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Abstract

We obtain a trace representation for multidimensional cyclic codes via Delsarte’s theorem. This relates
the weights of the codewords to the number of affine rational points of Artin—Schreier type hypersurfaces
over finite fields. Using Deligne’s and Hasse—Weil-Serre inequalities we get bounds on the minimum dis-
tance. Comparison of the bounds is made and illustrated by examples. Some applications of our results are
given. We obtain a bound on certain character sums over F, which gives better estimates than Deligne’s in-
equality in some cases. We also improve the minimum distance bounds of Moreno—Kumar on p-ary subfield
subcodes of generalized Reed—Muller codes for some parameters.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Let IF, be a finite field of characteristic p with ¢ = p®. Multidimensional cyclic codes are
natural generalizations of usual cyclic codes to many variables. Namely, a g-ary £-D cyclic code
of volume (length) ny X --- x ng is an ideal of the quotient ring Fy[xy, ..., xg]/(xi” —-1,...,

ne .. . . . .
x," —1), where ny, ..., ng are positive integers which are usually assumed to be relatively prime
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to g. Structure and minimum distance bounds for these codes are studied, for example, in [,
7-10,13-17].

We fix integers £ > 1, m > 2 and ny,n3,...,ne > 1 such that n; | (¢™ — 1) for each
1 <t < £. In this paper we obtain a natural trace representation for g-ary £-D cyclic codes of
volume ny x --- x ng using a corresponding finite set of multivariate polynomials over Fym.
This representation leads to consideration of Artin—Schreier type hypersurfaces of the form
v —y=f(x1,...,x¢), where f(xy,...,x¢) € Fgm[xy, ..., x¢]. We obtain a minimum distance
bound using Deligne’s inequality [2, Proposition 3.8]. Under restrictive conditions, we obtain an-
other bound on the minimum distance using Hasse—Weil-Serre inequality [19, Theorem V.3.1].
We compare these bounds and we observe that when both of these apply, the bound from Hasse—
Weil-Serre inequality gives better results. In this way, for ¢ = 2 we also obtain an improvement
of Deligne’s character sum inequality [2, Proposition 3.8] in some cases. Some applications of
our results are also provided. We improve the minimum distance bounds of Moreno—Kumar on
p-ary subfield subcodes of generalized Reed—Muller codes in Example 4.1. We obtain bounds
on the minimum distance of a class of 2-D cyclic codes in Example 4.2, to which the results of
[7] cannot be applied. Using the methods here, an extension of [7, Theorem 6.1] is obtained in
Example 4.3.

The paper is organized as follows. In Section 2 we give the trace representation. Minimum
distance bounds from Deligne’s and Hasse—Weil-Serre inequalities are given in Section 3. The
applications are presented in Section 4.

The following notation will be fixed throughout the paper. Let £2 be the set {0, ...,n; — 1} x
- x {0,...,ng — 1}. An element (iy, ...,i¢) of §£2 is denoted as i. We denote the monomial
X1 ---Xx¢ as x. Moreover for each i = (iy, ..., i¢) € §2, the monomial )cll1 .- ~xé“ is denoted as x?
in short. For 1 <t < £, we fix a primitive #,th root of unity ¢; € F,» and denote (1, ..., {¢) by
¢. Similarly, (¢,', ..., ¢,") is denoted by ¢t The ideal (x]' —1,...,x;° — 1) of Fylxi, ..., x(]
is denoted by a. We let R =F[xy, ..., x¢]/a and represent its elements as f(x) + a, where

f)=) ajx) eFylxi,...,xl.

jes

Evaluation of f(x) at ¢? is denoted by f(¢?). Note that R can be identified with the space
Fy' XM of g-ary ny X - -+ X ng arrays (or vectors of length ng - - - ng) via the map

Zajxj+a|—>(aj)je_q. (1.1)
jes

Using this identification, we will represent the codewords of £-D cyclic codes as cosets of poly-
nomials or arrays ((2.4) and Remark 3.2, respectively). For a nonempty subset S of £2, we set

SpanFq{xi: ieS)= {Zkixi: Ai qu}.

ieS

The space Spanqu {x?: i € S} is defined similarly. Finally, we use the symbols tr,, and Tr,, to
denote the trace maps from F » onto IF, and I, respectively.
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2. Trace representation

In this section we give some basic results on g-ary £-D cyclic codes of volume ny x --- X ng
and we obtain a trace representation using Delsarte’s theorem [3]. First we define an action of
the cyclic group of order m on §2. For i € 2, let gi = (ji, ..., j¢) be the element of §2 given by

ji=qi; modn; forl<t<UL. 2.1

A subset of £2 is called closed if it is a union of some orbits of this action. The empty set is also
considered as a closed set. Let U/ be the collection of all such closed subsets of §2 throughout.
Note that for U € U, the complement U¢ = 2\ U and —U = {—i: —i € U} are also closed sets,
where —i = (j1, ..., j¢) such that j; = —i; mod n; for 1 <r < ¥.

Proposition 2.1. There is a one-to-one correspondence between the q-ary £-D cyclic codes of

volume ny x --- X ny and the elements of U. For an element U € U, the corresponding q-ary £-D
cyclic code Cy is

CU:{f(x)+aeR: f(;i)=0f0reachieU}. (2.2)

Conversely for a q-ary £-D cyclic code C of volume ny X --- X ny, the corresponding closed set
Z(C)yelis

Z(C) =i € 2: f(¢')=0foreach f(x)+aeC}. (2.3)
Proof. See [6, Proposition 2.12]. O

For an ¢-D cyclic code C, the closed set Z(C) given in (2.3) is called the zero set of C. For
Z(C) # @, asubset of Z(C) consisting of exactly one representative from each orbit of the action
(2.1)in Z(C) is called a basic zero set (of C or Z(C)) in 2.

For a g-ary £-D cyclic code C of volume n1 X --- X ny, the dual

ct= { Zbixi +aeR: Zaibi = 0 for each Zaixi +ae C}
ief2 ief2 ief2
is also a g-ary £-D cyclic code of the same volume.

Proposition 2.2. Let U be the zero set of an £-D cyclic code C and C be the dual code. We
have that dimg,, (C) = |U¢| and Z(CtHy = —(Uo).

Proof. The proof follows from [6, Theorem 2.17] and [6, Proposition 2.20]. O
Remark 2.3. The results above also hold when m = 1. Note that the action (2.1) is trivial and

any subset of £2 is closed in this case. Hence for any m > 1, there is a one-to-one correspondence
between ¢ -ary £-D cyclic codes of volume n| x - -+ X n, and all subsets of £2.
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Note that if U = §2, then the corresponding £-D cyclic code is the trivial code {0 + a} C R.
The next theorem gives a natural representation for nontrivial £-D cyclic codes using polynomials
from Fym[x].

Theorem 2.4. For U e U \ {£2}, let Cy be the corresponding £-D cyclic code over F of volume
ny X -+- x ng. If I is a basic zero set of —(U°) (or C3), then we have

Cy= { Z ttu (f(¢7))x? +aeR: f(x)e Spang, [x':ie 1}} 2.4

Jje
This representation of Cy is called its trace representation.

Proof. Let a,, be the ideal ()c'f1 - 1,...,x2‘ — 1) of Fym[xy,...,x¢]. Let Ry =Fym[xy, ...,
x¢]/a, and D be the ¢g"-ary £-D cyclic code of volume n; x - -- x ny corresponding to —(U¢).
Fori,i' € £2,leti - i’ be the element (ji, ..., j¢) of §2 such that j, =i;i; mod n, for I <7 < L.
Using Remark 2.3 and (2.2) we obtain that

D= { Zajxj + a;,; € Ryt Zajg'i‘j =0foreachi e —(U”)}.
jen Jjes

Let C be the F n-linear code in R,, defined as

C= { Y (&)%) +an € Ry f(x) € Spang, , {x": ie—(Uc)}}-

Jje

It follows from the definitions that D € CL1. Moreover the Fm-linear evaluation map from
Spanqu {x': i € —(U)} onto C sending f(x) to Zje.(z f&)xJ) 4+ a, € Ry, is one-to-one.
Therefore dimg,,, C = [—(U ). Since D is the g™ -ary £-D cyclic code corresponding to —(U°),
we have dim]Fq,,, D =|U]| (cf. Proposition 2.2) and hence D=C+.

Note that the restriction l_)|]Fq =DNRis equal to C LJ/- Hence by Delsarte’s theorem ([3] or

[19, VIIL.1.2]), we have
Cy = try (D) =t (O),

where tr,, is defined on the codewords of C by

trm(z f(l;j)xj—l—am) = Ztrm(f(g'j))—i-a.

Jjes jes

Noting that it is enough to use [ rather than —(U¢) in the trace representation (2.4) we complete
the proof. O
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3. Minimum distance bounds and applications

In this section we obtain minimum distance bounds for £-D cyclic codes.
For f(x) € Fym[x],let N(f) denote the number of affine rational points of the Artin—Schreier
type hypersurface

Y —y=f(x1,...,x0)
in A“F1(F,m). We have

. Trm (cf (x,....xp))
NH=g"+ Y Y ST (3.1)

CGF‘I\{O} (X15e0m,s xZ)G]Fzm

(see [18, Lemma 2, p. 52]).
m 14
Let Ev:Fym[x] — IF;q D" be the evaluation map sending f(x) to (tr,, (f(a))), where a
runs through (Fgm \ {0})¢. Using Hilbert’s Theorem 90 (cf. [11, Theorem 2.25]) we obtain:

Lemma 3.1. Let f(x) =) ;; rixl e Fym(x], where I is a finite set of £-tuples of nonnegative
integers. Assume that iy, ...,ig > 1 for each i € I. For the Hamming weight |Ev(f)| of the

("1t
vector Ev(f) € Fy , we have

N
[Ev(n)] =gt = 2L

Except for Example 4.3 we will let ny = --- = ny, = g™ — 1. Moreover we assume that
i1,...,i¢g = 1 foreachi eI (cf. Lemma 3.1). Hence, for U e U \ {§2}, Cy will be the g-ary £-D
cyclic code of volume (g™ — 1) x --- x (g™ — 1) corresponding to U. If I is a basic zero set of
—(U°®), then the weights of codewords in Cy are related to || Ev(f)] for f € Spanqu (xi:iel
by (2.4).

Remark 3.2. Assume that n; # g™ — 1 for some 1 <t < L. Let f(x1,...,x¢) € Fgm[x1,...,
x¢]\ {0} be a polynomial with the corresponding codeword

a=(t,(f(1,.... 1)), ... (£ (g Th)) e e
in some ¢-D cyclic code of volume ny x --- x ng (cf. (1.1) and (2.4)). Let n = g™ — 1,
{1 =---={¢ all be a primitive nth root of unity and f(x1,...,x¢) € Fgm[xy,..., x¢] be the
polynomial

fxi, ..., x) = f(x?/nl, . ."x?/n[).

Then the codeword

a=(tru(f,.... D), ...... o (FET . 807Y)) e Rl
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is the corresponding codeword of f(x1, ..., x¢) in an £-D cyclic code C of volume 7 x - - X 7.
We have the following relation between the Hamming weights of @ and a:

|Ev()] = llal = ||a||(%> (:7)

For i € §2, the sum i; 4+ --- 4 i, is denoted as |i|. For i # 0, let ¢ be the largest 1nteger
such that ;‘, s % are all integers. We denote 7 by j,(i) and the ¢-tuple ( s ok L) by

hp(i). We take jp, (0) =0 and %, (0) = 0 by convention. For a polynomial f(x) = Zlel rixte
Spanqu {x'*: i eI} and c € F, \ {0}, let P,.(x) be the multivariate polynomial

Pre() = (cri)? " xhr® e Fyux]. (3.2)

iel
Our first bound is an application of Theorem 2.4 and Deligne’s inequality [2, Proposition 3.8].
Theorem 3.3. Assume that for each f(x) € Spanqu (xi:iel)andce ¥, \ {0} the condition
Prc(x)=0 = f(x)=0 (3.3)

holds. Let d = max{|h,(i)|: i € I}. Then the minimum distance of Cy satisfies

(q—1)(d— 1)(qm>f—%J_

d(Cy) = g™ —g™ ' = { y

Proof. For f(x) € Spanqu (xi:iel}, using (3.1) and (3.2) we have
Tl’m(PfL(X))

N(f)=q"" + Z Z ezmﬁm(;f(x» =q" + Z Z e P

ceFg\{0} xe]Ff;m ceFy\{0} xe]Fg

For each ¢ € F \ {0}, using (3.3) and Deligne’s inequality we obtain

Trm(Pf( (x))
Y

erF‘Z

1

<@d—-D(g") 2.

As N(f) is an integer divisible by g, we further have

N(H<q" +q (3.4)

{(q - D -

1)(q’")f%J
- .

The proof follows from Theorem 2.4, Lemma 3.1 and (3.4). O

Remark 3.4. Note that for ¢ = p, the condition (3.3) holds.
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Theorem 3.3 gives a very neat result in a general case. Next, we obtain a minimum distance
bound from Hasse—Weil-Serre inequality. To simplify the statement of the next theorem, we
introduce some further notation. For f(x) € Spanqu (x':iel},ceF,\{0},ae(l,..., £},

and o = (21, ...,Qq—1,%41,...,0¢) € Fg;l, let fa’a(x) = f(a1,...,0q—1,X,Qq+1,...,0¢) €
Fym[x] and f’f,c,a,a (x) € Fym[x] be the univariate polynomial defined by

Pfeaa() =P; (). 3.5)

Moreover let df,c 4. be the degree of the polynomial 13/-,6,,1,“ (x). We will denote the subset
consisting of a € IE‘S;I such that f’f,cya,a(x) is the zero polynomial for some ¢ € F, \ {0} by
My,,. Finally, for a € Fg;l \ My, we let

C?fﬂﬂ = Z (df,c,a,ot - 1.
ceF \(0)
Theorem 3.5. Assume that there exists a nonempty subset A of {1, ...,¢} such that for each

fx)e Spanﬂzqm {xi: iel}l,acA andoa e Fé;l, the univariate polynomial

é f.e.a,0(X) 1S either always the zero polynomial or never the zero polynomial ~ (3.6)

as c runs through F, \ {0}. Then we have
d(Cy) > q"" — g™

. - dfawl2q™?]
_ M — g™ 1 f’a’ai
min mf@x{ Myallg —1g™ " + Z 2q ’
aGFér_nl\Mf,a

where the maximum is over f(x) € Spany (xi:iel) \ {0}.

qm
Proof. For f(x) € Span]qu (x:iel) \ {0} and @ € A, using (3.1) and (3.5) we get

Tfm(Pf c.a, u(‘f))

N(H=g"+ > > > ¢

aeMyq ceFg\(0) x€F ym

- X X X

angml \Mf,a LG]Fq\{O} xE]F m

TTm(Pf c.a, u(‘f))

Note that

Tfm(PfL aa®)

oy Yy =Mal(qg — g™

O(EM»[_a ceF, \{0} XEIF m
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For « € Fg;l \ My 4, using [5, Theorem 2.1 and Proposition 1.2], [19, Proposition 3.7.8] and
Hasse—Weil-Serre inequality we obtain

Trm (rga (x))
> X <q

celF \{0} xeF m

dfaal2q™?]
2q ’

Now the proof follows from Theorem 2.4 and Lemma 3.1. O

We note that for ¢ = p, the condition (3.6) holds for any nonempty subset A of {1, ..., £}. Us-
ing Theorem 3.5 and simple bounds on |M 4| and d 4 «, we improve the bound of Theorem 3.3
in general.

Example 3.6. Let £ =2, g = p, m be an even integer, | <r <m — 1 and s =r + 1. We use
the notation of Theorem 3.5. Leti; = (p", 1),i, = (p'~ ,p),...,ls = (1, p"). It is clear that
I—{il,.. i} is a basic zero setm 2={0,1,...,p" =2} x{0,1,..., p" —2}. For f(x) =

Mxi 4 agxls € Span]F m{x iel}\{0},ceF,\{0},a=1and a € F,n we have

1

ﬁf,c,a,a(x) (()\la)ir ()»20{ )’r R ()» a? ))

Hence My, is the subset of IF,» consisting of « such that
P [72 p’ er _
Mo+ iyl 4o+ A5 o =0,
Hence [My1| < p? and if o ¢ My, then c?f,l,a = 0. Therefore using Theorem 3.5 we obtain

d(Cy) = p™ — p* ' = p¥(p— Dp™ " (3.7)

Using Theorem 3.3 we would only get

d(Cy) = p* — p ' —(p—1)p ' p ¥, (38)
Note that (3.8) is nontrivial only if » < 7. Moreover if r < 7, then

)pm—l r—1

T(p-1 <(p-1p'p*

and hence (3.7) is better than (3.8). Next we show that the bound of Theorem 3.5 is tight for
r< % As sz C IFpm, there exist r elements vy, ..., v, of Fpm, which are linearly indepen-
dent over F ». Let V be their F -linear span and £ (x) € F»[x] be the additive polynomial

hix) = ]_[Uev(x — v). Since the set V of the zeroes of A(x) is an sz—linear subspace of Fpm,

the polynomial h(x) is of the form h(x) = hx + hax?” + -+ h,x?” . Hence [M 1| = p* for
some f(x) € Spaanm {x*: i € I} \ {0} and the bound of Theorem 3.5 is tight in this case.

For ¢ = p = 2, using the methods in the proof of Theorem 3.5, we obtain the following
corollary. It gives better upper bounds than [2, Proposition 3.8] in some cases. We keep the
notation and the assumptions of this section.
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Corollary 3.7. For m > 2 and q = p =2, we have that

‘ Z (_l)trm(f(x))

xengm

. dfael2m*]
< M 2m 49 —Jemm e - ,
i e W 2 3| el
aelFs," \M

where the maximum is over f(x) € Spang,,, {xi:iel}\ {0}
4. Applications

As a first application we improve the minimum distance bound given in [12, Theorem 8 and
Section 5, Note 1] for p-ary subfield subcodes of generalized Reed—Muller codes for some para-
meters.

Example 4.1. For g = p, £ > 2, m > 2 and 0 < d < L(p™ — 1), let Rz(£, p™) be the gen-
eralized Reed-Muller code of order d and length p“" over F,m. It is well known that for
d < L(p™ — 1), the dual R (£, p™)* of Ry(L, p™) is Ropm—1)—a—1(€, p™). Let By(£, p™)
be the p-ary subfield subcode of R; (¢, p™). Using Delsarte’s Theorem [3] and Deligne’s in-
equality [2, Proposition 3.8], Moreno and Kumar obtained lower bounds for the minimum
distance d(By(pm—1y—a—1(¢, p™1) of the dual p-ary code Bypm —1y—a-1(L, p™*. Moreover
they showed that for fixed d and large p™, the bound of [12] is considerably better than the
bound of [4], which is obtained by applying the BCH bound. In this example we apply the meth-
ods of Theorem 3.5 in order to find even better bounds. For simplicity we consider only the case
¢ =2 and we assume d > 2. Let d be the largest integer coprime to p and less than or equal to d.
We further assume that

—1)(d —1)[2p™"/?
pm+p{(p )(d—D[2p JJ < @0
2p
which is equivalent to L%J < p" — p"~ 1. Let D, be the maximum of the integers
-1 - D[2p™/?
pm(perp{(p )( 2p)L p JJ) 42)

and

1

d—
(pm —(d - [)pUOgP(T)J)<pm _’_p\‘

(p—D(@— 1)L2pm/2JD
2p

+ p" i (d — 1) ploss (D) 43)
as t runs through the integers coprime to p from 1 to d. We prove that if (4.1) holds, then

Dy

d(Bapm—1y-a—1(2, Pm)L) > p™" )

“4.4)
The bound in (4.4) is a considerable improvement of [12, Theorem 8 and Section 5, Note 1] for
some parameters. For example when p =2, m =5 and d = 2,3, 4,5, 6, the assumption (4.1)
holds and by (4.4) we obtain
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d(Bso(2,32)1) > 496,  d(Bss(2,32)1) =352,  d(Bs7(2,32)") > 341,
d(Bss(2,32)7) > 160,  d(Bss(2,32)%) > 155,

while [12, Theorem 8] would only give

d(Bso(2,32)") > 422,  d(Bss(2,32)7) =331,  d(Bs7(2,32)%) > 241,
d(Bss(2,32)7) > 150,  d(Bss(2,32)F) > 60.

Now we prove (4.4). We are interested in the number of affine rational points of Artin—Schreier
hypersurfaces

7P —z=h(x,y)

where h(x, y) is a polynomial in I, [x, y] of degree at most d. Using the method of Theo-
rem 3.5, we consider the univariate polynomials f (x) = h(x, o) € Fm[x] as  runs through I ,m .
These are polynomials of the form

d
f) =) file)x',

i=0

where f;(a) = Z‘;;f) fi,jocj with f; ; € Fpm. Moreover if f; ; =0 foreach 1 <i <d and 0 <
Jj <d—i,then we assume that (fo 1, ..., fo.4) # 0, since otherwise the corresponding codeword
of By(pm—1y—a—1(2, p’")J- is either the zero codeword or a codeword of Hamming weight p2’".
Using the operator ax” — a'/Px" it is enough to consider the class of polynomials of the form

g =go@+ Y gl
1<r<d
ged(r, p)=1

where go(a) = Z?:O fo,jo/, and for 1 < ¢ < d with ged(t, p) = 1,

llog,,(4))

_ u 1 u
gi(a) = Z (ftp“,O+ftp”,1a+"'+fzpu,d_[puad 1p ) /"
u=0

For 1 <t < d with ged(z, p) = 1 we have

{ <d)J { Llogp(%)J +1 iflogp(%) is an integer,
log, =

t Llogp(@)J if logp(%) is not an integer,

and we define §; € Fym as

(ftp”,o)l/” ifv= logp(%) is an integer,
& = . d - .
0 if log,(7) is not an integer.
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For 1 <t < d with ged(t, p) = 1, we obtain

llog,, (41

—_tpi\1/p*
8i(@) =0 + Z (ftp“,0+pr“,l(X+~-+flpu’d_tpuoed 77 /v
u=0

Note that

Llog, (471
(g (@) :
d—
is a polynomial in IF,m[a] of degree at most (d — 1) pUOgP(Tl)J. Hence for 1 <t < d with

ged(t, p) = 1, either g, (o) =0 for each o € IF,m or otherwise if there exists o € Fm such that
d—1
gr(@) # 0, then the element g, () € Fm is zero for at most (d — t)pUOgP(T)J distinct o € Fpm.

Consider first the case that for each 1 < ¢t < d with ged(¢, p) = 1, the element g, («) = 0 for
each a € IF,m. In this case the number of affine rational points of the Artin—Schreier hypersurface
7P — z =h(x, y) is equal to p™ times the number of affine rational points of the Artin—Schreier
curve

2 —z=fo(y) 4.5)

in A%(F pm). Then the number of affine rational points of the hypersurface (4.5) is bounded from
above by the integer in (4.2).

Next we consider the remaining case and let ¢ be the largest integer with 1 <t < d and
ged(t, p) =1 such that there exists a € F,m with g,(a) # 0. In this case the number of affine
rational points of the Artin—Schreier hypersurface z” — z = h(x, y) is the same as the number of
affine rational points of the hypersurface

F—z=go+ Y, &lx. (4.6)
1<i<t
gcd(i,p)=1

As the element g (y) € Fm is zero for at most (d — 1) p“ogp(@” distinct values of y € F,m, the
number of affine rational points of the hypersurface (4.6) is bounded from above by the integer
in (4.3). Therefore using (4.1), Lemma 3.1 and Theorem 3.5, we complete the proof of (4.4).

In the following application we consider the minimum distance of 2-D cyclic codes whose
dual has 3 basic zeroes for which [7, Proposition 6.5] does not apply.

Example 4.2. For { =2, m > 2, positive integers i, j < g™ — 2 coprime to p, and integers
I1<u<vwithip®<q™—2,leti;=(,j), ir = (ip", j) and i3 = (ip?, j). Assume that the
integers j, jq, ..., jg™ ! are all distinct modulo ¢” — 1. Then {i1, iy, i3} is a basic zero set in
2={0,1,...,g™ =2} x{0,1,...,4™ — 2}. Let U be the element of I/ such that {i{, i;,i3} is
a basic zero set of —(U€). By Theorem 3.3 we have

_ F U - 3m/2
(q—D(p”"+j— g J @)

d(CU) > q2m _q2m—l _ \‘ q
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Now we want to apply Theorem 3.5. We assume that

L(q — D(max{i, j} — 1)[2¢™/?]

qu’" —q" (4.8)
2q

Under the notation of Theorem 3.5, we first consider the case @ = 2. Let (A1, A2, A3) € ]F?I"’ \ {0},
a € Fyn, f(x,y) =hix'y/ 4 aox®" y/ 42327y and fo,0 () = fl@, y) = e’ + hoa?” +
A"yl € Fyn[y). Note that fa 4(y) is identically zero if and only if & € Fyn is a solution of

Ax’ 4+ aox?' 4 a3x? = 0. (4.9)

Let S,(i; u, v) be the maximum of the cardinalities of the solution sets in F,m of Eq. (4.9) as
(A1, A2, A3) runs through Fzm \ {0}. Let

—D(j—1DI2 m/2

Using Theorem 3.5, when (4.8) holds, we obtain

D
d(Cy) = ¢*" — 7‘. (4.10)

Next we consider the case a = 1. Let (A1,A2,A3) € Fflm \ {0}, @ € Fgm and f(x,y) =
hixtyl 4 aoxP yl 4 paxP" yl For ¢ € By \ {0}, let

f’f,c,l,a(x) = ((Alcotj) + (Agcaj)p_u + (A3caj)p_v)xi. 4.11)
If ¢ # p, in some cases there exist c1, ¢ € F; \ {0} with ﬁf,cl,l,a (x) is identically zero while

Pf,c,.1,¢(x) is not identically zero. Assume that ¢ = p and let S, (j; v — u, v) be the maximum
of the cardinalities of the solution sets in IF,m of

)\lxjp” +k2xjpv_y +A3xj =0
as (A1, A2, A3) runs through F:;m \ {0}. Let

(p— 1@ — 1)[2p™/?]
2p

D, = (p’" - S,(J; v—u,v))(pm +pL J) + 8,3 v —u,v)p"t

If ¢ = p and (4.8) holds, then using Theorem 3.5 we obtain
D
d(Cy) = p™ = =, (4.12)
p

where D = min{D1, D;}.
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It is clear that
Sqsu,v) <ip’—i+1 and S,(j;v—u,v)<jp’—j+1 (4.13)

Let

—1)(j — 1)|2¢™/?
DT=(q'"—(ip”—i+1))<q’"+qvq )(qu)” JJ>+(ip”—i+1)qm+l,

(p— DG — 1)[2p™/?]
2p

D3 =(p" - (J'P”—J'+1))<P’" +1{ J) +(jp* —j+1)pmth

Using (4.10) and (4.13), when (4.8) holds, we also obtain

*

D
d(Cy) > q*" — 71. (4.14)

If ¢ = p and (4.8) holds, by (4.12) and (4.13) we further have

*

D
d(Cy) = p*™ — > (4.15)

where D* = min{D7, D;‘}. For fixed i, j, p, u and v, if ¢’ is sufficiently large and (4.8) holds,
then the bound (4.14) is better than the bound (4.7). For ¢ = p and fixed i, j, p,u, v, if m is
sufficiently large and (4.8) holds, then

e D3 i<
Dy oifj<i

and the bound (4.15) is better than the bound (4.7). Note that it follows, as explained in Exam-
ple 3.6, that S,(1;1,2) = §,(1;1,2) = pz. Therefore the bounds in (4.13) are tight for some
special cases.

The next application generalizes [7, Theorem 6.1]. It also gives an illustration of Remark 3.2.

Example 4.3. For £ > 2 and m > 2, let ny,...,ng_1 be divisors of ¢ — 1, ny > 3 and n, =
g"—1.Letl<iy<ipg<ni—1,i1=(,1,...,)andip = (is, 1,..., 1). Itisclear that {i{, i>}
isabasiczerosetin 2 ={0,1,...,n1—1} x---x{0,1,...,np—1 — 1} x {0, 1, ..., g™ —2}. Let
U be the closed subset of £2 such that {i, i,} is a basic zero set of —(U*). Let Cy be the g-ary

£-D cyclic code of volume ny ---ny—1(g™ — 1) corresponding to U. Let u; = g1 ey Up—1 =

n_ ny
g —

and
ne—1

- q" =1 _ n
ged(ui(ia —i1),¢™ — 1)  ged(ia — iy, ny)’

In this example we will show that Cy is a 2-weight code consisting of g2 — (g™ — 1)6 — 1
codewords of weight
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miny---ne-1(g" —q"") (4.16)
and (¢ — 1)6 codewords of weight

ni

<n1 _ ;)nz cenei(q" — "), .17)

Using Remark 3.2, we consider Artin—Schreier type hypersurfaces of the form

yi—y=f(x)= Alx;“ilxgz . -xﬁ_]lxz + )uzxi”izx;z . -fo‘llxg, (4.18)
where Ay, Ay € Fym. Letay, ..., a1 € Fym \ {0} and consider the univariate polynomial
(™ 4 a?) Bx € Fynx], (4.19)

where B = a5+, if € >3, and B =1 if £ = 2. For ay, B € Fyn \ {0}, the polynomial in
(4.19) is identically zero if and only if

M a1 275, 0. (4.20)

Let S be the subset of (IFm \ {0)? consisting of (A1, A2) such that there exists a; € Fym \ {0}
satisfying (4.20). Then |S| = 6(¢™ — 1). Moreover for (A1, A2) € S, the number of oy € Fym \ {0}
satisfying (4.20) is qme_l . Therefore if (A1, Ap) € S, then for the number N (f) of affine rational

points of the hypersurface (4.18) we have

m_1 _
N(f)=<q’”—1—q 7 >(qm—1)z "

m_
+ <(qm _yo (qm 1 . 1>(q”‘ 3 1)62)51’"“
+ (qm(f—l) _ (C]m _ I)Z*I)qm-l-l.

If (X1, 22) ¢ SU{(0, 0)}, then it is not difficult to observe that

-1 _ —1
m__1\¢
Hence for the Hamming weight of Ev(f) € IF,(Iq b , we have that if (A1, A2) € S, then

q" =1

e AR AR

|[EvH =4 - %f) = (q’” —1-

and if (A1, X2) ¢ SU{(0, 0)}, then

|Evn] = (g = 1) (g —q"").

We obtain (4.16) and (4.17) using Remark 3.2.
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