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For the Gaussian channel Y(2) = ®(&(s), Y(s); s < t) + X(#), the mutual
information I(£, Y) between the message ¢(-) and the output Y() is evaluated,
where X(*) is a Gaussian noise. Furthermore, the optimal coding under average
power constraints is constructed.

INTRODUCTION

We treat, in this paper, the Gaussian channel
Y =d@t)+ X(t), 0=:<T,

where the channel input @(¢) is interfered with by the Gaussian noise X(*). The
channel in this paper is with feedback, so that the channel input @(2) is to be a
causal functional of the message £(-) and the channel output Y(-).

In the first section, we determine the mutual information I(£, Y) of £(-) and
Y(-), using the decomposition of the Gaussian process X(-), based upon the
canonical representation. The formula of I,(£, Y) is given by a causal functional
of Y(-) in the case where the spectral measure of X(*) is continuous. Such causal
expressions in spacial cases were given in Kadota-Zakai-Ziv [5] and Hitsuda
[3]- These results are covered in Theorem 1.
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In the second section, we construct an optimal coding &(', w) under the
average power constraint, when £(-) is a Gaussian message. Ihara [4] constructed
such an optimal coding in the special case of a white Gaussian channel. The
crucial difference between the present paper and the former [4] is that the noise
is taken to be a general Gaussian process and that we must consider the mutual
interaction among many decomposed subchannels arising form the canonical
representation. Furthermore, our method enables us to evaluate the value of
the channel capacity (Cor. 2).

1. GaussiaN CHANNELS WITH FEEDBACK

In this section, we introduce the basic notations and evaluate the amount of
mutual information between the message and the channel output.

Let the message be a stochastic process £ = £(t), 0 < t < T, and let the
noise be a separable Gaussian process X(¢),0 < t < T, independent of £(). The
channel to be considered is defined by

YO) =)+ X(@t), @O0=t=T<x0) (1.1)

Let us assume that the output Y(*) and the modulator output &(t) = P(t, w)
satisfies the following.

AssumpTioN 1. Y(t) is X(t) v &(t)-measurable for each f, where X(f) =
o{X(s); s < t}(the o-algebra generated by {X(s); s < t}) and E(t) = o{&(s);
s < t)

AssumpTION 2. D(t) is D(t) v E(t)-measurable for each f, where Y(¢) =
{Y(s); s = ¢

AssuMPTION 3. Almost all paths of @(:, ) belong to the reproducing kernel
Hilbert space (RKHS) #(X) = #;(X) corresponding to the Gaussian
process X(-).

Based upon Assumption 2, we can write formally D(f) = ®(t, Yy, &),

where Y, and £;! are the paths of the respective processes up to ¢.

We put another assumption on the canonical representation of the noise X(2).

“AssumpTION 4. The Gaussian process X(t) has the canonical representation
(in the sense of Hida—Cramér, cf. [2]),

X(t) = Z: f:Fi(t, ¥ dBu), (N < ), (1.2)
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where Fy(t, #)’s are Volterra kernels and dBgu)’s are mutually independent
white noises with continuous measures

my(du) = E | dB(4)?, (L.3)

such that m,(du) > m,,,(du).
Assumptions 3 and 4 imply that the o-algebra X(¢#) is equal to the o-algebra
$B(z) generated by {B,(s); £ = 1,..., N, s < t}, and that

H(X) =

N N T
FOU0 = 3 [, i, 3 [ o mie) < 20|
i=1 i=1
(1.4)
By the representation (1.4) of the RKH.S, we obtain the following.

ProposiTioN 1. Under Assumptions 2, 3, and 4, the modulator output P(t)
tn (1.1) has a representation in the form

0t 0) = 3. [ Fi(,) i ) m()
. (1.5)
> L e(u, w)ymy(du) < ©  (a.e. w),

=1
where o (u, w) is Y(u) v E(u)-measurable for each u.

Proof. The representation (1.5) follows from (1.4), if we can prove the
Y(u) v E(u)-measurability of ¢;(u, w). Let us consider the isomorphism

N

HYX)2 B(, ) (@i @)ooy (s w)) € [ L2[m;; [0, 2]] (1.6)
2=l

for any ?, where #(X) is the RKHS of the subprocess {X(s); s < #}. Since

D(s, w)(s < t) is P(t) v E(t)-measurable, x,(s, w) = [ @s(u, w) mdu)(s < 1) is

also 'P(¢) v &(t)-measurable for each . In particular, the y,(s, w)’s are P(s) v &(s)-

measurable. Differentiating x;(s, w), we can get the P(s) v E(s)-measurability of

@{u, w) for u < 5, by choosing a suitable version.

PROPOSITION 2. (1) Let B(t) be the vector valued Gaussian martingale
(By(2),..., By(t)), and let Z(t) = (Z,(t),..., Zy(t)) be the vector valued process

(B0 + [ #iws 0) mai)c B0 + [ outs ) mN(du)). (17)
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Then the measure pz induced by Z(-) is absolutely comtinuous with respect to the
measure pyp induced by B(-). In this case, if E[Z?;l f; (1, w) mdu)] < o, the
density dp,|dug is given by

) (1'8)

%2 (7)) = exp

([ 6 a2 — 3 [ ) man)

where $(u) = Efpu)l 3W)], ) = o{Z(v); v < u}.
(i) The measure py induced by Y(-) is absolutely continuous with respect to
the measure py induced by X(-).

Proof. In the case of N =1, (i) is proved in Kailath [6] and in Liptzer—
Shiryaev [7, 8]. Even in the case of N < o0, the analogous argument to that in
[6] is available, because

N T
by f plwymdu) < o (ae w).
i=1"0
In order to prove (ii), we note that
N ot
Y() = Y. [ Fit,w) dZyu). (19)
i=1"0

By (i), there exists a density M{(w), such that B(-) under the measure P(dw) =
M(w) P(dw) has the same distribution as Z(-). Hence

N ¢
X() = 3. j Fi(t, u) dB,(u)

has the same distribution as Y(-) under the measure P(dw). Therefore, p;
is absolutely continuous with respect to py .

ProposiTioN 3. (i) The o-algebras 9(t) and J(t) are equivalent.

(i) The mutual information I(§, Y) between the message {£(s); s < t}
and the channel output {Y(s); s < t} is equal to the mutual information I(¢,Z)
between {£(s); s < t} and {Z(s); s < .

Proof. (i) Since X(t) and B(f) are equivalent, the results follow imme-
diately by the measure transformation stated in Proposition 2.
(ii) This statement is trivially derived from (i).

Based upon these Propositions, we can evaluate the mutual information as
in the following theorem.
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THEOREM 1. Under Assumptions 1-4, if

E(gN1 jo " i, ) m,.(du)) < o, (1.10)

then the mutual information I,(£, Y) is given by the formula

I, V) = I(6,2) = % >

i=1

[[Elowe) —p@arn@), 0stsT,
(1.11)
where §;(u, w) = Elpi(u, »)| Pu)]-
Proof. By Gelfand-Yaglom [1], we know that

I(Y, §) =I(Z, §) = E{log(dpz,0/d(pz X p)Z, £)- (1.12)

In order to show that u(z ) is absolutely continuous with respect to puz X g,
and to evaluate the right hand side of (1.12), we use the densities of the measures
pz and pg, related to the Wiener measure pp , where pz|, means the induced
measure of Z(-) for a fixed message ¢ = £(*). Note that

dpzieldps(Z) = dpiz.0/dpe.0(Z, §) (ae.), (1.13)

dpz|dus(Z) = d(uz X pe)ldps.a(Z, §) (ae), (1.14)

because gz, = pa X e - Let us consider the ratio of (1.13) and (1.14). Then
we obtain

and

dpzieldps(Z) — ducz.o
duz/dus(Z) Az X pe) (Z, ¢ (ae)

(cf. [8, p. 336]). It is well known that for each Z(-), the numerator dyz|¢/dus(Z)
is given by
N

> (|| et a2 — 5 [ o) ma)

i=1

exp

(cf. [3] in Gaussian case) and the denominator is already given by Proposition 2.
So the right-hand side of (1.12) is calculated as follows.

> ([ i a2 — 3 [ o20) mia)

i=1

d

- 254 (for $i(u) dZ(u) — %J;T $(w) m,-(du))§

g=1
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=B} 3 ([ i) — ) B + 5 [ (020) — ) ma)

N

= % ) f: E(pi(u) — ¢&u)) midu).  (by (1.7))

i=1

The last equality is justified by the fact that

E ( }IE for pi(u) dBi(u)) = E( §Nj fo ' @iu) dB,-(u)) =0,

i=1 i=1

which follows from the assumption (1.10). Thus, Theorem 1 is proved.

2. CaraciTy oF THE CHANNEL

In this section, we impose an average power constraint on the channel input @
for Gaussian channels which have been formulated by (1.1) with Assump-
tions 14.

Let Pyt) = 0 ({ = 1,..., N) be a monotone nondecreasing function. The
constraint is formulated by

E g f: o(u) m,-(du)s <P(), O0<t<T, i=1,N (1)
If we denote the norm in the RKHS #(X) by|| * ||; , we then have
m¢m§énmzmm 22)
It is easy to obtain the following proposition by the use of Theorem 1.

ProrosiTION 4. If the input signal D satisfies the constraint (2.1), the mutual
tnformation I,(£,Y) is evaluated by

I, Y) = (1)2) Py2). (2-3)
It follows from this proposition that if we could find the coding
(1) = O, Yo', &)

by which the equality holds in (2.3) then the coding would give the optimal one
in the sense of information transmission. In what follows it is shown that the
optimal coding does exist and indeed it is found in the class of Gaussian

683/5/1-8
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processes. From now on, the construction of such an optimal coding will be
discussed in the case of Gaussian message £(-).

Let the message £ = {£(#); 0 < ¢t £ T} be a mean-zero Gaussian process
satisfying the two conditions (a) and (b):

(2) () belongs to 5#(X) for almost all w, i.e.,
N .
£ty w) =Y fo Fit,u) &, 0) mfdu)  ae o, (2.4)
il

where 3., [o &2(u) mdu) < .
(b) E[¢Xt)] #0, O0=t=T, i=1.,N

Now we get the following theorem.

THEOREM 2. Let the Gaussian message & = {£(t); 0 < ¢t < T} satisfy the
conditions (a) and (b). If the constraint functions Py(t) are absolutely continuous
with respect to the spectral measures m{du) = E | dB{w)|*({ = 1,..., N), then
there exists a unique output Y(-) and positive functions A{t)({ = 1,..., N) satisfying

Y() = 3, [ Filt ) AE0) — E@)midn) + X0) @)

=1
and

AME| &) — E@PF =pt) (= 1., N), (2.6)

where the pi(t) are the densities of the Py(t) with respect to the mydt) and where
£(t) = E[¢(2) D))

Remark. 'The channel given by (2.5) satisfies the Assumptions 1-4, and we
obtain

I, V) = > [ piw) mtam) = 5 P @7

by the use of Theorem 1. Therefore, the coding is the optimal one. It is
interesting that the optimal coding is attained by a linear functional of £(-)
and X(-).

For the proof of Theorem 2, we prepare four lemmas.

LevuMa 2.1, If there exist a unique vector valued processZ(-) = (Zy(*),.., Zx())
and the functions A, (t){ = 1,..., N) satisfy

zo = " AGNEw) — E@) mde) + B) (G =1,.,N), (28)
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and
AXt) E[E() — E@F = pt),  Ew) = ElEdw)] W), (2.9)
then the statement of Theorem 2 holds.
Proof. Define

vo=% [ Fi(t, 4) dZi(0)

-3, j Fi(t, u) Au)(¢i(w) — &) mldu) + X(1).  (2.10)

i=1

Then the process Y(2) and the functions 4,() are desired ones, since J(£) = D(t)
for each ¢ and we can apply Theorem 1,

The following three lemmas, except the inequalities (2.15) and (2.16), are
proved in the same way as in Thara {4], where the corresponding lemmas are
proved in the case of N = 1.

Levma 2.2, Let £(7) satisfy the condition (a), and let (s, t) = (f(s, 1)),
where f(s, t) is a Volterra kernel satisfying

Zf f 74, 2) my(ds) my(dt) < oo,

Then the stochastic equation

240 = [ (&) — ) mde) + B) @ = 1., N) -
0 2.11

1w = ) Y. fult ) 4246

has a unique solution Z(-) = Z(*) and the o-algebras J(¢), t € [0, T], are invariant
under f viewed as a Volterra operator. Moreover, the mutual information I,(¢,Z) #s
also invariant under £.

Lemma 2.3, (1) Let
AP = A1), 0<t<T, i=1,.,N.
And let Z9(t) = (Z(8),..., ZJ(t)), where

00 = | A9 (@ midw) + B (=12 (212
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Then the inequalities

E| &) — EX)? < E| £4t) — EP ()2, (2.13)
and
I(¢,Z0) = I(¢,Z) (2.14)

hold, where £9(t) = E[£,(2)] 39(2)] and Z9t) = o{Z\)(s); s < t}.
(ii) In addition, let us assume that there exists a measurable set I' such that
myI') > O for some i and that

AP > 4P@), tel
Then the following inequality holds,
In(§6,20) > I;(§,2%). (2.15)

Since B,(*), ¢ = 1,..., N, are mutually independent processes with independent
increments, we can prove the inequalities (2.14) and (2.15), using some basic
properties on the mutual information,

 Lemma 2.4. If for each t

AXOE| &) — EOPF S pft),  i= 1., N, (2.16)
then inequalities
E| &(1) — E@) > EL&)] e, (2.17)
and
AX) E[E30)] < Pr) ™™,  i=1,..,N, (2.18)
hold.

Remark. If we give a system of positive functions 4,(¢), { = 1,..., N, as a
multiplier Y(*) can be determined by (2.5). So the conditional expectation
£,(2) has a definite meaning.

Now, we turn back to the proof of Theorem 2.

Proof of Theorem 2. At first, we wish to construct an approximating sequence
Ay 2) to At). Define 4y, (), Z{F(°), &) and o} ,(2) by induction:
a0.t) = E| £,
A5 (8) oka,i(t) = P2),
i
ZP0) = [ Ap ) &) mid) + BLo)
0

Ei(t) = E[E(2) | 3V,
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and

ort) = E | £t) — & O

where 3®(t) = o{(Z{FN(s)y--., Z(s)); s < t}. Then, by the use of (2.13) in
Lemma 2.3, we get the monotonicity of 4, (t) and o2 ,(#):

A t) < Apas(t) and ol () = i)
Thus the desired nonnegative function 4,(t) ( = 1,..., N) can be defined by
At) = lim A, ().

By Lemma 2.4, 43 () E[£3(t)] is bounded uniformly in &, hence A.2(t) E[£2(t)]
is also bounded. So we can define

296) = [ A £ m(dn) + B,
£) = E&(1) 1 3@,
ol(t) = E| &(t) — EX )P,
where 3O(t) = o{(Z{(s),.., Z(s)); s S t}. Then,
o(t) = lim o}, 1)
is easily derived. Therefore,
A o) = lim 4} (1) o}.1) = Pi(t)
hold. Let us put

z = | " A,u)E () — Eu)) midu) + Byt).

By Lemma 2.2, 3(2) = o{Z(s) = (Z3(s),..., Zx(s)); s < t} is equal to JO(¢)
for any ¢, so we get

&) = E[E() | 3()] = B[40 | 300 = £90).

Therefore, we can derive (2.9).
Now we prove the uniqueness. We assume that there exist two pairs (4{(¢),
i = 1., N;ZO()) (j = 1, 2) of the solution of (2.8) and (2.9). Define the
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functions 4,*(#), ¢ =1,.., N, and the vector valued process Z*(-) =
(Z:%(")ses Z3*(")) by

AX(2) = max(4P(2), A2()),
and

2240 = [ A(0) £06) mid) + B
Then, from Lemma 2.2 and 2.3, we have
E|&t) — EXOP < E| &) — EP0E  j=12 (2.19)

where £*(t) = E[¢(t)] 3%(1)] and £() = E[£(r)l 3P(?)]. Using (2.19) and
the formula (1.11), we get

ll

Nlb‘

1620 = 5 3 [ () E160) — 2@ ma)

< % 2 f (AP @) E | £(u) — EP(u))* mi(du)
I

ll

(EZD), 0=t<T, (j=12).

On the other hand, if we assume that AN(¢) = AP(t), for te I, where I'is a
measurable set such that m,(I") > 0, then from Lemma 2.2 and 2.3 we have

I (6, Z%) > I (€,29). (2.21)

The inequality (2.21) contradicts to the inequality (2.20).
Thus the proof is completed.
Now we give two corollaries which are easily seen from Theorem 2.

CoOROLLARY 1. Let £(-) satisfy the conditions (a) and (b). Then there exists an
optimal coding D(¢, w) satisfying

I(&Y) =12P(), =0, (2.22)

if and only if there exist nomnegative densities pft), 1 < i < m, and Pyft) is
represented as

PO = %P, Po) = [ ) m).

i=1
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Proof. The “if” part is none other than the statement of Theorem 2. The
“only if”’ part is a direct result from the equality for the optimal coding @(:, w),

1Y) = 5 T [ B L) — G midd = 5 PA0)

(cf. Theor. 1).

The following Corollary 2 discusses the case in which some of P(t)’s are not
absolutely continuous with respect to m,(du). Let C;(0 =< t < T') be the capacity
of the channel (1.1) satisfying Assumptions 1-4 and (2.1):

C,= sup I({Y),
(e,0)e®

X = {(¢, ®); X(*), D() and Y() = P()+ X(-) satisfy Assumptions 14
and (2.1)}.

CoroOLLARY 2. The channel capacity C; is evaluated by

C,=12PB@1), 0<:<T,

where
N
Bty = Z:lﬁi(t)’ Pyt) = 5:5 g(?)

and

2, = {0U50Ue) = [ plu) mi(d) and 0.9 < PS) for amy o,

Proof of Corollary 2 can be easily shown from the proof of Theorem 2.
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