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1. Introduction

Legendre expansions are widely used in approximation theory, numerical integration, solutions of partial differential
equations, analysis of pseudospectral methods, special function theory, etc. Given a function f € [*[—1, 1], it takes O(N?)
operations to compute the first N + 1 terms of the Legendre expansion

FOO =" anPn(®) (1.1)
m=0
by the standard discrete expansion [1]
1\ [’ 1\
am = (m + 2) [lf(x)Pm(x)dx ~ (m + 2) ; Wof Xn)Pm(xy), m=0,1,...,N, (1.2)

where {xn}ffzo is the Gauss-point set (the roots of Py,1(x) = 0) and w, the corresponding weights in the Gauss-Legendre
quadrature [2].

Piessens [3] presented another efficient algorithm with order O(N?) to approximate the first N + 1 Legender coefficients
by using the Chebyshev expansion:

= 2 (1 F®)Tnx)
fx) = n;) T, = | ﬁdx,

where Z' denotes a sum whose first term is halved. Then a,, can be approximated [3] by

1 N
U ~ (m+ 5) > dmr, m=0,1,...,N
k=0

meZy, (1.3)
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which yields a fast algorithm [3]

_ NN, ~
am:<m+5>Z’1m_jcj, m=0,1,...,N. (1.4)

=0

Here I x = f _11 P (x)T(x)dx can be calculated by recursion in O(N?) operations

———, m=0,kiseven
1— k2

22m(m!)2 (- -
k=1 Cm+n M= (15)
[(m+2j—3)(m+2j—2) —m(m+ D](m + 2j)

[(m+ 2j+ 1)(m + 2j) — m@m + 1)](m + 2j — 2)
0, otherwise,

Im.m+2j—2; m Z 17 k: m+2]a J Z 1

Cn (m=0,1,...,N) can be evaluated by FFT in O(N log N) operations [4]:

functionb = coefficients(f, n) % (n+ 1) coefficients for f

a0 =-1; b0=1 % approximate interval of f

x = (a0 4+ b0)/2 + (b0 — a0)/2 * cos(pi * (0 : n)’/n); % Chebyshev points of the second kind
fx = feval(f, x)/(2 x n); % f evaluated at these points

g = fft(fx([1: NO + 1NO : —1 : 2])); %FFT

C=[2%g(1); g(2:NO) + g(2%NO: —1 : NO + 2); 2% g(NO + 1)]; % Chebyshev coefficients

and }_" denotes a sum whose first and last terms are halved.

More recently, Iserles [5] proposed a new improvement by using the Cauchy theorem and Taylor expansions of the
Legendre and hypergeometric functions @, and ,Fj, respectively, for f(x) analytic on and inside the Bernstein ellipse &,
with foci &1 and major and minor semiaxis lengths summing to p(>1). The derivation is rather convoluted but the outcome
is a surprisingly simple numerical algorithm [5]. The total error bound on the algorithm remains open there [5].

In this paper, we will focus on fast algorithms for the evaluation of Legendre expansion for non-analytic functions of finite
regularity and their error analysis. We will show that the Legendre coefficient a,, for piecewise smooth (or Dini-Lipschitz)
f(x) on[—1, 1] can be represented by the Chebyshev coefficients as

1 1 1\ =
Gp = ECO + 5 ZIO,ZHCZn, tm = <m * 5) Zlm,eranerZn, m=12,..., (1.6)
n=1 n=0

from which we can construct an efficient algorithm to compute a,

1 1 1)
Gy = 5 + 3 ZIO,ZnEZns Oy = <m + 5) Zlm,m+2nz:m+2ns m=1,...,N—1,
n=1 n=0
(1.7)
No—1
~ 1 ~ 1 1 -
ay = (N + 5) ; IN N+2nCNs2n + 5 (N + 5) IN N+2Ng CN+2Ng »
where N, is a fixed positive integer depending on f(x) and independent of N for a given tolerance § > 0, G, (m =
0,1,...,N 4 2Np) can be evaluated by FFT in O((N + 2Np) log(N 4 2Np)) operations, and I, j can be obtained by (1.5)
in O(NNp) operations. Therefore, the total cost is O(N log N). In Section 2, we will derive the error bounds for Piessens’

algorithm (1.4) and the new algorithm (1.7). In the final remark, we will show that (1.6) is identity to that given in [5] for
analytic functions in a neighborhood of [—1, 1].

2. Main results

Lemma 2.1. Suppose f (x) € [*[—1, 1] is piecewise smooth (or Dini-Lipschitz) on [—1, 1], then

1 1& 1) &
o= ECO + 2 ZIO,ZnCZn, In = | M+ 2 Zlm,m+2ncm+2na m=12,....
n=1 n=0

Proof. Recall that a function h(x) is called piecewise continuous on [—1, 1] provided (i) h is continuous on [—1, 1] except
at finitely many points y1, . . ., yk; and (ii) at each of the points y, . . ., ¥k, the left-hand and right-hand limits of h exist. h is
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called piecewise smooth if h and h’ are both piecewise continuous on [—1, 1] [6, p. 32]. Since f (x) is piecewise smooth on
[—1, 1], then f (cos()) is piecewise smooth on [—7, 7] and

f(cos(9)) = Z’cn cos(nf), cos@) #y;, j=1,...,k
n=0

(see [6, p. 35]), where ¢, is the same as that in (1.3). Consequently we have

fO =) T, x#y,j=1,....k (2.1)
n=0

Thus, from (2.1) and Theorem 1.27 [7, p. 22] it follows

1 1 1 1 oo ,
an = (m+ 5) /_]f(x)Pm(x)dx = <m+ 5)/_ Z cn Ty ()P (x)dx

1 n=0

1 o] 1
= (m + 5) Z’cn/ T,(X)Pn(x)dx, m € Z,,
n=0 -1

which directly leads to (1.6).
In the case that f is Dini-Lipschitz, from the Dini-Lipschitz Theorem [8, p. 129], the Chebyshev expansion uniformly
converges to f (x). By the above same proof, (1.6) is also satisfied. O

Lemma 2.2. For the Legendre expansion (1.1) and Chebyshev expansion (1.3), the coefficients satisfy
2/nM

P (p? = 1)

if f is analytic with |f(z)| < M in the region bounded by the ellipse &, with foci &1 and major and minor semiaxis lengths
summingto p > 1; or

la,| < (see [9]), lcnl < 210—1\:, (see[10]), n=1,2,... (2.2)

JV,
|an| = —  (see[11]), (2.3a)
RGBT )
2V,
el < (see [12]) (2.3b)
ann—1)---(n—p)
if f,...,f% D are absolutely continuous on [—1, 1] and f P has bounded variation V,, for some p > 1.

Theorem 2.1. The error bound for the Piessens’ algorithm (1.4) for evaluating a,, can be given as

@m + DV, N v, \/T
piNN—=1---(N=p+1)  (p-1DN-H(N-3)-.-(N-22)V2(N-p)’

U — | < V, < 00 (2.4)
(4m + DIy M 2M[(N + D(p — 1) + 1]
(p—DpN VN+1p8 10— 1D3(p+ 1)
form=0,1,2,...,N.

f () analyticin &,

Proof. From the definitions of I,, s, it follows for m > 0 that

1\ & 1 1\ &
lam| < (m + 5) HX:; |Calm,n| = (m + 5) |Cmlm,m| + (m + 5) ; |Cm+2lm,m+2il

and for j > 0 that

[((m+2j —3)(m+2j —2) —m(@m+ 1)|(m + 2j) [2j — 1]

I o< =—— 1,
[m+ 25+ Dn+2)) —m(n+ Dim+2j —2) "2 = o sl

|Im.m+2]+2| =
which implies

1 .
|Im,m+2]| =< zjjllm,mL j=0,12....



S. Xiang / Applied Mathematics Letters 26 (2013) 194-200 197

Moreover, from (1.4)-(1.6), the error bound for evaluation of a,, by (1.4) can be given as

B 1 N—-1 N 1. 00
|G — | < <m+5> I (Z/|Cj—cj|+2|cN—cN|> + Y lgl. m=0,1,2,...,N. (2.5)
j=0

j=N+1
Recalling (2.13.1.11) in [2] (also see [13, p. 96])

e}

G—q= Z(Cﬂnfj +Cunyy)s Jj=0,1,...,n, (2.6)
=1

which, together with (2.5) and (2.6), gives

B 1 o0 (o]
(G — | < <m+5> Inm Y I+ Y gl (27)

j=N+1 j=N+1

Furthermore, note that 3 °y ., |gj| < m [14, Theorem 2.1] for V, < oo and

e’} 7 00 1
lajl < Vp, | , . —
f=~z+1’ ’ Z(N—P%:NZH(J—%)(/—%)---(l—%)
T 1 > 1 1
:V B — —
"V2<N—w—1j§%[<f—;>---<j—2P;> o—;>-~-(f—2z3>}
— Vp T
T - DN - =) (V- BV AN

2

These together lead to (2.4) for V,, < oo.
Similarly, by (2.2) together with Theorem 2.1 [14] and Corollary 2.1 [9], it obtains (2.4) for f (x) analyticin §,. O

Theorem 2.2. The error bound for the algorithm (1.7) for evaluating a,, can be given as

(4m + 2)ImmV,
pr(No +2m)(No +2m — 1) -+ (Ng +2m —p+ 1)’

V) <00

fin = anl = 2.8
am am' = (4m +2)1m’mM . ( )
(p — 1)pm+2No’ f(x) analyticin &,
form=0,1,2,...,N.
Proof. Inasimilar way, the error for computation of each a;, by d,, can be estimated from (1.6)and (1.7)form =0, 1,...,N

by

00
+ Z |Cm+2n|>

1 m+2Ng—1 1
|2im - am| =< <m + 5) Im,m ( Z /|?n - Cn| + ‘2?N+2N0 — CN42Ny

n=0 n=Np+1
1 00 e8]
< <m+5)zm,m Y lal+ Y lmal) by26)
n=m+2Ng+1 n=Np+1
o0
<@+ Dlm Y lal,
n=m+2Np+1

which together with 3y . |gj| < WN(N—S% for V, < coand )y, Igl < WA [14, Theorem 2.1] yields the

*U)ON
desired result. O

Remark 1. From the definition of I;; ;;S, we see that %Io,o =1land (m+ %)Im,m < . J/mform > 1.

Remark 2. Both algorithms (1.2) and (1.5) can achieve higher accuracy as N increases. However, these methods cannot
improve the accuracy of the relative errors at the last few coefficients as reported in [3]. But from (2.8), it shows that the
relative errors by (1.7) at the last few coefficients can achieve higher accuracy as Ny increases.

Example 1. We illustrate the convergence rates of (1.7) and compare with that evaluated by the discrete expansion (1.2)
and (1.5) with N = 100 (Tables 1 and 2).
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Table 1

Approximation of coefficients of the Legendre expansions by (1.7).

S. Xiang / Applied Mathematics Letters 26 (2013) 194-200

f(x) ax No=2 No = 10 Ny = 10? N = 10° Exact value

e ao 1.17520248187784 1.17520119364380 1.17520119364380 1.17520119364380 1.17520119364380
100 0.00000000000000 0.00000000000000 0.00000000000000 0.00000000000000 0.00000000000000

41:;2 ag 0.23182165921697 0.23182380450040 0.23182380450040 0.23182380450040 0.23182380450040
100 0.00000000000000 0.00000000000000 0.00000000000000 0.00000000000000 0.00000000000000

e 1% ap 0.08855032961820 0.08907377800247 0.08907385589078 0.08907385589078 0.08907385589078
100 0.00000000037222 0.00000000032330 0.00000000032424 0.00000000032424 0.00000000032424

x| ap 0.24979747886432 0.24999996006293 0.25000000009753 0.25000000000004 0.25000000000000
100 0.00000154312226 0.00000117911069 0.00000094424591 0.00000094223996 0.00000094223929

Table 2

Approximation of coefficients of the Legendre expansions by (1.2) and (1.5) respectively.

f(x) ag By (1.2) By (1.5) Exact value

e ag 1.17520119364380  1.17520119364380  1.17520119364380
ape 0.00000000000000  0.00000000000000  0.00000000000000

41:(2 ap 0.23182380450040  0.23182380450040  0.23182380450040
ape 0.00000000000001  0.00000000000000  0.00000000000000

e ¥ ag 0.08907385589078  0.08907385589078  0.08907385589078
ajgo 0.00000000091831 0.00000000016170 0.00000000032424

x)? ag 0.25000000765123  0.25000000812140  0.25000000000000
a0 0.00000183956737 0.00000068850364 0.00000094223929

3. Final remarks

Iserles [5] proposed fast algorithms for analytic function f (x) on and inside the Bernstein ellipse &,. By using the Cauchy
theorem and Taylor expansions of the Legendre and hypergeometric functions &,, and ,F;, the Legendre coefficient a,, can

be represented by [5] in the form of

22m(my)2 o
2(2m)!pm

am =

Letting p — 1 it follows [5]

: i
= gm’]
2 par

— ®)f (cos(6))e' ™ df = ng(cmHJ — Cmi2i12);

] =0
~  _ 22Mmhm+1)(3)
where g, ; = 7(2m)‘]'(m+ ) can be computed by
~ ~ m ~ m+pi—s3 .
Z0=1  &Zuo=—78n10  Emj= ¢gm; 1, m=12...,j=12,...
2 jm+j+3)
which together leads to a fast algorithm [5]
No—l
U = - ngJ(m+21_Cm+21+2) m=0,1..,N-1

No—2

~ ~ 1~ [~ 1~
nj(Cnszj — Cnaje) + EgN,j <CN+2N0—2 - ECN+2N0> .

N | =

=0

In the following, we will show that (3.1) and (1.6) are identity, that is,

: +1§:’ 1i~( )
= —C — Con = — i(Coi — Cyj
0 2 0 2 Z 0,2nC2n B . 80,j(Coj 2j+2

1
am = (m + ) Zlm m+2nCm+2n = ng](CerZj — Cmy2j42), mM=>1.

: 1 1 3 ; ;
p—ZEZIH)f (5 -1 19 —I—,OE 19)> <m+ 1’ 5; m+ 5;10—26219) e””ede.

(3.1)

(3.2)
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(182 N=10

as 2
fx)=e™", N=10 | f(x)

(x)=Ix], Ny=10

0 50 100 0 50 100 0 50 100

158 2,172
f(x)=e""*, N,=200 f(x)=(1-x) "%, N,=200 f(x)=Ix], N;=200

107
0 50 100 0 50 100 0 50 100
*  computed by (3.2)

computed by (1.7)

Fig. 1. The relative errors computed by (3.2) and (1.7) respectively: m = 0 : 2 : 100.

Notice that (3.1) can be rewritten as

1. 1 ~ 1. 1S dm+j
Ay = — Cm+ — P— i 1)C = = Cy — — _ i 1C, i
m zgm,o mTy ;:1 @m,j 8Em.j 1) m+2j 2gm,O m= 5 ]2:1 ](m i+ %)gm,] 1Cm+-2j

Comparing the first coefficient in (3.3) with that in (1.6), it is obvious by the definitions of I, ;, and g, ¢ that

1 1o
<m+5)lm,m: Eg’“*o’ m=20,1,2,....

Hence, it is only necessary to prove that for each fixed m

+11 1 am+j . 1o
m+ = = — T 1 =1,2,...,
3 m,m+2j 2j (m Yi+ %)gm,] 1 J

which can be proved by induction on j. Suppose (3.4) is true for k = j, then for k = j + 1, by (1.6) it yields

1
(m + 5) Im,m+2j+2

( 1) [(m4+2j—1)(m+2j)) —m(m+ 1)](m+2j+2)
=|\m+ - Im,m+2j

2 [(m+2j+ 3)(m+2j +2) — m(m + 1)](m + 2j)
_ 1 ogmti o [ A42j— D(m+2) —m@m + D](m + 2 +2)
- 2j(m+j+%)g”””[(m+2j+3)(m+2j+2)—m(m+1)](m+2j)
1 am—+j+1 m+j)G—13)~
= : 8m,j—1

T 2G4+ D) (mtjH1+3) j(m+i+d)
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JG+D(m+j+3)(m+ji+32) Gm+j)[m+2— Dm+2) —m@m+ D](m+2j+2)
Gm+j+1)m+p)(i—3) j(m+j+3)[m+2+3)m+2i+ 1) — m@m+ D])(m+ 2j)
1 sm+j+1
BT
where we used MAPLE 11 to verify the last factor in the right-hand side of the third equality is equal to 1.

Therefore, the fast algorithm (3.2) can also be applied to piecewise smooth (or Dini-Lipschitz) functions. Comparing (3.3)
with (1.7) (Ng — 1 instead of Ny in (1.7)), we see that for fixedm = 0,1, ..., Nin(3.2)and (1.7)

1. -~
(3.2)=(1.7)— Egm,NOCm+2N0+2~

Example 2. We use f(x) = e‘l/"z, ~/1— x2, |x| to compare (3.2) with (1.7) to show the efficiency of these two algorithms
(Fig. 1).
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