € P(1/2). Fora > 0, an analytic functiory € A is in classQ,, of alpha-quasi-convex
function if and only if{(1 — @) f + azf’} € K for z € E. Whena = 0, we obtain the class
C* of quasi-convex functions which was first introduced and studied in [5,7].

We now define the following

Definition 1.1. Let f € A. Then f € C(a,c) if and only if L(a,c)f € C, z € E. Also
feK®),0< A <1, if there existy € C such thatf'/g’ € P(L), f € K(X; a, ¢) if and
only if L(a,c)f € K(A) forz € E.

Definition 1.2. Let f € A. Then f € Qy(A;a,c) if and only if {(1 — &) f + azf'} €
K(O;a,c)fora >0,0< A <landz e E.

Definition 1.3. Let f € A. Then, fora > 0,0< A <1, f € Kx(X; a, ¢) if and only if there
existsg € C such that

{(L(a,C)f)’

(L(a,c)g)

Also f € Cf(A;a,c) ifand only if zf' € Ky (%; a, ¢).

} e PL(A), z€E.

Definition 1.4. Let f € A. Then f € Qu(k, A;a,c) ifand only if {(1 — ) f + azf’'} €
Ki(h;a,c)forze E,a>0,0<A <1,
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2. Preliminariesresults

Lemma2.1[4]. If c #0anda, c are real and satisfy > N(c¢), where

lel + 3, iflel > 3,

N(c) = 2 . (2.1)
% +3 ifld<3,
theng(c, a; z) is convex inE.
From Herglotz representation (1.1), (1.2) foe 2, we have the following

Lemma 2.2. If p(z) is analytic inE, p(0) =1 andRep(z) > 1/2, z € E, then for any
function F, analytic in E, the functionp x F takes values in the convex hull of the image
of E underF.

Lemma 2.3 [11]. Lety be convex ang be starlike inE. Then, forF analytic in E with
F(0) =1,y x Fg/y¥ % g is contained in the convex hull ¢f(E).

Lemma 2.4 [2]. Letw be analytic inE and satisfyw(0) = 0 and |w(z)| < 1 for z € E.
Then, ifjw| assumes its maximum value on the cirele= r at a pointzg, we can write
zow'(z0) = kw(zo), Wherek is real andk > 1.

We now prove the following

Lemma25. Letpoe P and{[(l—a)+apolp+azp'} € Pforze E.Thenpe P,z € E.

Proof. Sincepg € P, z € E, we can write

1—wi(2) .
— T with wi(0) =0, 1
Po@) = 3 With wa(©) lwi(z)| <
Let p(z) = 1138 Then

1—a)p+alpop +zp']
1-w(2) a[l— w(@) 1—wi(z) 200w’ (2) ]
1+ w(z) 14wk 1+wik A+w@)?]

Suppose that, forg € E, max;| <z lw(2)| = |lw(zo)| =1 (w(zo0) # —1). Then it follows
from Lemma 2.4 that

=1-a) (2.2)

zow'(z0) = kw(zo), K real andk > 1.
Settingw (z0) = ¢/% andw1(zo) = roe’? in (2.2), we obtain

{@ =) +apo(z0)} p(z0) + @zop’(z0)
1 )+ 1—rge'® 1— it 2uakel%
= —a)ta . . — .
1+ rgei? 1+ el (1 + ¢i%0)2

{ —2(1—w)isinfg  2wi Sinfo(1 — rg —2irgsing)  4k(1+ costp) }

|1+ei90|2 |1+ei90|2|1+roei¢0|2 |1+ei90|4
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Therefore

Re{[(1— ) + apo(z0) | p(z0) + @zop’(20)}
_ —Harg sinfp sing 4k (1 + coshp)
T |14 €i%|2|1 4 rgei® |2 |1+ eifo|4
Hence, if¢p =0, then

Re{[(1 — @) + apo(z0)] p(z0) + @zop'(z0)} <O,

which is a contradiction to our hypothesis. THusz)| < 1 and hence we conclude that
Re(p(z)} >0forze E. O

Lemma2.6]8]. Leta > 0andD < S*, N be analytic inE and N (0) = D(0) =0, N'(0) =
D'(0)=1. Let, forz € E,

N(z) N’
{(1—0{)m +O{H} € Py,

thenN(z)/D(z) € P, forz € E.

3. Main results

Theorem 3.1. f € Q4 (k, A; a, ¢) if and only if there exist# € Ki(A; a, ¢) such that for
z€E,a >0,

fy= 2ty / Ve 2p ) e, (3.1)
0

The proof follows directly from Definition 1.4. In fact, using convolution, we can write
(3.1) as
L(a,c)f =kxF, F eKy(r;a,c),

and

z
tl/ozfl

1
k = 171/(1/—(”’
@) ocZ 1—1¢
0

wherek(z) is convex; see [10].
Theorem 3.2. Let f € Oy (k, A; a,c). Thenf € Qo(k, A;a,c) = Ky(A;a,c).

Proof. Set
F'(2)
G'(2)

=A-Mp@)+A,
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where
F=L@a,o)f, G=L(a,c)geC, pO=1,

andp(z) is analytic inE. We want to show thagp € P;.

Now
1 F'(2) | F' @) ,
1-2 { [(1_“) I m R } _A} ={lero@ + Q- )]p@ + a2 )}

with (po(z) = (zG'(2))'/G'(z) € P).
Writing
(k1 ko1
p(@) = (4_1 + §>p1(z) - (4_1 - é)pz(z)

and using Lemma 2.5 with the fact thate O, (k, ; a, ¢), we conclude that Rg;(z) > 0
forz € E,i =1, 2, and this proves our result.0

Theorem 33. For0< B < «, Qu(k, A;a,¢) C Qp(k, A;a,c).

Proof. For 8 =0, the proof is immediate. Therefore we t- 0 andf € Q4 (k, 1; a, ¢).
Then there exists two functiors, 4> € Py (A1) such that

(L(a, o) f(2)) (z(L(a,e) f(2))
+o

1— =h1(z
=0 @ 0se)y L@ og@)y @
and
(La, ) f(2))
La.ogey 29 gec@o.
Hence
(L@.0)f@) . L@of@)) B B
1— ==—h 1—=)h . 3.2
=P Laosy TP L@ oy ot +< oe) 2. (32)

Since the clas®; (1) is a convex set, see [6], it follows that
H= {ﬁhl—k <1— é)hz} e k(A), z€E,
o o
and this proves the result.0

Theorem 3.4. Leta > N(c) whereN(c) is given by(2.1). Then, fora #£0, -1, -2, ...,
we have

(i) Qulk,x;d,c) C Qulk,A;d,a),
(i) Qulk,A;a,d)C Quk,r;c,d).

Proof. We prove (i) and the proof of (i) is similar. Lef € Q,(k, A; d, ¢). Then, forg €
C, o),



K.I. Noor / J. Math. Anal. Appl. 307 (2005) 339-349 345

(pd,a)* f) (z(@p(d,a)x )
11— +«a

(p(d,a)*g) (@(d,a)*g)
[p(d,c)xp(c,a)* f1 o [2(p(d,c)*p(c,a)* )T
[p(d,c) xp(c,a) gl [p(d,c)*(c,a)x gl
p(c,a)x F(p(d, c) *g)’} +a[¢(c’a) * (@ (d, c) *zg’)} (3.3)

¢(c,a)*(p(d,c)*g) ¢(c,a)*(p(d,c)*zg')

whereN (z) = (¢(d, c)x ), D(z) = (¢ (d,c)xg) € §*,andp(c,a; z) € C by Lemma 2.1.
Now, using Lemma 2.6, we see that the right-hand side of (3.3) is contained in the convex
hull of the image ofE under[(1 — oz)% + a%], and this gives us the desired result

=1-ow)

Theorem 3.5. Let f € Ky (A; a,c). Thenf € Qq(k, 1; a, ¢) for
1
20+ V462 =20 +1

The value of,, is best possible.

|z| <rq =

(3.4)

Proof. Proceeding on the similar lines as in Theorem 3.2, we obtain

iH(l—oo (Lia. O] @) +a(Z(L(“vC)f(z))/)/} —J
1—-A (L(a,c)g(2)) (L(@.03@)

k1
— (Z + E){[(1— a) + apo(z)|p1(z) + azpi(2)}

k

1
- (Z — E){[(l—a) + azpo(2) | p2(2) + azps}, (3.5)

whereg € C(a, c), po,pi € P,i=1,2.
Now it is well known that forp € P,

1-r 1+r

L <Rep() < <

e p(@) < |p@)| -
2Rep(2)

|p'(2)] < 1_’12 ,  seel3]

We use these bounds to have

Re{[(1— ) + apo(2)] pi(2) + azpj(2)} =0, for |z| <r,

wherer,, is given by (3.4). This implies that the right-hand side of (3.5) belong’ tfor
|z| < ry and thereforef € Q, (k, A; a, ¢) for |z| < ry.
The functionfy € Q4 (k, A; a, ¢) shows that the value af, is best possible and is given
as follows.
Let
Z

Fo= L(a,c) fo, Go=L(a,c)go= 1

and
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F@) R

1-— =(1—-A)H A
( “)G;)(z) a Go) ( YHo(z) + A,
where
k 1\1+z k 1\1-z
HO(Z):<Z+§>1—Z_(Z_§>1+Z O (36)

Theorem 3.6. Let f € Qq(k, A;a,c) and letL(a,¢) f(z) =z + Y oepanz™. Then

clk(1—2)+2]
lagl < ————
2a(1+ o)
The functionfp defined by(3.6) shows that this bound is sharp.

Proof. Letg € C(a,c) and letL(a,c)g(z) =z + Y eobpz" andh(z) =1+ o2 cu2",

whereh € P,()). Itis well known that|b,, | < 1, and|c,,| < k(1 — A) for all n.
Now we have

— . n(@)n-1 P 1 n (a)n 1 n—l
(1 a) (1+ nZ=; (C)nf n ) * a<1+ Z (C)n 1 )
= (1+ annznl) <1+ chz">,
n=2 n=1

and this gives us

2
((1 — ot)—a + 40[3)(12 =c1+ 2bo.
C C
Thus we have

2a
?(14-0!)612 <leal +2|b2] k(1 —21) + 2,

and so
clk(1—1) +2]

|a2| B 2LZ(1+O[)

Theorem 3.7. Let, fora > N(c) with N(c¢) given by(2.1), f € Q4 (2, A; a,c). Thenf(E)
contains the schlicht disk

a(l4+ )
2a(1+a)+c(2—2)

lz| <

Proof. Since f € 04(2,;a,c), L(a,c)f is univalent inE. Let f(z) # wp. Then, if

_ _wof(@ i ; ;
fi@) = woo_f(z), L(a, c) f1is also univalent irg. Let

L(a,o)f(zx)=z+ Zanz”

n=2
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and
wolL(a,c) f(z) < 1 > 2
L N = -0 + + JE— + e,
(a,c)f(z) wo—L(a,0) f2) Z as w0 z
Sincelaz + 1/wo| < 2, we obtain the required result by using Theorem 3.&fer2. O

Theorem 38. Fora > 1, Qu(k, A;a,c) C C*(k, A a,c).

Proof. Let f € Qq(k, A; a, c). Then there existg € C(a, ¢) such that

(L@@ Ly o (1_ 1) (L(a,0) f(2))’
(L(a.0)g()’ o) (Lia.0)g)
1

1
=—H1 + (l— —)Hz,
o o

(L(a,C)f(z))/+a(z(L(a,C)f(z))/)/
(L(a,c)g(z)) (L(a,c)g(z))
andH; € P,(1),i =1, 2, by using Definition 1.4 and Theorem 3.2. Now, Siri¢€1) is a

convex set, we hav Efﬁg’gg((j));,/)/ € Py(1) and this implies thaf € C*(k, A;a,c). O

where

Jala,0)=1—a)

We now show that the classéx, (k, A; a, ¢) are closed under convolution with convex
functions.

Theorem 3.9. Lety be a convex function i and let f € Q4 (k, A; a, ). Then(yr x f) €
Qu(k,A;a,c)forz e E.

Proof. Letg € C(a,c). Then

L(a,o) (¥ xg) =¢(a,c)* (Y xg) =y *(p(a,c) xg) € C,

sinceg(a,c)xge C, ¥ €C.

Let

N@ =(¢@. o)« f) and D(z)=(¢(a.c)xg) €S

Then
(L@, *f) _ ¥*pld@a,c)xg)]
(L@, o) *g)  Yx(@a,c)xg)

and so is in the convex hull of the image BfunderY@ . Similarly LL@*DI) s in the

) D(z) [L(a,c)(¥rxg)V
convex hull of the image of underX 2. Sincef € Qq(k, A; a, c), SO

D'(2)
N(z) N'(2)
11— —D(Z) + o D'

and consequentlgy x 1) € Qq(k, A; a, ¢) and this proves the result.0

€ Pr())

In fact we can prove the following more general result.
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Theorem 3.10. Let g be analytic inE, g(0) =0, g'(0) = 1 and satisfy the condition
Relg(z)/z} > 1/2,z € E. Let f € Qu(k, A;a,c). Then(f xg) € Qq(k, A;a,c),z € E.

Remark 3.1. We cam easily show that the clags (k, A; a, ¢) is a convex set.

Remark 3.2. Let

fi(x) = @d: and fz(z)z%/tl’*lf@)dt (Reb > —1).
0

0
Then we write

fi@=( ¥, i=12

where
¥1(z) = —Log(1 - 2z),
145,
wz(z)—;n+bz ,

and yr1, Yo are convex inE. Thus it follows, from Theorem 3.9, thad, (k, A; a, ¢) is
invariant under the integral operatofsi =1, 2.

Remark 3.3. Let u;, i = 1, 2, be linear operators defined on the clasas follows:

wa(H)=zf,  paf)= (Z’;) .

We can writeu; (f) = (¢ * f),i = 1,2, where

o " z
910 =) na' = .

n=1
00 2
o+l z2—-z29/2
¢z(z>—n§ 7 = A

and the radius of convexity. (¢1) = 2 — /3, re(¢2) = 1/2. Therefore, iff € Qq(k, A;
a,c), thenui(f) € Quk, A;a,c) for |z] <2 — V3 andu2(f) € Qu(k, A5 a,c) for |z| <
1/2, where we have used Theorem 3.9.

Remark 3.4.If f e Qy4(k, A; a,c) for z € E, then it follows, with similar arguments, that
fe ik, x;a,c)for |zl <rop=2—+/3.
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