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The classical notions of solution, to an ordinary differential equation, are
sometimes insufficient. Three generalisations have been proposed (Filippov,
Krasovskij, and, implicitly, Hermes). The first part of the paper studies these
concepts; it is shown that, in very general circumstances, the last two are
equivalent (and sometimes one of the salternative descriptions has a decided
advantage over the other). Subsequently the results will be applied to optimal
control theory and to differential games.

1. INTRODUCTION

There are two problems in ‘applied’ differential equation theory for which
the standard concepts of solution are inadequate.

The first appears in optimal control theory; a typical example concerns a
linear equation # — Ax — Bu with control values #(¢) bounded a priori, and
minimisation of time to reach target (or of fuel consumption | (f | u(s)| ds). One
is led to study an appropriate ‘feedback equation’ & = Ax — BF(x) with the
term F(x) discontinuous (essentially because the optimal controls # > u(f) are
themselves discontinuous). The crucial question is uniqueness and continuous
dependence of solutions to the initial value problem into positive time (existence
is ensured otherwise; uniqueness into- negative time usually fails, trivially).
Obviously none of the usual approaches to uniqueness theorems is even remotely
related to this situation. As concerns references, the minimum time problem is
classical, [14], [16]; see [10] for L,-optimisation; the significance of the uniqueness
problem is discussed in [11].

The second problem is a basic one in differential games. The general setting
includes a differential equation, % == f(x, p, ¢); the two parameters p, ¢ represent
the actions of the two players, often with aims that are opposed in some sense
and degree. Many examples suggest that a natural mode of play is p = p{x),

= ¢{x); and the first player’s aim is to choose p(x) so that a given goal is
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attained, against all ‘action’ ¢(x) of his opponent. As before, quite often the
‘best’ choices are discontinuous; and this makes the model itself questionable,
since there is no assurance that any trajectory at all will ensue from a given
choice of player controls, & = f(x, p(x), g(x)). Several ways to by-pass the
problem have been suggested. In one, artificial small time-delays + are intro-
duced, the players take turns, and subsequently one takes r — 0 (e.g. [6]); the
essence is a partial reduction to difference (rather than differential) equations.
Or the information pattern is completely changed: one player is confined to
controls depending on time alone, the other to strategies without knowledge of
his opponent’s future action (the idea is due to Varaiya, and used in [12]). Or,
finally, the players are to agree in advance that they will use only those control
pairs p(x), g(x) for which there is a solution to % = f(x, p(x), g(x)) (e-g., [20],
[2]); this is obviously open to all manner of objection, but seems closest to the
heart of the matter. In this the natural first question is to the existence of solu-
tions. These by-pass techniques are often combined; e.g., PSeni¢nyj’s e-strategies,
or the ‘constructive’ trajectories of [18]. There ensue complicated and arbitrary
seeming definitions; the implied justification is that, it is for these concepts that
one can prove the assertions to follow.

Obviously, what is really needed in these problems is a natural and satisfactory
theory of discontinuous differential equations. The present paper is a contribu-
tion to this; it attempts to bring together the work that has already been done,
and develop and apply it.

Some remarks on notation and terminology. For subsets X, ¥ of Euclidean
n-space R*, X + Y denotes the set {x + y:x€ X, ye Y}, B is the open unit
ball {x: | x| < 1}; with some abuse of notation, x + €B is then the open e-ball
centered at x. If one uses this ‘operator’ notation, another symbol is needed for
set-theoretic difference, and we use an inverted slash X\Y. For M C R*, covx M
denotes closure of the convex hull of M.

Null sets in R” are those whose #-dimensional Lebesgue measure is 0. The
abbreviations are standard: AC is absolute continuity (and not alternating
current), a.e. is “‘almost everywhere.” In R?, intervals are to be non-degenerate,
i.e., contain more than one point.

For set-valued mappings ¢+ .S;, the Aumann integral j‘; S, = _[10 S, dt is
the set consisting of all J'; s(t) dt for Lebesgue integrable s(-) with every value
s(t) € S, ; see [1], [15]. The set-valued mapping x — S, is lower semi-continuous
iff the set

:8, NG £ g}

is open for each open G, and the mapping is measurable if this set is measurable,
again for each open G. (For more information on these topics see [21].)

A brief description of the contents. Several types of generalised solutions,
called Filippov, Krasovskij, and Hermes solutions are described in Section 1;
this also contains explanatory material and some examples. In Section 2 we prove
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a local existence theorem for Hermes solutions (under almost no assumptions
at all); the apparatus, Euler-Lebesgue approximants, is then studied further.

The classical closure theorem is carried over to Krasovskij solutions in Sec~
tion 4; a consequence is that usually each Krasovskij solution is a Hermes sclu-~
tion. The converse problem is solved in Section 5, via a new version of a
measurable selection theorem.

The following material is to appear separately: Hermes' concept of stabilitvy
with respect to measurement, and uniqueness theorems; applications to the
two problems with which this Introduction opens: time-optimal control of
linear systems, and general strategies in differential games.

Many of the technical results on the ‘calculus’ of set-valued mappings (in
particular, Lemmas 4.2 and 5.4) are mere extensions of known results in case
the set mappings involved are measurable [1, 15, 21]. The present generalisation,
to possibly non-measurable mappings, is not vacuous, but is actually needed for
the main results; and it has rather interesting consequences. Lemma 5.3 is
concerned with approximate ‘tracking,’ over an entire interval, by a ‘bang-bang’
control. The elementary proof follows that of Hermes ([14], Lemma 2, part (c)).
Since far going generalisations of the bang-bang principle are available and
known, Hermes’ idea should provide much stronger results.

2. (GENERALISED SOLUTIONS

First, the classical concepts. We refer either to a single differential equation
&= f(t, %) (1)

or, more generally, to a control system
£ = f(t, x, u), uel (2}

(here f: R* X R* — R" and f: R* X R* X R™ — R*, UC R™ respectively).
It should be emphasized that there are no assumptions on f; however, we often
assume that f is locally bounded (i.e., bounded on each bounded subset of its
domain), and, occasionally, that f is measurable in # (f > f(¢, x, %) measurable
for each fixed x, u).

Drrinition 2.1, A function x: J — R* (] an interval in RY) is a classical or
Newton solution (.#~solution) to (1) iff

#(t) = (t, »(1) 3)

forall € J. It is called a Carathéodory solution (or -solution) to (1) iff it is AC
on each compact subinterval of J, and (3) holds a.e. in J.
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There follow the definitions of generalised solutions. To describe the first two,
a little preparation is useful. Assume given a set-valued mapping F, from points
(t, x) e R X R to subsets F(#, x) C R". We define operators K and F,

KF(t, x) = () cox F(t, x -+ B),
€ - (4)
FF(t,x) = () () cvoxF(t, (x + eB)\Z)

>0 null Zz

(B is the open unit ball in R*). This will be applied with F(z, x) = f(¢, », U).

DEerINITION 2.2. Letx: J — R (] an interval in R') be AC on each compact
subinterval of J. Then x is called a Filippov solution (or #-solution) of (2) iff

%(t) e Ff(t, x(¢), U) a.e. in J,
and a Krasovskij solution of (2) iff
() eKf(t, «(t), U) ae.in .

DrerinrtioN 2.3. Let x: J — R? ([ an interval in RY) be AC on each compact
subinterval of J. Then  is called a Hermes solution (or S -solution) of (2) iff
there exist measurable functions p; : J — R”, u,, : J — U and %-solutions x;, of

¥ =f(ty + pult), ui(1))
such that

P 0, x>

uniformly on each compact subinterval of J.

DeriniTiON 2.4. In addition to (2) consider the corresponding autonomous
version:

£=1,

. (3)
& =f(& x,u), ue U

Then x: J — R* is called a Hermes solution in the extended sense (or J£*-
solution) of (2) iff the function ¢ — (¢, (¢)), mapping J — R X R?, is a Hermes
solution of (5) in the sense of 2.3. Analogously for % * and J#"* solutions.
These shall be our basic concepts; historical and technical comments, and
examples, follow. For simplicity, in these we shall usually refer to (1) rather
than (2).
The #-solutions were designed to treat equations (1) where f(¢, x) depends
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continuously on x, but possibly discontinuously on £ [3]; e.g., linear equations
% — Ax = @(t), where the forcing term ¢ may be discontinuous. In this the
concept is spectacularly successful: for instance, in the linear case all is smooth
sailing as long as ¢(-) is Lebesgue integrable, a far weaker assumption than one
usually needs.

In Filippov’s definition [4], the crucial point is the ‘minus a null set Z”: the
concept is set up to ignore possible misbehaviour of f on sets of small measure
(in state space). The eB term is introduced to obtain room for this to function,
and is ultimately done away with by taking € — 0 via intersections.

Krasovskij's definition [17], [18, pp. 40-42] uses the e-device above to take
into account the behavior of f at nearby points (the fact that the K operator is
formally simpler than F could hardly have been the initial motivation).

For Hermes solutions we refer to [14], but the reader will not find the explicit
definition there. Hermes showed that every & -solution (of autonomous (1)) is a
untform limit of %-solutions x, to ‘inner perturbations’ p, , as in Definition 2.3.
Subsequently he defined stability with respect to measurement by requiring
that every %-solution be uniformly approached by all such #-solutions x, with
the same initial datum. In Definition 2.3 we merely gave the limit a name.

As concerns Definition 2.4, there is obviously no need to introduce the
extended version of Newton or Carathéodory solutions. However, starting with
Filippov solutions, a distinction appears. This might be ascribed to the un-
deniable fact that the state and the time variable do play diverse roles in (1),
and the effect begins to be felt. (One might even modify the doughnut/coffee-cup
description of a topologist to apply to differential equationists.)

The study of differential equations discontinuous in the state variable was
begun by Fliigge-Lotz ([13]; for an account see [8]).

Next, comments on details in the definitions.

These have been shorn of all assumptions on the right-hand side /. No doubt
Leibniz might object to a lack of continuity in f for .#Zsolutions; but the point
can be made that, e.g., the requirements usually made 4b initio in describing
€-solutions properly belong in the Carathéodory existence theorem. Similar
remarks apply to the other concepts, particularly to that of F -solution.

All the definitions but the first have the prerequisite that the solution be
absolutely continuous. The aim is to eliminate the ‘singular’ functions x having
& == 0 a.e., which thus have no connection with their derivative (within a
differential equation, this would be disastrous).

The convex hull device that appears in K, F and Definition 2.2 may seem
artificial. Note, however, that this is all that can be detected by scalar ‘observa-
tions’ ¢Tx(-) of the solution. E.g., an AC function x has %(z) € Kf (x(¢)) a.e. iff,
for everv constant vector ¢, the derivative c7x lies between lim sup and lim inf
of ¢Tf(x + eB) as ¢ — 0. (Similarly for F, and essential lim sup, [4].)

The ‘inner’ perturbations p;(-) of Definition 2.3, as in & = f(x + p,(f)), may
be constrasted with ‘outer’ perturbations g,(°) in £ = f(x) + ¢{#). On the one
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hand, for continuous f, every small inner perturbation obviously ‘“is” a small
outer one,

¥ =fle4p®) =f®) + l®) g ==+ p) — f(%).

Even without continuity, the converse holds in the limit: if # = f(x) 4 ¢,(¢)
and we set y = x — ft qs » then

¢
y=f(y-+p) and p,—0, y—ux for Pk:f Q-

One is tempted to say that inner perturbations are more appropriate for dis-
continuous right-hand sides; in any case, they are at least as general, in the
above sense.

Even if the function f is not measurable, Definition 2.3 requires that the p; ,
u;, , and also the %-solutions x;, be measurable. It turns out (see the next
section) that this can always be ensured.

Of the generalised solutions, the most closely related seem to be £ and
S -solutions (at least, both have to do with different species of inner perturbation,
eB and p.(t)); and one is led to conjecture at least one containment relation.
Observe, however, that in Definition 2.3 there figure measurable selections
#,(t) € U, and uniformly (rather than pointwise) small state perturbations. All
this will be treated in Sections 4 and 5.

ExampLE 2.5. The dynamical system is planar, with

1 for y <0,
i=1, 3=¢ (©)
—1 for y = 0.

Off the x-axis all solutions are A" and %. Next, consider solutions on [0, -}-o0)
with initial value on the axis, y(0) = 0.

There are no 4" nor € solutions (the vector field has ‘jammed’ the solutions,
or the x-axis consists of end-points). Obviously

Ff(x,,0) = Kf(x,0) = {(1,): [ ¥ <1}

thus x(z) = x, + £, y(¢) = 0 are & and A solutions. Since there are no further
types, the " solutions have continuous dependence on initial data (into positive
time). Observe that, for the inextensible solutions, we have #NF = &
(solutions defined over as large a domain as possible).

ExampLE 2.6. We modify (6) on the x-axis only:

1 | for vy <0,
x=<——1, y:éo y =0, Q)
1 N1 y >0,
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The F-solutions are, of course, as before. Each Kf(x,,0) is a triangle with
vertices (1, 4-1), (—1, 0); in particular, any function x(¢) with | %(z)] < 1 and
y(t) = 0 defines a # -solution. One of these is an 4" and %-solution: x(¢) =
xg — t, ¥(t) = 0. Observe that #-solutions and F-solutions have continuous
dependence on initial data, % -solutions do not; and that %-solutions need not
be F-solutions (thus the Filippov solutions are not generalisations of classical
solutions).

The example is essentially the same as that of [4], Example p. 104. Granted
that uniqueness of F-solutions is an important property, the fact that %-
solutions need not be # -solutions can be disastrous. The reader is referred to
[14], Example 2, p. 159: even in a linear system with a cost-optimal feedback
control for #-solutions, if one allows # -solutions only, there need be no optimal
controls (precisely because the optimal solutions are not in #). This is quite
surprising since % -solutions do satisfy a rather strong version of a closure

theorem [4, p. 109].

Exampres 2.7. Let N C R! be a non-measurable set which is dense and also
has dense complement [I3, p. 70]; let y be its characteristic function. For the
equation

& = x(*) (8)

obviously all Ky = {0, 1]; thus the .#"-solutions are precisely the non-decreasing
functions with Lipschitz constant [. Constants x, ¢ N are %-solutions, and
probably there no others.

Later we will show that the #-solutions are precisely these 5 -solutions;
these are AC, therefore measurable, and so are the perturbations p,(-) in Defini-
tion 2.3. One might imagine that they have to thread their way carefully within
the non-measurable function x(x} of (8).

Consider also the equation

& = x(1). %)

Then there are no €, &, nor 4 -solutions (the derivative of an AC function is
measurable). On the other hand, if (9) were made autonomous as in (4}, the
situation essentially reverts to (8), and there do exist #* and £ *-solutions.

These last examples were rather extreme. The author does not propose to
spend his declining years solving non-measurable differential equations. But it
is quite useful not to have to check for measurability always; especially since (as
subsequent proof will show) nothing is gained by requiring it.

We shall not deal with Newton solutions (note A#°C % if Newton solutions
are AC Jocally, e.g. if fin (1) is locally bounded). At this stage we have the
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following general containments, for solutions of a single equation (1) or system (2).

U U )
FCAH #> (10)
SO ¢
€

Indeed, obviously # C F*, etc.; and &# C A follows from Ff C Kf, which then
also yields #* C ¢ *. Similarly, f € Kf provides € C ¢, and p, = 0 in Defini-
tion 2.3 yields € C 7.

The following presents a simple condition (a weak form of piecewise con-
tinuity) for & = 2. This is useful since a lot is known about #-solutions,
thanks to Filippov [4], while the information on 4 -solutions is rather meager.
The extension of the result to systems (2} is immediate.

LemMa 2.8. Consider & = f(x) under the following assumption on f: there
exists a disjoint decomposition

R*=\JM, with M;Clnt M,, (11)

and continuous f;: R* — R? such that f = f; on M; . Then each X -solution is an
F-solution (so that F = H).

Proof. It suffices to show Kf CFf, or that f(x + eB) C f((x + eB)\Z) for
each x € R*, ¢ > 0, null set Z. Take any y € x + B, find % so that y € M, (thus
F () = fu(»)). From (11), there exist y; — y in Int M,; obviously we may even
take y; € Int M}\Z and, of course, ¥; € x +- eB. By continuity, fi(y;) — fi( ),
so that f(y) is in the closure of f{(x + eB)\Z) as asserted.

We note that the condition in (11) is essential; e.g. in (7), the set where
& = —1 has empty interior, (11) is not satisfied; and, in fact, # = %", For an
instance, see [7, p.461]: on the switching surface, the feedback control is
arbitrarily defined as O (with disastrous consequences, [9]).

3. EXISTENCE AND APPROXIMATION OF HERMES SOLUTIONS
The section is concerned with differential equaticns
% = f(t, x) (1)
rather than control systems. Here the function f: R < R" — R# is said to be

measurable in t iff ¢ — f(2, x) is measurable for each fixed x € R*; this is satisfied
trivially if, as in Corollary 3.2, (1) is autonomous.
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Turorem 3.1 (Existence for #-solutions). Let f be locally bounded and
measurable in t. Then, for any initial data t,, %, , there is a Hermes solution x(-)
if (1) with x(t,) = x, , defined at least on some interval (t, — e, t; + €).

Proof. In the usual manner we need only consider fy = 0, x; = 0; treat
only a right neighbourhood [0, €) of #, = 0; and assume that f is bounded
globally, by some constant ¢: otherwise one replaces f by a bounded function
which coincides with f inside an appropriate neighbourhood of the nominal
position.

For each 8 =1, 1, §,... construct the analogue of the Euler polygonal arc,
a function y(*) as follows. Forj = 0, 1,... we set #; = j8, y, = 0, and then

t
y@) =y; + ft_f (y)ds inE, tual,

where y;.; = ¥(£;,4). Then v(-) has Lipschitz constant ¢, and

9(@) = (3@ -+ (1) ae,

where

[P =1y, — 3O <g@lt—1] < ¢d

Thus y(-) is a €-solution of the perturbed equation (2), with inner perturbations
» — 0 uniformly as 8 — 0+. Since all (0} = 0 and ¢ is a common Lipschitz
constant, the theorem of Arzeld and Ascoli applies. Thus some subsequence of
the y = v, converges uniformly; by definition, the limit is a #’-solution of (1).

CoroLLary 3.2. In (1) let f be locally bounded. If (1) is autonomous, ther
locally there are S -solutions to any initial data; even if (1) is not autonomous,
then locally there ave at least S *-solutions to prescribed initial data.

By inspection of the proof (construction of 3(°)) it is easily seen that the
standard extendability results apply: x(-) is defined globally on R! if f is bounded,
or has linear growth, etc.

It is now natural to ask whether the #-solutions obtained by the construction
above, approximation by “polygonal arcs,” are in some way special, or constitute
a yet further interesting class of generalised solutions. A negative answer (in
essentially the most general case) is provided by Proposition 3.5, with apparatus
prepared in

LemmMa 3.3. Let x: [0, 1] — R” satisfy a Lipschitz condition. Then. for every
e > 0, there is a closed null-set Z and a Lipschitz function y such that

|a(t) — ¥t <e  on [0,1],
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and which is ‘piecewise linear’ in the sense that
I(t) = M)
Jor all t in any component (o, B) of [0, I\Z.

Proof. The Lipschitz function x is AC, so the derivative #(«) exists outside
a null-set Z,. Thus, for each « ¢ Z, sufficiently small 8 — a > 0, and all
t € [o, 8], we have

| %(t) — x(o) — (t — o) ()] < e(t — ).

Therefore there is a disjoint (hence, countable) collection of such intervals
[az , Br], covering [0, 11\Z, up to a null-set. In particular,

[0,1] =U (o, ) UZ measZ =0, Z=2Z

(we have included the end-points of the intervals in the null-set Z).
Now, let y(-) be linear in each (o, , B;), or rather

W) = ¢ + x(og) + (t — o) (o) for te€[og, Bel; 3.1y

The constants ¢, are as yet undetermined. We wish to make y(-) at least con-
tinuous. If £; — ¢4+ with all #, ¢, in the union of our intervals,

o Kt <Py, oy St By, but [a;, B:] # [, Brl,
then necessarily ¢ == 8, , and
Br < o < Bi—> B

(since the closed intervals are disjoint, with full measure of union). Analogously
if #; — t—. We obtain two conditions, right and left respectively:

lim ¢; = ¢ + (%) — *(Bx) + (Bre — o) #ow)),
lime; =¢;.
To achieve this, set up the saltus-function

o(t) = azt (o) — 2(By) + (By — o) (at;))- Gy

It is well-defined: absolute convergence is ensured by estimate (3): > | - | <
e(t — 0) < e. It is left-continuous, and right-discontinuities occur, at most,
at the points f; . Finally, we redefine y(-) throughout [0, 1] by

_y(t) _ c(t) + g(ouc) + (t - 0—'1.;) :é(oqc) :ﬁ ;;Bk[;ffl,c]ﬁl], (5)
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then y(°) is continuous, and “piece-wise” linear, with (3.1) satisfied for ¢, =

(o) = ¢(2).

Let us now estimate x — v, first at times ¢ in some [y, 8;]:
x©(t) — y(t) = (x(2) — &) — (f — o) Hlo)) + (2):
A(t) =y S et — o) + X el — o) < et —0) < e

by (3). From continuity of x and y, the same estimate extends over [0, 1] entire.

Next, let us show that y is a Lipschitz function. (Note that | 5(2)] = | #(e)| < A
a.e. is not sufficient: y could still be singular, or have a singular component.)
Take ¢t > s in [0, 1], both in some of our intervals:

4 <S<Bi, oy <ESB.
The case j = k is trivial; assume, therefore, B; < «;, . Then
(&) — ¥(8) = e(t) — cs) + 2(ow) + (£ — o) F(oy) — ¥(oy) — {5 — o) ¥(o)-

Here the term (see (4))

) —e(s) = Y =(Mh)+ F

sl <d S<a <<t

&) — y(s) = (o) — x(B;) + (B; — o) #(a;)
+ Y () o) - (F— o) o)

sy <8<t

— x(oy) — (s — o) %(ay).

so that

Here the terms x(«;) cancel, as do the ogd(o;); the sum is split into two, each
converging absolutely; and terms x(¢) — x(¢), x{s) — x(s) are added:

= x(s) — x(8) + ¥ (w(e) — 2(By)) — () -+ 2(ex)
+ a(t) — x(s) (6)
(B — ) #() + X (B — o) (o) + (¢ — ou) (o).

If X is a Lipschitz constant for x(-), then it now follows that
() — YOI S E— 90+ @ — s+ (E— )X

again, the estimate is extended over [0, 1] by continuity, 3(-} has Lipschitz
constant 3.

This, together with (4) and (5), establish the assertion.

There is a generalisation, with Lipschitz condition on x,y replaced by
absolute continuity only (more work is then done on (6)); we shall not need this.
For readers familiar with the concepts of Riemann and Lebesgue sums, there
is a curious consequence:
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CoroLLARY 3.4. For every integrable ¢: [0, 1] — R»,

[ o) dt = Tim ¥ plen)(Be — ),
0 [
limit taken over suitable disjoint decompositions -
[0,1] = Uz, BV Z, meas Z = (. )

Proof. Set x = _[:, ¢ and use the generalisation of Lemma 3.3.

We shall say that y: J — R"is an Euler-Lebesgue approximant, for a differen-
tial equation y = g(£, 3), iff ¥(*) is AC, and there exists a disjoint decomposition
9: J =1 (o, B) U Z such that Z is a null-set, and

() = glow , ¥(ow)) for o <t <fy. (8)

In this connection, the mesh size of Z is sup(B; — w)-

ProrosttioN 3.5. In (1) let f be locally bounded. Then every S-solution x(-)
(on a compact interval) is the uniform limit of Euler-Lebesgue approximants y, to
perturbed equations

Yy =fty+2et)),  pr—> O uniformly. ©)

Every uniform limit of Euler-Lebesgue approximants to (9), with mesh sizes tending
to 0, is an H *-solution of (1).

Proofs. Since # -solutions are themselves uniform limits of %-solutions (of
suitably perturbed equations), it suffices to prove the first assertion for x(-) a
%-solution, on [0, 1]. »

Then x(+) is 4AC: from the assumptions, the points f(¢, #(t)) admit a common
bound, so that x satisfies a Lipschitz condition. Apply the construction from
Lemma 3.3. We have (7), 3(*) is AC, and on each component (o, , Br),

I(t) = #(oy) = f (o, %))~
= o, (o) + plo))s
where p = & — y satisfies | p(f)] = | x(f) — ¥(t)| < € by (5).

For the second assertion, note that every E — L approximant for (9) is,
according to (8), a ¥-solution to

¥ =f0+ (s — 2,3+ p:(1)),

where oy, — # — 0 uniformly if the mesh sizes tend to 0.
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4. Crosure THEOREM FOR KRASOVSKI] SOLUTIONS

Lemma 4.1. Let t+ C, be a set-valued mapping whose values C, are compact,
convex subset of R", all contained in a common ball. Then | (1, C, is compact ard
conzex.

Proof. The set is convex by Richter’s theorem (e.g., [16], p. 26); obviously
itis bounded. To prove it is closed, assume ¢,(£) € C; a.e. and ﬁ ot) dt = %, — x.
All ¢,() belong 1o a closed ball of finite radius in Ly-space; this ball is weak star
compact, and the weak star topology restricted to this ball is metrisable. Thus
we have sequential weak star compactness, and may assume that the original
sequence converges to an L, function ¢(*) (in the weak star topology). It follows
that ﬁ c(t) dt = x. Also, there exists a sequence b,(*) of suitable finite convex
combinations of the ¢, () which converges to ¢(-) a.e. Convexity of the sets C,
of values yields that each 4,(t) € C; a.e., and compactness of C, yields ¢() € C,
ae. Thus indeed x € 3 C, .

Remark. In the case that ¢ +> C; is also measurable, this is a special case of
a theorem due to Aumann (e.g., [16], p. 29); and our proof is a minor modifica-
tion of past of this. Absence of measurability assumptions will be important later.

LemMa 4.2. For te[0,1] let t— S; be a set-valued mapping, whose values
are all contained in a common ball of R™. If x: [0, 1] — R" has

ot
x(t) — x(5) eJ S, (2)
(for all t > sin [0, 1]), then x(*) is AC and satisfies
a(f) € cex S, a.e. 3)
In particular,
¢ T
x(t) = »(0) - f #(r) dr € x(0) + f cox S,
0 0
Jor all t 0, 11.

Proof. From uniform boundedness, x() satisfies a Lipschitz condition; thus
it is AC. T'ake any countable dense set ¢, , ¢, ,... in R” (these will be used as ‘test
directions’). Then, for any fixed x € R* and S C R" it is true that xe cvx S if
{(from density), and only if,

e fx < sup TS foreach &2 =1,2,...

Now assume that (3) fails, on a set of positive measure. Then, on a possibly
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smaller set M, still of positive measure, we have more: there exists a single test
direction ¢ = ¢, and ¢ > 0, such that

sup 7S, < cTa(t) —2¢  (te M) (4)

(here > sup ¢7.S;, may not be measurable; and we proceed to bypass this).
Set () = cT4(f) — 3¢, and take any point # which (i) belongs to M, (ii) is a
point of metric density of M, and (iii) is a Lebesgue point of ¢ (recall x € AC, so &
and @ are L;). By definition of derivatives, for arbitrarily small 2 > 0.

o(t) + ¢ = Ti(t) — e < %CT(x(t + k) — x(2)). %
From (2), there exists £ — s(t) € S; with
t+h
x(t + k) — x(t) = f s(r) dr
¢
(s(*) possibly depending on # and %). Then

+

nM

t+h
A(x(t + k) — x(t)) = f Ts(r) dr =
t InM
with I = [t, # + A]. On I N M we estimate via (4),
F(x(t 4 F) — o) < f or) dr -+ J s(r) dr
InM nm

t+h
= [ Teydr+ [ (@) — olr)) .
¢ N
Note that both ¢7s(-) and ¢(-) are uniformly bounded; if « denotes a bound,
t+h
< f o(r) dr -+ 20 meas([t, ¢ + A]\M).
17
We use this estimate in (5),

1 it . meas([t, t + A\M)
o) +e< ZL ¢lr) dr + 2o meas[t, £ + A

for arbitrarily small &. As A — 0+, from our choice of ¢ (see above), the last
térm tends to 0, and the integral term to ¢(¢). The contradiction ¢(2) 4 ¢ < @(?)
concludes the proof.

TueoreM 4.3 (Closure theorem for 5 -solutions). Let x,(-) be Krasovskij
solutions of

¥ = f(ty + pu(t, ¥), wilt, ¥)) + @ilt, »)
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on [0, 1], with
wt,y)e U, and p, — 0, g, — O uniformly;

assume that | is locally bounded, and U bounded.

431, If the x(°) converge uniformly, then the limit function is a Krasovskif
solution of & = f(¢,x,u),uec U.

4.3.2.  Unless %,{0) — o0, some subsequence of the x,(") does converge uniformly,
at least on some [0, €] (with € > O depending only on f, U, lim inf { 2,(O)}).

Proof. First assume x, — x uniformly; choose ¢ > 0, & > 0 arbitrarily.
Then, for large indices,

() <e @Ol <8, Ix()— () <e
on [0, 1], so that, a.e.,
&(t) € cox (f(t, x,(t) + B, U) 4 8B)
Ccox (f(t, x(t) + 2¢B, U) - 8B).

It follows that, for any ¢ > s in [0, 1],

x(1) — x4(s) € f t“cE;( f(r, x(r) + 2¢B, U) + 8B) dr.

3

The assumptions of Lemma 4.1 are satisfied; hence, on taking limits as & — o,

w(t) — x(s) jt?z-‘;(---).
By Lemma 4.2, x(-) is AC, and
(1) € cox (f(t, 2(t) + 2¢B, U) 4- 8B)  a.e.
Take limits over a sequence 8 — 0 to obtain
&(t) e cox f(t, x(t) + 2B, U)  a.e.,
and then over a sequence ¢ — 0 to verify
#tyeKf(t, x(t), U) ae.

"Thus indeed x(-) is a J# -solution.

For the second assertion assume only x,(0) — co. Then x; (0) — x, for a
subsequence y; = x, and point x,. We may now include yi(Os — X, into the
inner perturbations pz'), and assume from the outset that all y,(0) = 0. Choose

505/32/2-2
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any « > 0, set § = sup [ f([0, 1], (@ + 1)B, U)| + 1. Then, for 7 € [0, 8/«] (2nd
large indices 1 | p; | << 1 > |g;|), one has y,(#) € aB, since | y(t)] < B there.
Thus all 3,(¢) remain in a bounded portion of R, and their derivatives are
uniformly bounded. From the theorem of Arzeld and Ascoli, a subsequence
of the y; (a subsequence of the v;) converges uniformly on [0, B/«]. This con-
cludes both proofs.

CoROLLARY 4.4. For % = f(t,x,u), uc U, with f locally bounded and U
bounded, each Hermes solution is a Krasovskij solution.

Proof. Take any #-solution x(-), and the appropriate ¥-solutions x;, — x
of y = f(t,y + pi(t), u) (pr — O uniformly). Trivially, the x. (") are A'-

solutions; thus by Theorem 4.3, x = lim x, is a . -solution of our equation.

5. 7% CoH*

The source of some results on non-measurable equations is the following
trivial miracle.

Levma 5.1. Let x — F(x) be a set-mapping, from points x € R to subsets of R".
Then the set-mapping

x—Fx+ G)
is lower semi-continuous if G C R* is open.
Proof. For any (open) HC R,
{:Fx+ G)NH=%= g} =(—G)+{y:F(y)nH = z}.
Since G is open, so is —G, and thus also (—G)-+ (any set).
Lemma 5.2 (Moveable Carathéodory’s Theorem). Assume that all values

(%) € cvx F(x), where f: R* — R" is measurable, x > F(x) is a measurable set-
valued mapping, and each value F(x) is closed (in R™). Then

F0) =Y @Sl fule) €F@),

0

n

a(x) = 0, Y oq(x) =1

Jor suitable measurable o, R* — R, , fi: R* -~ R, .

(The proof appears in [16] as part of Theorem 8.4, pp. 29-30. The version
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of Filippov’s Lemma used here, with closed values instead of compact ones,
is in [12], p. 118.)

For the next assertion the notation is as follows: E™ is the standard m-simplex
in Rm+Y

Em — %((xo yeres ocm):i op = 1, all o > 0%7
0 )

and the set of its verices is

VP = {e; ,..., €, € basic unit vector in R™+1},

Lemma 5.3 (Bang-bang tracking). Let t — B(f) be an integrable n X (m - 1)
matrix, and € > 0. For every solution of

a2(t) = B(t) u(t), u(t)e E™, x(ty) = x,
there is a solution of

3@ = B@)o(®), wH)eV", i) = %
with all | x(t) — y(t)| < e.

Proof. Assume f; = 0, choose 8§ > 0 (to be fixed later). Apply the bang-
bang principle (Theorem 8.3 in [16]) to each interval [, (& 4- 1)8), & =0,
+1,.... There results a measurable control o(-) with all values in I'"™, and a
corresponding solution y(-) such that

y(k8) = x(k8) for k=0, -1,... N
To estimate x — ¥ at £, find closest 23, and use (1):
[2(2) — ¥()] = |(x(2) — x(k8)) — (¥(2) — ¥(R3))]
— l f: B(x)(u(s) — v(s)) ds

(B+1)5
<[ 1B dsampt < €
Yrs
once we choose § so that the L;-function B, or rather its AC integral, satisfies
t+8
sup [ | B(s) ds < - (2m)2,
t v

Remarks. There is no limit version of L.emma 5.2. E.g. forn =1, B = 1,
xy == 0 and [—1, 1] in place of E*, consider # = 0. Then controls o(-) with all
I o(#)] = 1 do approximate x = 0, but cannot match exactly. The proof follows
that of Hermes ([14], Lemma 2, part (c)). There is an obvious extension to
linear control systems & = A(t)x + B(t)u.
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Lemma 5.4 (Approximate measurable selection). Assume that

pt)eflgt) + Q. U)+ P ae. @

where the functions p, g: R* — R™ are measurable, Q C R*, UCR", PC R»,
f: R» X Rm _» Rn,
Then, for any € > 0, there exist measurable functions a, b, u such that

p@) = f(q(®) + a@®), u(t)) + b(t)  ae.,

a(t)eQ + B, b(t)eP+<B, u(t)eU. G)

(B is the unit ball in R™).

Proof. Set 8 == ¢/2. Since p, ¢ are measurable, they can be uniformly ap-
proximated by ‘simple’ functions:

[p(t) —p'(1) <8,  [q(®)— g <3,
') =Y peul?), q(t) =3 qiei(2),

with constants p, , ¢;, in R", and the ¢,(-) characteristic functions of measurable
sets K, C R, same for both p and g. From (2)

PO eflé®O+ O, U)+ P ae
(here Q' = O+ 6B, P =08B). At te E,
preflan+ 0O, U)+ P Q)
For each % choose (constant) solutions to (4).
Pe = fqn + ar, ) + bz,
apeQ, u,e U, b.e P,

and use these to define simple functions

ay(t) =Y arel?), b'(2) =Y, bie(t), u(t) =3 wcy().
Obviously these are measurable, and map into Q’, U, P’ respectively. Thus
PO =flg@) + a(@®), ur)) + (@) ae,
and (3) holds on absorbing the differences p’ — p, ¢’ — ¢ into the terms b, a.

Remarks. Note that t — f(q(¢) + a(?), u(2)) is measurable even if f is not.
The result is an approximate implicit function theorem: in the result there
appear e-terms even if Q = P = 0 initially. There is a significant difference
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between our result and, e.g., Filippov’s Lemma. There the selection is ‘point-
wise,’ or stroboscopic in the terminology of [12]. Here it is not even almost-
stroboscopic. Some generalisations are immediate: the domain of ¢ could be R¥,
U might well be replaced by measurable ¢ —> U, , and f(q, ) replaced by f(¢, g, #)
depending measurably on ¢. Finally, R* and R™ could be replaced by a separable
metric space, and R! by a set with a o-algebra of sets (relative to which one
would interpret measurability).

TuroreMm 5.5. In the autonomous control sysiem
x = f(x, u), el (5}

let f be locally bounded, and U bounded. Then every Krasovskij solution is a Hermes
solution.

Proof 5.5.1. Consider any Krasovskij solution x(-) of (5} on a compact
interval J. We wish to find measurable p,: J — R, with p, — 0 uniformly,
and %-solutions x, of ¥ = f(y + p,(f)u) such that ¥, — x uniformly.

5.5.2. Choose € > 0. Then, ae.,
#(1) € Kf (x(2), U) C cox f(x(t) + B, U)

C cox(f(-) + eB) C cox(F(--) + <B).

We intend to apply Carathéodory’s theorem in the version of Lemma 5.2. For
this we need to verify measurability of the set-mapping

t—>f(x(t) - eB, U) + B,
and this follows from Lemma 5.1, with F(x + G) = f(x -+ B, U), and con-
tinuity of £ — x(?).
5.5.3. From Lemma 5.1,

n

#(t) =Y o(t) b(t)  ae

1}

with measurable o > 0, 3 o, = 1, and also measurable b;,: J — R", whose
values satisfy

bi(t) € F(#(2)  €B, U) + B Cf(x(f) = B, U) + 2¢B.

We propose to apply bang-bang tracking to (6), #(-) being the vector function
with coordinates o ,..., @, . That ¢ > B(#), with columns b(?), is integrable
follows from the boundedness assumptions on £, U, J, and continuity of x(-).
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5.5.4. From Lemma 5.3 it now follows that there exists an AC function y:
J — R*, and integrable a: | — R*, such that

|2(@) — ¥ <e  (alze])),
() = a(t) e f(%(t) + B, U) + 2B ae.
From (7), x(t) + eB C y(#) + 2¢B, so that
() f(3(£) + 2eB, U) + 2B ace.
5.5.5. We may apply Lemma 5.4 directly:
9) = F(5(@) + wy(®), u(t) + wt) ae. ®)

with @, , w,: J — 3eB, u: J/ — U all measurable. Next, the term @, is absorbed:
write 2(f) = (t) — [ wy(s) ds, A = length J, to obtain

[ 2(2) — 2()| < 3eA,
W) + wy(t) = (1) + (), @@ < 31+ ),
still with w(-) measurable. Then from (8),
£(t) = f(2(2) + w(t), (1)) ae

Thus =(-) is a F-solution; finally, from (7) and (9), | 2(£) — x(¢)] < (1 - 3A).
Since € > 0 was arbitrary, the %-solutions 2(-) and inner perturbations @(-) do
have the required properties.

©)

COROLLARY 5.6. For autonomous control systems % = f(x,u), ue U, with
bounded U and locally bounded f, the Hermes and the Krasovskij solutions coincide.

CorOLLARY 5.7. For control systems % = f(t, x,u), ue U, with bounded U
and locally bounded f, the Hermes and the Krasouvskij solutions, both in the extended
sense, coincide.

Proofs (Corollary 4.4 and Theorem 5.5). The scheme for generalised solutions
is now as follows:
FHRCA* =

U U V)
F A O H
U
&€

none of the inclusions is an equality in general. The last vertical 5# C 3£ * may
be completed with a middle term, limits of Euler-Lebesgue approximants.
Some remarks in conclusion.
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The difference between 4 and & -solutions is that, in the construction of F
(Section 2, (4)) some small sets have been subtracted. It might be instructive to
omit other types of small set, e.g. closed nowhere dense, or first category. The
first questions to be asked are whether there is an analogue to Ff(x) ¢ @ (under
mild conditions, cf. [4], Lemma 1), and also to a closure theorem.

We have shown # C J"; the converse containment holds for autonomous
systems, or under a measurability condition. Can the gap be closed ?

The # -solutions of say & = f(x) obviously do what they were designed to—
ignore misbehaviour of f on null sets. There is still the question, what else do
they do. In detail, suppose a S -solution x(*) remains a % -solution for every
equation & = g(x) with {f 54 g} a null set; is then x() necessarily an % -solution ?

In the preparation of this paper, the author is indebted to many of his
colleagues for their views, comments, and suggestions; in particular, to Professor
George Leitmann, and to the referee.
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