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Abstract

The S=1/2 three-leg quantum spin tube is investigated using the numerical diagonalization. The study
indicated a new quantum phase transition between the 1/3 magnetization plateau phase and the
plateauless one, with respect to the spin anisotropy. The phase diagram is also presented.
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1 Introduction

The spin systems of a tube-type structure have attracted a lot of interest in the field of the
condensed matter physics[1]. Particularly, the S=1/2 three-leg spin tube is the most important because
it has the largest frustration and quantum fluctuation. One of interesting features is that the system has
a spin gap[2], while the S=1/2 three-leg spin ladder is gapless. Although no clear evidence of the spin
gap has been observed in any candidate materials of the three-leg spin tube so far[3,4], many
theoretical works[5-12] have supported the existence of the gap for the strong exchange interaction
along the rung. The gap is found to disappear when the rung interaction is decreased. The phase
transition between the gapped and gapless phases was clarified[13]; the critical ratio of the rung and
leg coupling constants was precisely estimated by level-spectroscopy method based on the numerical-
diagonalization data obtained by the MPI-parallelized program[14-16]. Under external fields, on the
other hand, a magnetic field induced spin gap was also predicted to appear at the 1/3 of the saturation
magnetization of the system by the numerical-diagonalization analysis[12] and the density matrix
renormalization group (DMRG) calculation[17]. It should appear as a plateau of the magnetization
curve, namely a magnetization plateau.

In this paper, we theoretically investigate the stability of the 1/3 magnetization plateau in the
S=1/2 three-leg spin tube against the XXZ anisotropy. The discovery of a quantum phase transition
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from the plateau phase to the gapless one due to the anisotropy would be another evidence of the
existence of the magnetization plateau in the isotropic spin tube.

2 Model and Calculation

We consider the S=1/2 three-leg spin tube, shown in Fig. 1, with the XXZ anisotropy described by
the Hamiltonian
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where S%, 8%, §” are the spin-1/2 operators and L is the length of the tube along the leg direction. The
exchange interaction constant J; stands for the neighboring spin pairs along the legs, while J, the rung
interaction constant. & is the XXZ anisotropy parameter. All the exchange interactions are supposed to
be antiferromagnetic (namely, positive). Throughout this paper, we fix J; to unity. In this paper, we
consider the XY -like anisotropy (A <1) only.

We performed the numerical diagonalization based on the Lanczos algorithm to calculate the
lowest energy eigenvalue in each subspace characterized by M=X%;S;” (M=0, 1, (1) 3L/2), which
denoted as Ey(L,M).

Fig. 1 S=1/2 three-leg spin tube. I, and J, are the exchange coupling constants.

370



Novel Quantum Phase Transition... T. Sakai and H. Nakano

3 Magnetization Process

First, we present the magnetization processes in Fig.2, where the results of the system of L=8 with
1;=0.4 are shown for 1 = 0.25, 0.48 and 0.75. Note here that we take the Zeeman term —hX;S;" into
account. In this study, we focus our attention on the behavior at the one-third height of the saturation.
One can easily observe the plateau-like behavior at this height for L = 0.75. On the other hand, the
behavior disappears for A = 0.25. These results suggest that the phase transition occurs between the
plateau-plateauless regions with respect to A. A =048 is the critical point for 1,=0.4 between the
plateau and the plateauless phases, estimated by the phenomenological renormalization in the next
section. However, it is difficult to determine the critical value of A from those magnetization curves of
the finite-size systems. In the following sections, we carry out a quantitative analysis of this phase
transition.

1 I I 1] l I 1 1

1+ A =048

A =0.75

M/M;

Fig. 2 Magnetization processes of the S=1/2 three-leg spin tube of L=8 and J,=0.4 for 1=0.25,
0.48 and 0.75. The saturated magnetization is denoted by M. A =0.48 is the phase boundary between
the plateau and the plateauless phases, estimated by the phenomenological renormalization in the next
section.
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4 Phenomenological Renormalization

Some previous theoretical works suggested that the XY -like anisotropy gives rise to the quantum
phase transition between a magnetization plateau phase and a gapless one[18]. Thus we examine
whether the same transition occurs or not in the present model. The phenomenological renormalization
is one of good methods to detect a critical point where the magnetization plateau which is the field
induced spin gap vanishes. The width of the 1/3 magnetization plateau which is calculated as Eqy(L,
M+1)+Ey(L, M-1)-2E(L,M), where M=L/2 is 1/3 of the saturation magnetization(3L/2), is denoted as
A. Using the numerical diagonalization, we calculate A for L=4, 6 and 8. According to the
phenomenological renormalization, the equation of the scaled gap (plateau) LA

LAIL N =L —2YA[L +2 \].

gives the size-dependent fixed point A, (L+1). In Fig. 3 the scaled gap for J,=0.2 is plotted versus &,
where dashed, dotted, and solid lines are for L=4, 6, and &, respectively. The cross point of the scaled
gaps for L and L+2 gives the fixed point A(L+1). Although the scaled gaps for L=4 and 6 do not cross
to each other due to the finite-size effect, the ones for L=6 and 8 cross and we can obtain (7). Thus
we use A.(7) as the estimated phase boundary between the plateau and plateauless phases at 1/3 of the
saturation magnetization.
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Fig. 3 Scaled gap (plateau width) LA is plotted versus A for L=4, 6, and 8 for 1,=0.2.
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5 Phase Diagram

The boundary between the 1/3 plateau (gapped) and plateauless(gapless) phases is shown in Fig. 4.
Since the phase boundary was obtained only for one system size(L=7), it is difficult to estimate precise
boundary in the thermodynamic limit. The calculation for larger systems would be desirable.
However, even within the present analysis, we can expect that the region of the plateauless phase
should be larger in the thermodynamic limit. Because the finite-size effect overestimates the plateau
phase, as shown in Fig. 3 where the behavior of the scaled gaps for L=4 and 6 (the absence of the
fixed point) indicates the existence of the plateau in the whole region. Thus the present estimation of
the phase boundary would give a lower bound of the correct one in the phase diagram in Fig. 4. If we
assume the existence of the 1/3 magnetization plateau in the isotropic case (A=1), the present result is a
strong evidence of the quantum phase transition to the plateauless phase.
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Fig. 4 Phase diagram in the A-J; plane.

6 Summary

The S=1/2 three-leg spin tube with the XY-like anisotropy is investigated using the
phenomenological renormalization applied to finite-size numerical-diagonalization data. We have
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successfully observed cases of the existence and the absence of the magnetization plateau at one-third
height of the saturation magnetization when the anisotropy is tuned. The phenomenological-
renormalization analysis has clarified a quantum phase transition between the magnetization plateau
and plateauless phases at this height. The phase diagram in the A-J; plane is presented. The precision
of the phase boundary should be examined in future studies because there may be finite-size effects
due to the small clusters that we treated. Calculations of larger-size systems would be necessary to
determine the precise phase diagram.
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