Computers Math. Applic. Vol. 25, No. 12, pp. 13-29, 1993 0097-4943/93 $6.00 + 0.00
Printed in Great Britain. All rights reserved Copyright(© 1993 Pergamon Press Ltd

THE EQUATIONS OF STATIONARY,
INCOMPRESSIBLE MAGNETOHYDRODYNAMICS
WITH MIXED BOUNDARY CONDITIONS

A. J. MEIR
Department of Foundations, Analysis, and Topology
Auburn University, Auburn, AL 36849, U.S.A.

(Received and accepted October 1992)

Abstract—This paper deals with the questions of existence, uniqueness, and finite element approx-
imation of solutions to the equations of steady-state magnetohydrodynamics with mixed boundary
conditions, posed on a bounded, three-dimensional domain. The boundary conditions for the velocity
equations are of Dirichlet, Neumann, and mixed type. These boundary conditions are important when
considering free boundary value problems, problems on artificially truncated domains, and control
problems which are governed by these equations.

1. INTRODUCTION

In this paper, we study the equations of stationary, incompressible magnetohydrodynamics with
mixed boundary conditions. Namely we consider boundary conditions on the velocity (Dirichlet
type boundary conditions), boundary conditions on the stress (Neumann type boundary condi-
tions), and mixed boundary conditions. These are useful when dealing with free boundary value
problems, control problems governed by the equations of stationary incompressible magnetohy-
drodynamics (considered in a forthcoming paper), and when dealing with artificially truncated
computational domains where one needs to prescribe boundary conditions on these artificial
boundaries (inflow and outflow boundary conditions). We mention that these equations model
phenomena such as flow of liquid metals in the presence of magnetic fields, and plasmas. Thus
these equations have direct applications to nuclear reactor technology, magnetic propulsion de-
vices, and design of electromagnetic pumps.

In this paper, we are only interested in problems posed on three-dimensional domains, the
analysis for lower dimensional domains is similar and simpler.

In Section 2, we introduce some notation, function spaces, and state some preliminary results.
Section 3 is devoted to a description of the boundary conditions, and Section 4 is devoted to
the description of the weak form employed. The main results of this paper are in Section 5, an
existence and uniqueness result, and in Section 6, a finite element analysis.

‘We also mention that for the Stokes equations some stress type boundary conditions have been
considered in [1,2], while for the Navier Stokes equations some stress type boundary conditions
have been considered in [3,4]. For a general overview of possible boundary conditions for the
Stokes and Navier Stokes equations we refer the reader to [5]. The equations of magnetohydro-
dynamics with different boundary conditions have been studied in [6], here we detail the analysis
only when it is substantially different due to the different boundary conditions.

2. EQUATIONS, AND FUNCTION SPACES

In this section we describe the equations governing the flows under consideration, introduce
notation, and give references to some results that will be needed later.
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14 A.J. MEIR

We consider the equations posed on a bounded, simply connected, domain Q@ C R?® which is
of class C1! or is a convex polyhedron, see [7,8] (we mention that the following analysis can be
extended to include multiply connected domains using the techniques in [9]).

The equations governing the flows under consideration are: in the domain 2,

—#V-D(u)+%(u-V)u+Vp— —Rin—(VXB) xB=f (2.1)
Vau=0, (2.2)
%Vx(VxB)—Vx(uxB) =0, (2.3)
and
V-B =0. (2.4)

Here u the velocity, p the pressure, and B the magnetic field, are the unknowns. A body force f is
given, and M, N, and R,, (the Hartmann number, interaction parameter, and magnetic Reynolds
number, respectively) are non-dimensional constants that characterize the flow. The notation
D(u) stands for (Vu + (Vu)?) (note that V-D(u) = Au whenever V-u = 0). For additional
discussion and derivation of these equations see [6,10], and the references therein. Also let 7
denote the stress tensor which is given by m‘-;’D(u) — pI (here I is the identity tensor).

Let 89 = T'; UT, UT; UT, where each of the I';’s is regular, open, with a finite number of
connected components, and I'; N\T'; = @ if ¢ # j. Also let n denote the unit, outward pointing,
normal vector to ).

Boundary conditions for the velocity can be of different types. For instance, boundary condi-
tions can be of Dirichlet type (given velocity) on some part of the boundary I'y, i.e.,

\.llrl = hl, (25)
of Neumann type (given stress) on some other part of the boundary I's, i.e.,
(Tn)|r, = g, (2.6)

or of mixed type (given normal velocity and tangential stress, or tangential velocity and normal
stress) on other parts of the boundary I's, and Ty, i.e.,

(u-n)jr, =hg and [Tn— (nTn)nlir, = g3, (2.7)

and
[w—(u-n)n]lr, =hy and (nTn)|r, = ga- (2.8)

If 80 = T'; UT3, then the boundary data for the velocity must satisfy the compatibility condition
Jr,h1-ndx+ [i hs dx = 0, moreover, if T'; and T's or T7 and T4 have common points, then
the boundary conditions at these points must be compatible. For the magnetic field we use the
boundary conditions

(B-n)|an =1 with ldx=0, (2.9)
an

and

[—L(VXB) xn—(uxB)x n] =k. (2.10)
Rm an

For the physical interpretation of these see [6,10]. Moreover g3, hy, and k must satisfy some
additional compatibility conditions, which will be detailed later. An explanation of these com-
patibility conditions, and why they are necessary for existence of a solution will be given later
(and may also be found in [6,10]). At this time we also point out that the boundary conditions
hi, hs, hy, and [ will be the essential boundary conditions while g9, g3, 94, and k will be the

natural boundary conditions.
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We now introduce some function spaces and their associated norms, along with some related
notation (for details see [7]). Let H™(?) (m a nonnegative integer) be the usual m*® order

Sobolev space equipped with the norm |[s||, and let H™(Q) := (H "‘(Q))3 with norm ||s|,, be
its vector-valued counterpart. On H(f2) we use the norm

1/2
Iwlls = (Iwlly + IVwliig) "~

Clearly, H°(Q) = L%(Q). Two particular subspaces of H!(Q)-functions that satisfy specific
boundary conditions are needed; they are

Hb(Q {W € HI(Q) :wlp, =0, (W-n)|r, =0, [w—(w- n)njir, = 0}’

- {T € HY(Q) : (T - n)|ogn = 0}.

Note that H}(Q2) and HX(f2) are closed subspaces of H'(Q2) under the usual H*(Q)-norm, thus
we use this norm on these subspaces. We will also make use of the product spaces

w(Q) := H'(Q) x H'(Q),
Wen () := Hy(Q2) x H(Q),

which we will equip with the usual product norm. Note that H}(Q) x HL(Q) C Wh,(Q). We
also define a subspace of L2(f2)

L) : {q e L2() : /nqu= o}.

On this subspace, and in general on subspaces, we will use norms induced by the original spaces.
We also let S(Q2) denote L3(Q) if 89 = T'; UT3, otherwise S(€2) denotes L2(1).
Certain trace spaces will also be needed. In particular,

HY2(89) : {w|39 we Hl(Q)}
Hl/z(an) = {wlan Tw; € Hl/z(aﬂ)’ w = (w11w2’w3)},

HY2(50) = (Hlﬂ(an))*, and HV3(00) = (HV3(00))",

which are equipped with the usual norms.

We end this section with a few results whose proof may be found in [7,8,11]. If Q is bounded
and has a Lipschitz continuous boundary (these are the kinds of domains under consideration
here), Sobolev’s embedding theorem yields that H*(Q) << L4(Q), where << denotes compact
embedding. Obviously a similar result holds for the spaces H!(2) and L4(Q2). For domains as
above and for functions w € HL(Q) we have a Poincaré type inequality, i.e., there exist a
constant ¢ such that

1/2
Iwllo < c(IVxwi2 + [[V-w]2) /2,

moreover on H};(Q), (IVx(IE + IV-()IIE + ” ||(";)1/2 is a norm equivalent to ||s||;; this im-

plies that on HL(Q), (|[Vx(+)lIZ + [|V-( )||(2,) is an equivalent norm to |j+[|;. For details see
[6,8,10,11].

3. BOUNDARY CONDITIONS

In this section we state the precise conditions (and regularity) which the boundary conditions,
and right hand side must satisfy, in order to guarantee existence of a solution to our problem. We
also explain why these boundary conditions must satisfy some compatibility conditions alluded
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to earlier. We assume that £ € H!(Q)". In the case that the domain € is of class C1'! we assume
the given boundary conditions for the velocity and the stress, hy, g2, hs, g3, hy, and g4 satisfy

h;, € H1/2(I‘1), (31)
gz € HV/2(Ty), (3.2)
hs € HY?(T3), (3.3)
gs € H™Y3(I3) with g3-m=0 ae. on I, (3.4)
hy € HY2(Ty) with hy-n=0 ae on Ty, (3.5)
and
g4n € H_1/2(P4). (3.6)

The compatibility condition on g and hy arises from the fact that both g3 and hy should be
tangent to the boundary. As stated earlier, if 3Q = TI'; UI's, then the velocity boundary data
must satisfy the additional compatibility condition

h; -ndx+ h3 dx =0, 3.7
I s

which arises from the fact that the velocity is solenoidal (divergence free). In addition, if T;NT'3 #
@, or T1NT4 # 0, then h; and hj, or h; and hy need to be compatible so that they are a trace
of an H!(Q2)-function.

The magnetic field boundary conditions ! and k are assumed to satisfy
l e HY*(8Q) with / ldx =0; (3.8)
an

here the compatibility condition arises from the fact that the magnetic field is solenoidal, and

ke H /?2(8Q) with k-n=0 ae on 89,

2 (3.9

(k,1)sn =0, and (k,V@lon)sa=0 V¢ e H*(Q).
Here (s,+) denotes duality pairing. The compatibility conditions on k arise from the fact that
equation (2.3) must be satisfied, and that for T € H}(Q2) and ¢ € H%(Q2), we have the following
identity

/Q (VXT) - Vo dx = —((T x n)lan, Vélon Joa,

and if VxT = 0 (i.e., if T is irrotational) then
0= [ (7XT)-1dx = ~((T x )lon, L)on.
Q

If the domain  is of class C!'! and the given boundary data satisfies (3.1)~(3.9), there exists
an extension (ug, Bg) € W({2), of the essential boundary data into the domain ; moreover one
may choose this extension so that V-ug = 0. In case the domain 2 is only a convex polyhedron we
must require that the data satisfy additional conditions in order to guarantee that one may find an
extension (ug, Bg) as above. One such condition is that hgn € H'/2(T'3) and that In € H/2(8Q)
(this condition guarantees compatibility of the boundary data along the edges and at the vertices
of the domain). The existence of these extensions can be shown using the methods of {6,10] and
also cf. Section 5.
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4. WEAK FORMULATION
We introduce the following forms. For (u,B), (v,L), (w,T) € W(R), ¢ € S()

a((u,B),(v,L)) :== / {2M2 —=D(u): D(V) + =5 [(VxB) (VxL) + (V-B)(V- L)]} dx,

e(( B), (L), (% T)) i= [ 1 V)v-wa
[1]

_/ %[(VxL)xB-w—(VxT)xB-v] dx,
0

b((v,L),q) := —/QqV-v dx,
and

F((v,L)) := (f,v)a + (82, Vir, )r, + (&3, V|rs )rs
+(gam, Vir, Jry + %(R,le oa

where : denotes the scalar product on R3*3, . denotes the scalar product on R3, and x denotes
the vector product on R3.

We are now prepared to introduce the weak form of the equations with mixed boundary
condltlons find

((u,B),p) € W() x S(N)

such that
(u,B) — (ug, Bo) € Win (), (4.1)
a((u,B), (v,L)) + ¢((u,B), (u, B), (v, L)) + b((v,L),p) = F((v,L)), 42)
V(v,L) € Wi (9), )
and
b((u,B),q) =0 Vge S(). (4.3)

PROPOSITION 4.1. Equations (4.1)-(4.3) are a weak formulation of equations (2. 1)-(2.4) and
boundary conditions (2.5)-(2.10).

PROOF. This proposition is proved in a standard fashion, i.e., using integration by parts and a
judicious choice of test functions, and the identity

/n {[‘ﬁliv'D(“) + %(u«V)u+ Vp - Eln-(VxB) X B] -v} dx
+/,,{% [%VX(VXB)-Vx(uxB)] -L}dx+/ =7 (V-B)(V-L) dx
= [ {220 + (B, (VXL) + (VB)(V-L) } ax
/ =u-V)u-vdx — /Rm[(VxB)xB v —(VxL) xB-u| dx - /pV'vdx

—{(Tm)|an, v|ea Joa — _R,—n< [-R—m(VXB) x n — (u x B) x n]|sq, L|an )oa;
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for details see [5,6,10]. We point out that, since v|r, = 0, (v-n)|r, =0, and [v —(v-n)n}|r, =0,
we get

((Tm)lan, visa Yoa = ((Tn)|r,, VIr, )r, + ((T0)lrs, VIrs drs + ((T)lr,, Vir, dr,
= ((Tn)ir;, Vir, )1, + ((T)lrs, [v = (v - m)n]Ir, )rs
+{(Tn)Ir,, [v - (v-n)n+ (v-m)n]r, )r,
= <(Tn)|l‘21v'f‘2 )PQ + ( (Tn)|F3’ V|F3 )Fs - ((nTn)lf‘sv (V : n)|F3 )1"3
+ ((nTn)j|r,, (v n)lr, )r,
= ((Tn)|p2,v|[‘2 >F2 + ( [Tn - (nTn)n“Fa’v|F3 )Ps
+ ( [(nTn)n]|p4,v|p4 >F4' |

5. EXISTENCE AND UNIQUENESS

We are now in a position to consider existence and uniqueness of a solution to problem (4.1)-
(4.3). We begin by stating some preliminary results, then we turn our attention to a linear
problem (associated with the original nonlinear problem) and finally we treat the nonlinear
problem (4.1)-(4.3). Throughout this section we assume that f and the boundary conditions
satisfy the hypotheses and conditions stated in Section 3.

For a, b € R?, define wa, : 2 — R3 by wab(x) :=a+b x x. Let

V(Q) := span {wa‘b :a,be R? |aj = |b| = 1}.
LEMMA 5.1. There exists a constant ¢ such that for all w € H}(Q)/V()

Iwli? < ¢ /Q 2—;—43D(w) : D(w) dx. (5.1)

PROOF. The result follows from Korn’s second inequality (see [12,13]), i.e., the existence of a
constant ¢ such that

w2 < c/n {ﬁED(w) Dw)+w-whdx,  YweH'(Q)

from the fact that if D(w) = 0, then w € V(Q2), and from the Peetre Tartar Lemma (see [8] for
the Peetre Tartar Lemma). (]

In the analysis that follows we assume, for simplicity, that 2 and the partition of 2 into the
T;s is such that V() N H}(Q) = {0}. Conditions that guarantee that V(Q2) N H(Q) = {0} are
that T'; # 0, or that I's = 8Q and 2 does not have an axis of symmetry (see [2]). If this is not
the case the following analysis carries over with H} () replaced by H}(Q)/V().

LEMMA 5.2. The forms a(s,s), c(s,+,°), b(s,+), and F(+) are continuous, i.e., there exist con-
stants K,, K¢, Kb, and K5 such that

la((u, B), (v,L))| < &all(u,B)Iwll(v,L)llw,  ¥(u,B),(v,L) € W(Q), (5.2)

le((u, B), (v, L), (W, T)}| < &ell(u, B)[wll(v, L)lwll(w, T)llw, (5.3)
¥(u,B), (v,L), (w,T) € W(Q), '

[b((v,L),q)| < woll(v,L)llwllallo,  V(v,L) € W(Q),q € S(?), (5.4)

and

|F((v,1)| < 6rll(v,D)llw,  V(v,L) € W(Q). (5.5)
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PROOF. The proof follows from the definition of the forms and is based on an application of
Hélders inequality and the fact that H!(Q2) << L%(Q); see [6,10] for details. [}

LEMMA 5.3. The bilinear form a(e,+) is coercive on Wyn(Q) and the form b(s,s) satisfies the

inf-sup condition (Ladyzhenskaya-Babuska-Brezzi Condition, see [5,8,14]) on Wy, (Q2) x S(Q), i.e.,
there exist positive constants o and 8 such that

a((4,B),(8,B)) > ol (&,B)I3y,  V(8,B) € Win(Q), (5.6)
and .
inf b((ﬁ,B),p) >

in — > 0. (5.7
PES(Q) (4 Byew,. (@) I(8, B)wlipllo

PRrOOF. The first inequality follows from Lemma 5.1 and from the existence of a Poincaré type
inequality for the functions in H}(2) (mentioned in Section 2). In the case S(Q2) = L3(Q) (i.e.,
if 80 = T'; UT3) the inf-sup condition, (5.7) follows from the classical result that the divergence
operator maps H}((2) onto LZ(S2), (see [8]), i.e., there exists a B such that

b((ﬁ, B)’p)

inf — > [,
PELY(D) (a,B)eHL()x {0} [I(&, B)lIwlipllo
and since H}(2) x {0} C Wi, (), we have that
b((8,B), b((a,B),
in M Z in sup M
PELED) (a,B)eWsn (@) (T, B)lwllpllo — PELE® (a,B)emz @) x {0y (&, B)llwllpllo

2B

In the case S(Q) = L?(Q) (i.e., if 3 # T'; UT3), using a slight modification to the arguments
used in (1], we can show that

PELX(D) (3 B)em: () x (o} [|(T, B)llwllpllo —

and since H}(2) x {0} C Wi (Q2), we have that

inf b((ﬁ) ﬁ),p) > in b((ﬁ1 ﬁ)’p)
PELY@) (g B)ew, (@) [|(3, B)lwllpllo ~ PEL*() (4 Byemi () x {0} [1(8, B)[wllpllo
2 B. 1

Next we turn our attention to a linear version of the problem. We first prove an existence and
uniqueness result for this linear problem; this in turn will allow us to prove an existence and
uniqueness result for the original nonlinear problem under consideration.

The regularity of the essential boundary conditions and the compatibility on these, stated in
Section 3 ensure the existence of an extension (ug, Bo) € W(Q), with V-ug = 0, of the essential
boundary data into the domain §2. These conditions guarantee the existence of u; € H(2) such
that

u1[r1 = hl, (u1 . n)|r3 = h3, and [u1 - (u1 . n)n]]m = h4.

Let up € H} () satisfy
V'llz = —V-ul.

The existence of u, follows from (5.7), see [8]; then ug = u; + uz. Likewise the above mentioned
conditions guarantee the existence of By € H!(f2) such that

(Bo -n)lag = L.
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Using the extensions of the essential boundary data into the domain (ug, Bo), we can write
(u, B) = (uO’BO) + (ﬁ’ ﬁ) ’

where (i, B) € Wi ().
Consider the linear problem: find

((u,B),p) € W(Q) x S(),

such that
(u,B) — (uo, Bo) € Wen(Q), (5.8)
a((u,B), (v,L)) +b((v,L),p) = F((v,L)),  V(v,L) € Win(Q), (5.9)
and
b((1,B),q) =0, Vg€ S(Q). (5.10)

Since V-ug = 0, this problem is obviously equivalent to the problem: find

((8,B),p) € Wen(Q) x S(Q), (5.11)
such that
a((a,B), (v,L)) + b((v, L), p) = F((v, L)) — a((uo, Bo), (v, L)), (512)
V(v,L) € Win(9),
and
b((@,B),q) =0, VgeS(A). (5.13)

THEOREM 5.4. The linear problem (5.11)-(5.13) has a unique solution ((&,B),p) € Wen(R) x
S(Q2). Moreover,

108, B)llw < ZE + 22 |(uo, Bo)llw, (5.14)
(s 074
and therefore
RF Kqg .
I, B)liw < =E + (14 22) (0, Bo)lw, (5.15)
and
K K,
Iplo < 5 + 75 0, B)lhw, (5.16)

where (u, B) = (ug, Bo) + (&, B).

PROOF. The proof is just an application of the well known Babuska-Brezzi theory (for details
see [5,8,14]) using the estimates established in Lemma 5.2 and Lemma 5.3. Estimate (5.14) is
obtained by setting (v,L) = (@, B) in (5.12), and using (5.2), (5.5), (5.6), and (5.13). Estimate
(5.15) follows from (5.14) and the triangle inequality, and estimate (5.16) follows easily from
(5.2), (5.5), (5.7), and (5.9). a
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We now turn our attention to the nonlinear problem. Define
v i= kp + (o + 26l (10, Bo)|w ) | (o, Bo) Iw (5.17)

and B((ug, Bo), 2) to be the ball in W(Q) of radius 2 centered at (up, Bo).

THEOREM 5.5. If the data is sufficiently small, more precisely if 8yx. < a?, then the non-
linear problem (4.1)-(4.3) has a unique solution ((u,B),p) € W(R) x S(), with (u,B) €
B ((I.lo, BO), 2% .

Proor. The proof is based on a fixed point argument using the contraction mapping principle.
Define the mapping G by G((w, T)) = (u, B), where (u, B) is the unique solution of the following

linear problem: find
((u,B),p) € W(Q) x 8(Q),

such that
(u’ B) - (uoaBO) € an(ﬂ), (5.18)
a((5,B), (L) +B((WL)8) = F((v, L) —e((w, T, T (v L), oo
Y(v,L) € Wi (), ’
and
b((u,B),q) =0, Vge §() (5.20)

(the existence and uniqueness of a solution to this problem follows from Theorem 5.4). We first
show that under the hypotheses of the theorem G maps the ball B((uo, Bo), 22) into itself, and

) o

that this mapping is a strict contraction. Taking (v,L) = (u,B) — (ug, By) in (5.19) we get
a((u, B) — (uo, Bo), (u, B) — (uo, Bo)) + b((u, B) — (1, Bo),p) = F((u, B) — (up, By))
- a((u01 BO)v (u, B) - (u01 BO)) - C((W, T)’ (W, T)7 (u1 B) - (u01 BO))’
and from (5.20) and the fact that V-ug = 0 we get that
a’((u’ B) - (llo,Bo), (u, B) - (anBO)) = F((u9 B) - (u01B0)) - a((l.Io,Bo), (u’B) — (uo, BO))
—¢((w,T),(w,T),(u,B) — (uo, By)).

Now using (5.2), (5.3), (5.5), and (5.6) we deduce that

o (5, B) ~ (o, Bo)li3y < (r + (o, Bo)llw + cll(w, D)l ) (2, B) ~ (0, Bo)llw.

Using
ll(w, T}y < 2[|(w, T) — (uo, Bo)ll3w + 2{l(uo, Bo)ll}y,

and the definition of «, (5.17), we get that
all(u, B) — (ug, Bo)llw < 7 + 2&c]| (W, T) — (ug, Bo)|13-

Now since (w, T') is in the ball B((uo,Bo), 27;1), it is obvious that ||(w,T) — (uo,Bo)H%v < %’;—,
and employing the hypothesis 8y&. < a2, we get that (u, B) € B((uo, Bo), 22).

We now show that G is a strict contraction. Let (w,T), (W, T): € B((uo,Bo), 27;‘) and let
(u,B); = G((w, T)1) and (u,B)2 = G((w, T)2). Writing (5.19) for each of these and taking the
difference of the two equations we get

a((u’ B)l - (u, B)g, (v, L)) + b((V, L),p1 - Pz)
= -—c((w, T)1, (w, T)y, (v, L)) + c((w, T)s2, (W, T)3, (v, L))
CAMIA 25-12-C
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(where p1 and p2 denote the pressures corresponding to (u, B); and (u, B)3, respectively). Taking
(v,L) = (u,B); — (u,B)2 and using (5.20) we get

a((u,B)1 — (u,B)z, (u,B); — (u,B);) = — ¢((w, T)1, (W, T)1, (u, B); — (u,B),)
+ C((W, T)2’ (W, T)z, (u’ B)l - (u7 B)2) ’

so

a((u’B)l - (uvB)% (uaB)l - (uvB)2) = —c((w’ T)l - (W7T)2v (W, T)la (“’B)l - (u» B)2)
+¢((w, T)2, (W, T)2 — (W, T)1, (u,B); — (u,B)2),

and using (5.3) and (5.6) we get
a”(uaB)l - (u’ B)2||%v
< e (1w, Dt llw + 1%, Thallw ) 1w, T)1 = (w, Tl |, B)s ~ (, Blaliw.

Since (w,T)1, (W, T)2 € B((uo, Bo), 237-), it is also obvious that

o E)allw + 1 Thallw < X + 2 (a0, Bo)

so we get that

4K,
o

al(u,B); — (u,B)2flw < ( + 25¢|| (uo, Bo)llw) l(w, T)1 — (W, T)2llw- (5.21)
From the hypothesis 8ys. < o?, we have that 2% < £ and from the definition of v, (5.17),
2k.||(ug, Bo)||%, < v, so that

v o
—_ < —,

2. 16K2

thus 2xk.||(uo, Bo)llw < §, or '%'—‘2 + 2k (ug, Bg)|lw < a; hence from (5.21) we conclude that
[I(w, B)1 = (1, B)z2flw < cf|(w, T)1 — (W, T)z2llw,

for some constant ¢ < 1. Thus we have proved the existence of a unique (u, B) € B((uo, Bo), 2),
and a unique p € S(Q?) which satisfy (5.18)—(5.20) with (w,T) = (u,B). Thus (4.1)-(4.3) have
a unique solution ((u, B),p) € W(£) x S(R) with (u,B) € B((uo, Bo), £2). ]

We remark that the condition for existence and uniqueness in Theorem 5.5 is a condition on
the smallness of the data relative to the Hartmann number, and the Magnetic Reynolds number.
More explicitly a, which depends on the domain, the Hartmann number, and the Magnetic
Reynolds number must be such that 8yx. < a? (where &, depends on the domain and interaction
parameter, and 7y depends on the body force f, the domain, and the extension (ug,By)). For
fixed flow parameters the boundary data must be such as to have an extension into the domain
(1o, By) with sufficiently small norm so that 8y, < a?.

Assuming 8k, < a2, one may easily derive the estimate

li(uo, Bo)lI}y <

I, B)lw < [I(u0, Bo)llw + 2(11
2 (5.22)
< b
2K,

for the solution ((u,B),p) to (4.1)-(4.3) guaranteed by Theorem 5.5, and using a similar argu-
ment to that used to obtain (5.16), we get

K K K,
lello < =5 + - 1w, B)lw + % 1w, B)Iy

B B
1 aKke o2 (5.23)
< E(K'F + 2K, + m)
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The uniqueness result of Theorem 5.5 can be improved slightly; in fact without any smallness
assumptions on the data, there exists at most one solution ((u, B),p) € W(R) x S(Q) to (4.1)-

(4.3) such that
o

I€a, B)llw < 5=

To prove this, assume there are two such solutions (u, B); and (u, B)s, write (5.19) for each and
subtract the two equations; setting (v,L) = (u,B); — (u,B)2 and using (5.20) we get

a((u, B)l - (u, B)z, (u, B)1 - (u, B)z) = -—c((u, B)1 - (u, B)z, (u, B)l, (ll, B)l - (u, B)g)
+¢((u,B)z, (u, B)z — (u,B)4, (u,B); — (u,B),),

and using (5.3) and (5.6) we get

all(u,B); ~ (u, B[y < ﬂc(ll(u,B)lllw + II(u,B)zllw) I(a, B)1 — (u, B)z(3y,

or
[ = 5 (I BYalbw + 1w, Bellw) | lI(w, B): — (u, By < 0.

The result then follows from the fact that the hypothesis implies that

0 < [a=se(l(w,B)ilw + l(u,B)allw) . .

6. FINITE ELEMENT APPROXIMATION AND ERROR ESTIMATES

We now turn to the question of finite element approximations. For simplicity, we assume 2 is
a convex polyhedron. We point out that there may be a loss of accuracy, due to a Babuska-type
paradox if the domain € has curved boundaries and it is approximated by a polyhedron, see [3,4]
for details and ways to overcome this problem.

We start by choosing families of finite dimensional spaces X*(Q) c HY(), Y*2) c H ()
and S*(Q) c S(Q) parametrized by a parameter & which satisfies 0 < % < 1. We also define

AXQ) = 2MQ)NHL(Q) and YHRQ) := YHQ) NHL(Q).

On these spaces we use the norms induced by the norms on H!(?) and S(Q). Next, we define
the product spaces '

WhQ) := XHQ) x YHQ) and WL (Q) := A} Q) x YQ),

with norms induced by the norm on W(2).

As in the previous section we assume throughout this section that f and the boundary condi-
tions satisfy the hypotheses and conditions stated in Section 3.

We approximate the essential boundary conditions hy, hs, hy, and ! by h%, A%, h%, and I*
which belong to the restriction to I'; of elements of X*(R), to the restriction to I's of normal
components of X*(), to the restriction to I'y of tangential components of X*(f2), and to the
restriction to 39 of normal components of Y*(£), respectively. There are several ways of choosing
these approximate boundary conditions. For example these may be chosen as the interpolants
of the given functions in the appropriate boundary spaces, or these may be chosen to be some
projection of the given boundary conditions onto the appropriate boundary spaces. We assume
that we have available

bt € X*@)lr,, A € {(W" n)ir, : w* € PN},
h! e {[w'i — (w" - n)n]|r, : w" € x”(n)}, and IMe {(w"-nnﬂ :wh e YMQ) }

These are the approximations to h;, hs, hy, and [, respectively. As in the continuous case one
may find an extension into the domain of the essential boundary data (ug®, Bo"). We emphasize
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that these extensions are not needed in order to compute the approximate solution and therefore
are never constructed in practice, but are only used to derive the following theoretical results.
The approximate (discrete) problem we consider is: find

((u", B"),p") e WHQ) x §7(9)
such that

(u®, B") — (uo®, Bo") € Win (), (6.1)
a((u®, BR), (v, L*) + ¢((u®, BY), (uh, BR), (v}, LP)) + b((v*, L*), p") = F((v*,L%)) 6.2
v(v*, L% e Wk (), (6.2)

and
b((u”, BR), qh) =0, vgt € SH(Q). (6.3)

We quickly derive existence and uniqueness results for solutions of the discrete problem, since
these closely mimic those of Section 5 for the continuous problem.

Of course, the forms a(s,+), ¢(s,+,¢), b(s,+), and F(+) are continuous on the appropriate finite-
dimensional subspaces, and a(e,+) is coercive on W}, (€2).

The inf-sup condition, condition (5.7), is not automatically satisfied over the subspaces Wi ()
and S*(Q); in fact this condition turns out to be a constraint on the finite element pairs X*(Q)
and S"(2) that can be used to obtain a stable and accurate approximation. We therefore require
that A%(Q) and S*(Q) are chosen so that the inf-sup condition is satisfied, i.e., so that

b ﬁh,ﬁh , {
, inf sup ‘('E = ) > gt (6.4)
PRESH@) (gr Bryewp () 1(BR, BR)wllpPllo

for some positive constant $". Many finite element pairs that satisfy this requirement have
been devised for the approximation of the usual Navier-Stokes equations (since this is exactly
the condition necessary for the analogous discretization of the Navier-Stokes equations to yield
meaningful approximations); see, e.g., [5] and the references therein. For simplicity and in view
of the error estimates it is convenient to choose Y*(Q) = X*(Q).

As stated above we denote (up”, By") the extension into the domain of the data (analogous to
the one in the continuous case). Given h%, h%, h}, and I*, the existence of up® € X*(Q) such
that

uOhll‘l = hflis (uOﬁ ' n)lrs = hg’ and [uoh - (uO’i ' n)n”l'\ = hz’

and Bg € y"*(a) such that
(Bo” - n)jsq = 1%,

is obvious from the way the approximations to the boundary conditions were derived. Moreover
condition (6.4) guarantees that up” may be chosen in such a way so that

/ "Vutdx =0, V¢ e SHQ).
Q

The proof of this is exactly the same as that in the continuous case.

It should be noted that for reasonable choices of finite element spaces and sufficiently small
B, B" can be bounded from below uniformly in % and thus we may essentially let 3" = @ (we
therefore omit the superscript in the discussion below).

As in the continuous case, define

7 1= kr + (Ka + 26cll(u0”, BoM)Iw ) I (o®, Bo™) .
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It should be noted that by choosing A sufficiently small, ¥* can be made arbitrarily close to «.

THEOREM 6.1. If the data is sufficiently small, more precisely if 8y"x. < a2, then the discrete
problem (6.1)-(6.3) has a unique solution ((u®,B"),p?) € WHQ) x SH(Q) with (u*,B*) €
B((uo", Bo"), 2).

ProOF. The proof proceeds exactly as that for Theorem 5.5. [}

Without any smallness assumption on the data, there exists at most one solution such that
(u®, B |w < 70 and the estimates (5.22) and (5.23) hold with (u,B) and p replaced by
(u®, B") and p", respectively.

We now turn our attention to obtaining an error estimate, i.e., an estimate for the difference
between the solution of the approximate problem (6.1)-(6.3) and that of the continuous prob-
lem (4.1)—(4.3).- We only consider the case where both the continuous problem and the discrete
problem have a unique solutions in B ((uo, By), 27;1) and B ((uoh, th), 2—;{&), respectively.

Define the subspaces

2Z(Q) := {w cHLQ): Vow = o}

and

2MQ) = {wh e 2P(@) - /

"Vwhtdx=0 Vg'e Sh(Q)}.
Q

The space Z() is the subspace of functions of H}(£2) which are solenoidal (divergence free) and
Z"(Q)is the subspace of functions of A*(2) which are discretely solenoidal. Note that in general
ZMQ) ¢ Z(), in fact a measure of the “angle” between the two spaces Z(Q) and Z*(Q) (see [5]
and the references therein) is given by

©:= su inf ||z — z";.
zr‘EZE(Q) ZzEZ(N) I I
flz" |1 =1

Also note that 0 € © < 1. We also define the affine spaces
2h(@) = { wh e X(@) : Whr, =h}, (w*-nm)ir,=h}, and [w" - (w" m)n]r, =h}},
Q) = {Tﬁ € YH(Q) : (T n)|oq = zﬁ},

and their product
WHQ) = A7(Q) x YD),
and the spaces

Q) = {wﬁ e XMQ): / "Vwhdx =0, Vote s"*(n)},
Q

and
W3 (Q) := X3(Q) x VE(9).

The basic error estimate is given by the following theorem.

THEOREM 6.2. Let the hypotheses of Theorem 5.5 and Theorem 6.1 be valid. These theorems
guarantee existence of solutions to problems (4.1)-(4.3) and (6.1)-(6.3), denoted ((u, B),p) and
((u”, B*), p*), respectively. Then there exist positive constants k; < 00, i = 1,... ,4, such that

I(u, B) = (u*, BM)|lw

< inf ,B) — h,Lh 6 inf B , (6.5)
<Rt 8B~ (I ke i o= ¢l
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and
—pMo < & inf u,B) — (v}, L* + kg4 inf - ™o 6.6
lip—p"llo < 3(v",L"l)eW{‘(n)"( B) —( Hiw 4qnels'-(n)"p q"lle (6.6)

PROOF. Let (w”, T") be an arbitrary element of W{(Q), then clearly, (u®, B*) — (wh, T*) €
WH (€), in fact

b((u®, B") — (w", T, ¢") = b((u*, B, ¢") - b((w", T"),¢")
=0, Vg"eSHN),
therefore (u®, B*) — (wh, T*) € Z*(Q) x YH(Q2). For the exact solution we have (4.2), i.e.,
a((u,B), (v*, L") + ¢((u, B), (u, B), (v}, L") + b((v?, L), p) = F((v*,L%)

6.7
V(v LY € W), )

and for the approximate solution we have (6.2), i.e.,
a((u", BY), (v},LY) +¢((u", B"), (", B, (v", L") + b((v!, L"), ") = F((v",L")) 68)

v(v*, L* e Wk (),
Subtracting (6.8) from (6.7) yields
a((u,B) — (u*, B*), (v}, L*)) + c((u, B) — (u*, B*), (u,B), (v*,L"))
+¢((u”, B"), (u,B) - (u*, BY), (v*, L") + b((v*,L*),p - p*) =0
v(vh, LY € Wh ().
Letting ¢” be an arbitrary element of S*(Q2), we have
a((wh,Th) — (u?, B*), (v*,L%) + ¢((w", T*) — (u®, B"), (u, B), (v, L))
+ c((uh,Bh), (wh,Th) - (uh,B"), (vh, Lh)) + b((vh,Lh),q” - ph)
= o((w", T*) - (u,B), (v*,L*) + ¢((w", T*) - (u,B), (u,B), (V},L"))  (6.9)
+c((u®, B"), (wh, T?) — (u,B), (v*,L*) + b((v*, L"), ¢" - p),
v(vh LY € W (), (wh, Th) € WE(Q), ¢" € S*(Q).
Setting (v*,L*) = (w", T") — (u®, B*), letting z be an arbitrary element of Z(f2), and using the
definition of the spaces Z(2) and Z*(Q2), we have from (6.9)
a((wh, T — (uh, BY), (wh, T — (u*, B*))
+c((wh, T*) - (u®, B*), (u, B), (w", T*) — (u*, B*))
+ c((u",B"), (wh, Th - (u", BY), (wh, T") — (u",B"))
= a((w",T") - (u,B), (w*, T?) - (u?, B"))
+¢((wh, T - (u, B), (u, B), (W*, T") — (u®, B"))
+ c((u",B"), (wh, T* — (u,B), (Ww", T") - (u”, BY)
+b((w", T") — (u",B") - (2,0),¢" - ),
v(wh, Th) e WE(Q),q" € 8%(Q),z € Z(Q).

The right hand side of (6.10) may be bounded from above using the continuity properties (5.2)-
(5.4), and the left hand side of (6.10) may be bounded from below using (5.3) and (5.6). And so

we get

(6.10)

(a = Ke[ll(u, B)llw + [I(u®, B")Hw]) I(w®, T*) — (u?, B")|w
< (K'a + ke [ll(w, B)lw + | (u®, B")llw]) I(w", T - (u,B)llw (6.11)

[w" — u” — 2,

3
"wn — “""1 “q - P“o

+ Kb
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Using the definition of 8, since w* — u* € Z*(Q), we have

[w" — u — 2},

<6e. .
O T T (612)
From (5.22) and its discrete analog, we have that
a1 i=a = ke (l(w, B)llw + lI(u", BY)w) > 0. (6.13)

Taking the infimum of (6.11) over Z(2) and using (6.12), (6.13), and the triangle inequality yields

K|
[I(w,B) — (u*, B")|lw < (1 + ko)ll(u, B) ~ (W, T)|lw + ;’f 8lip - ¢™llo

(6.14)
v(wh, TP e Wi(Q),¢" € SH(Q),
with ]
ko = o= o + me(I(w B)llw + (™, BY)w) ]
Now taking the infimum of (6.14) over W(Q) and S*(Q2) we have
h Rt ; K b
li(u, B) — (u*,BY)|lw < (1 +'€0)( n'r'glfwh(n) [[(u,B) — (W*, T%)llw
LR I " (6.15)
a hes»(n) p=2"lo-
If (6.4) is satisfied, we can show that
I(w,B) - (W™, Th)w < (1+22) I(w,B) = V", L]} (6.16)
(wh, T”)ew"(ﬂ) - B/ (v, L")GW"(Q)

To this end, let v* be an arbitrary element of A[*(2); (6.4) implies that there exists z* € Z "'(Q)“L
such that

b((",0),¢") = b((u—v",0),¢") Vq" € S¥(®),
and

. Kb
2% < B lla = vy,

see [8]. Let w” = 2" + v" then w" € X*(Q), moreover w* — v* € A}(Q) and

b((wh, Th)a qh) = b((wh$ O), qh) = b((i’i + vh’ 0), qh)
= b((u7 O)a qh) =0, th € Sh(n),

so wh € X}() and
lu = WPl < flu = vH)l1 + (|27
3
< (14 F) = V"

Since v* was arbitrary

3 Kb ) in 3
u-—w 1+ u-—v"*.
"ex"(n) | h< ( B nexh(n) I s
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Thus,
u,B) — (wh, TH|3, = inf Ju-wh|2+ mf B - T%?
- h'r'{)ew"(n)”( ) —( Mw w"-EX,"(Q)” 7+ h(n)" [F
Kp\? K ; A2
< {14 — f B-L
<(1+3) | ,.,em)nu VIt H

Kp : AT A2
=(1+=2 f ,B) — (vh, LM)|3,,
(1+ [,) oAt oy 10 B) = (R EN) Gy

from which the result follows. Substituting (6.16) into (6.15) then yields (6.5) with

K1 =(1+no)(1+%) and nz=£-.

Now let g be an arbitrary element of S*(£2); we have from (6.7) and (6.8),
b((v*, L"), ¢" — p*) = b((v", L"), ¢" - p) - a((u, B) — (u*, B"), (v}, L))
- c((u, B) - (uﬁv Bh)’ (u, B)v (vﬁ., Lh))
- c((uh, Bﬁ)s (uv B) - (uﬂ, Bh)’ (Vha Lh))
V(v", L") € WE,(Q),¢" € SH(Q).

Using (5.2)—(5.4) and the inf-sup condition (6.4) yields
la" ~ ™o < 5 = [mollp = aPllo + (e + e[l (2, B)lw + lI(u*, BH)w] ) (w, B) - (u, BYlhw)]-

Now using the triangle inequality, (6.5), and taking the infimum over S*(Q), we arrive at (6.6)
with

ks = 2 (ka4 me[ll(, B)lw + (0", BR) ),

B
and
k=14 24 2 (1w B + 0%, B w])-
,3 B
Obviously we may obtain an upper bound on x3 and x4 through the use of (5.22) and the
corresponding bound for (u*,B"). 1

We remark that the error estimates (6.5) and (6.6) are optimal with respect to the product
norm employed since right hand sides of these estimates involve only appraximation-theoretic
terms.

From a computational view point, (6.1)-(6.3) is apparently a formidable system to solve. We
briefly mention that iterative solution techniques that decouple the calculation of the velocity
field from the calculation of the magnetic field may be employed. Several solution schemes for
these equations have been suggested and analyzed in [6,10].
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