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Abstract

McMillan (1992) described a technique for deadlock detection based on net unfoldings. We
extend its applicability to the properties of a temporal logic with a possibility operator. The new
algorithm is shown to be polynomial in the size of the net for i-safe conflict-free Petri nets, while
the algorithms of the literature require exponential time.

1. Introduction

In the early eighties, Quielle and Sifakis [33], Clarke et al. [11] and others begun
a new approach for the verification of finite-state concurrent systems. This approach
is known as “model-checking”, because the idea is to express a desirable property in
some logic, view the system as a structure on which to interpret the logic by means of
some formal semantics, and check whether this structure is a model of the formula. In
a nutshell, “system enjoys property” is formalised as “system’s semantics is model of
formula”.

Model checking was intensively studied in the next years. It proved to be simpler
and more efficient than former approaches based on theorem proving, in which both
the system and the formula are expressed in the logic, and “system enjoys property” is
formalised as “system’s formula implies property’s formula”. It was applied to the veri-
fication of communication protocols, asynchronous circuit designs and mutual exclusion
algorithms, among others (see, for instance [8,40]). Model checkers were proposed
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for a rich variety of logics (linear and branching time, state and event based, u-calculi,
etc.).

The main problem of finite-state model checking is the so called state explosion: the
number of states of the system may grow exponentially in its size, which complicates
or prevents the verification of large systems. Many different solutions have been pro-
posed to cope with this problem. In [12], properties of networks with many identical
processes are parametrically verified. In [1,24], methods for compositional verifica-
tion —in which the verification of a property of a system is reduced to the verification
of properties of its components — are described. Binary Decision Diagrams have been
used in [9] to intelligently encode state spaces which exhibit some kind of regularity.
Other researchers have observed that the arbitrary interleaving of concurrent actions —
that is, the identification of “a is concurrent with b with “a can occur before b and b
can occur before a” — greatly contributes to the state explosion problem. This paper is
also based on this observation; it proposes a new model checking algorithm based on
net unfoldings, a well studied partial order semantics of Petri nets.

In order to motivate this new approach, it is convenient to briefly overview the verifi-
cation algorithms based on partial orders described in the literature. In a series of papers,
Valmari has developed the stubborn set method. Originally, the method constructed a
reduced state space in which some interleavings were removed while preserving some
properties, essentially the existence of deadlocks [38]. Later on, Valmari et al. extended
the technique by considering reductions that preserve different equivalences (see, for
instance, [39]). More than a partial order method, the stubborn set method is the ap-
plication of a partial order notion to the interleaving method in order to cleverly obtain
reduced state spaces.

The method of Godefroid et al. (see, for instance, [21,22]) uses Mazurkiewicz’s
traces as semantic model. It constructs a trace automaton, which can also be considered
as a sort of reduced state space in which at least one interleaving of each trace is
present. Very general logics can be checked due to the use of “on the fly” verification:
the system, represented by a product of automata or a 1-safe Petri net, is composed
with an automaton corresponding to the negation of the property to be verified. Then,
an equivalent trace automaton is computed and checked for nonemptyness. “On the fly”
verification has the advantage that it may reduce the size of the final trace automaton
in favourable cases, and the disadvantage that the verification has to start anew for each
new property. The method makes light use of trace theory, and concentrates more on
algorithmical aspects.

Probst and Li [32] have developed a method based on an ad hoc partial order
semantics called “behaviour machines”. Properties are not specified within a logic, but
by semantical methods. This method is difficult to compare with the others due to
the particular way in which both systems are properties are modeled, and we will not
consider it any further.

Finally, McMillan proposes in [29] a method for deadlock detection, which, as we
shall see, is one of the direct sources of inspiration of this paper. The method is based
on net unfoldings [6,16,31]. Net unfoldings can be seen as concurrent versions of the
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Fig. 1. A simple class of concurrent systems.

usual notion of unfolding of a loop. They have the problem of being infinite whenever
the system may exhibit an infinite computation (this is usually the case in reactive
systems), which complicates their use for verification. McMillan proposes an elegant
algorithm for the comprtation of a finite initial part of the unfolding in which every
reachable marking is represented.

This variety of proposals has been successfully applied to a number of examples.
However, there are still open points which have not been addressed in a satisfactory
way. None of the proposals matches the clear and well defined structure of interleaving
model checkers, in which a logic is given and a state space computed which can be
repeatedly used to check every formula of the logic; it would be interesting to develop a
partial order model checker following this pattern. Also, partial orders are used to obtain
compact semantics, but the more sophisticated results on partial orders are not used to
improve the efficiency of the search algorithms. Finally, there exist properties for which
these proposals (when applicable) have a too large computational cost.

We consider this last point in more detail in an example. Consider the family of
systems composed by a number »n of independent subsystems which can just execute an
action. A Petri net model of this family is shown in Fig. 1. The reachability graph of
the systems of this class contains 2" markings, where n is the number of transitions. It
should be clear that the only reason of this combinatorial explosion is the representation
of concurrency by interleaving. Let us examine the methods of Valmari, Godefroid and
McMillan on the problem of deciding if a given marking or submarking of one of
these systems is reachable (a submarking is a partially specified marking). Valmari’s
method cannot be directly applied to this problem; if we remove a reachable marking
M, then we can no longer check whether M is reachable by traversing the reduced
state space. Therefore, no state space reduction can be applied. A blind application of
Godefroid’s method can take exponential time. The reason is that “on the fly” verification
modifies the system according to the property that has to be checked. In this case, a
new transition is added, having as input places the set of places that have to get a token
at the specified marking.® After this addition, the system is no longer composed of n
independent subsystems, and, in the worst case, the whole state space of the system
may have to be generated before the desired marking is found. By means of the same

3 Some other places and transitions have to be added as well, but this is not relevant for our discussion.



154 J. Esparza/Science of Computer Programming 23 (1994) 151-195

51 $3 $2n-3

Sy S4 $on2

Fig. 2. A simplified model of a concurrent buffer of capacity n — 1.

addition, McMillan’s method can also be used to decide the reachability of a marking,
but it faces the same problem.

Of course, all these methods can soive our problem in polynomial time, if we just
modify them so that they can recognize independent subsystems, but this is an ad hoc
solution which, for instance, will not be applicable to the next example: the family of
systems shown in Fig. 2. These systems model concurrent buffers of different capacities.
The buffer consists of a certain number of cells, but the cells are no longer independent.
A token in one odd place represents that the corresponding cell is empty, and a token
in an even place that the corresponding place is full. The items enter the buffer via
the occurrence of f; and leave it via the occurrence of t,. It is not difficult to see
that the number of reachable markings grows exponentially in the number of cells. We
consider again the problem of the reachability of a marking (for the marking that puts
a token in all places with an even index, this is the problem of deciding if all cells
can simultaneously be full). Now, none of the algorithms discussed above can give an
answer in polynomial time, and there seems to be no simple way to modify them so that
the state explosion is avoided. However, the problem is polynomial in the size of the
system: a well known result of net theory [14,20] states that the marking is reachable
if and only if a certain set of linear equations, whose size is roughly equal to the size of
the system, has a solution. So we are lead to the conclusion that, for certain properties
such as the reachability of a state, partial order model checking has not yet been able
to palliate the state explosion problem.

In this paper, we show how a combination of McMillan’s idea and a deeper use
of the theory of net unfoldings can provide solutions to the open points that have
been mentioned. We construct a model checker in which the state space is replaced by
McMillan’s unfolding; this unfolding can be stored and used to check all the properties
of a temporal logic with a possibility operator able to express properties as reachability,
mutual exclusion or the liveness of a transition.

To support the interest of the model checker, we first prove that it is linear in the size
of McMillan’s unfolding for the class of persistent nets; this unfolding can be much
smaller than the state space. Furthermore, we show that the model checker is polynomial
in the size of the net for 1-safe conflict-free nets. The class of conflict-free nets have
been very thoroughly studied in the literature [17,25-27,41], and contains the two
examples we have discussed in this introduction. In [17,41] it has been proved that two
particular problems on l-safe conflict-free nets can be solved in polynomial time in the
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size of the net. Our result subsumes these two as special cases, and extends the range
of polynomial properties to all those expressible in a logic.

2. Nets and branching processes

Many different classes of Petri nets have been described in the literature. We first spec-
ify the class we consider as system models. Then, we introduce Engelfriet’s branching
processes [16]. Finally, we briefly recall the notions of configuration and cut.

2.1. 1-Safe Petri net systems

We choose a basic model of Petri nets in which places can contain at most one
unstructured token, and have therefore a boolean character (marked/unmarked). In [3],
a survey on different classes of Petri nets, they are called 1-safe net systems. A triple
(8§, T,F)isanerif SNT=0and F C (S§xT)U(T x §). The elements of S are called
places, and the elements of T transitions. Places and transitions are generically called
nodes. We identify F with its characteristic function on the set (S x T) U (T x §). The
preset of a node x, denoted by *x, is the set {y € SUT | F(y,x) = 1}. The postset of
x, denoted by x*, is the set {y € SUT | F(x,y) =1}.

A marking of a net (S,T,F) is a mapping S — N. A fourtuple 3 = (8,7, F, Mp) is
a net system if (S,T,F) is a net and My is a marking of (S, T, F) (called the initial
marking of ). A marking M enables a transition ¢t if Vs € S: F(s,t) < M(s). If ¢t is
enabled at M, then it can occur, and its occurrence leads to a new marking M’ (denoted
M -1 M), defined by M’(s) = M(s)—F(s,t)+F(t,s) for every place s. A sequence
of transitions o = 111, ...t, is an occurrence sequence if there exist markings My, M,
..., M, such that

t t th—1 ty
MO l’1‘41 R ’Mn—l ’Mn

M, is the marking reached by the occurrence of o, also denoted by My M, Mis
a reachable marking if there exists an occurrence sequence o such that My M.

A marking M of a net is /-safe if M(s) < 1 for every place s. We identify 1-safe
markings with the set of places s such that M(s) = 1. A net system X is 1-safe if all
its reachable markings are 1-safe.

This definition of 1-safe systems corresponds to the one given in [3]. However, it is
convenient to exclude from our considerations some l-safe systems, for instance those
containing isolated nodes, i.e., places or transitions which are not connected to any other
node. In the sequel, we call 1-safe systems those satisfying the following four properties:
The number of places and transitions is finite.

Every place has a nonempty preset or a nonempty postset.
Every transition of 7 has a nonempty preset and a nonempty postset.
The system is 1-safe in the sense of the definition above.



156 J. Esparza/Science of Computer Programming 23 (1994) 151-195

s1 s2
t1 t2
s3 s4
t4
t3 t5
s5 s6

Fig. 3 shows a 1-safe system in this restricted sense. According to our convention,
the initial marking is {s,, ss}. Elementary Net Systems and Condition/Event Systems
[3] are other net models in which places contain at most one unstructured token. Our
results are valid for all these models.

2.2. Branching processes

Branching processes are unfoldings of net systems containing information about both
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similar to the theory of processes (see [6,36]). Branching processes are based on the
notion of net unfoldings introduced by Nielsen et al. in [31].

In this section, we quickly review the main definitions and results of [16]. Notice
that these definitions are given for net systems which are not necessarily 1-safe.

Let (S,T,F) be a net and let x;, xo € SUT. The nodes x; and x; are in conflict,
denoted by x; # x;, if there exist distinct transitions ¢, t, € T such that *t; N *t, + @,
and (f1,x1), (t2,x2) belong to the reflexive and transitive closure of F. In other words,
x; and x; are in conflict if there exist two paths leading to x; and x; which start at the
same place and immediately diverge (although later on they can converge again). For
x € SUT, x is in self-conflict if x # x.

An occurrence net is a net N = (B, E, F) such that:

o forevery b€ B, |*b] < 1,

e the (irreflexive) transitive closure of F is acyclic,

e N is finitely preceded, i.e., for every x € B U E, the set of elements y € BU E such
that (y, x) belongs to the transitive closure of F is finite, and

e no event ¢ € E is in self-conflict.

The elements of B and E are called conditions and events, respectively. Min(N) denotes

the set of minimal elements of BUE with respect to the transitive closure of F. A causal

Eng
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net is an occurrence net which also satisfies |b*| < 1 for every condition .4 Observe
that no two nodes of a causal net are in conflict.

We now define homomorphisms of nets.” Let Ny = (8,7}, F;) and N = (853, T», F»)
be two nets. A homomorphism from N; to N, is a mapping A: Sy UT, — $ UT; such
that:

e h(8)C S and h(Ty) C T3, and
o for every t € T}, the restriction of 4 to *¢ is a bijection between ®¢ (in N;) and *h(¢)

(in N,), and similarly for ¢* and h(z)°.

In other words, a homomorphism is a mapping that preserves the nature of nodes and
the environment of events.

A branching process of a net system 3 = (N, Mp) is a pair B8 = (N',p) where
N' = (B, E, F) is an occurrence net, and p is a homomorphism from N’ to N such that

(i) The restriction of p to Min(N') is a bijection between Min(N') and My,

(ii) for every ej,e; € E, if ®e; =®ey and p(e;) = p(ez) then e = e3.

If N’ is a causal net, then 8 is a process of 3.

Fig. 4 shows a branching process of the 1-safe system of Fig. 3, which will be used
throughout this paper to illustrate definitions and algorithms. The name of a condition
is written inside its corresponding circle. Beside the circle is the name of the place
assigned to the condition by the homomorphism of the branching process. The same
graphical convention is used for events. We say that the names of the places and
transitions label the conditions and events. Accordingly, a homomorphism is also called
a labelling). There exists a natural relation between branching processes of a system,
called the approximation relation, which corresponds to the idea “being an initial part
of”. For instance, the branching process of Fig. 4 having {b1, ..., bs} as conditions and
{e1,...,e3} as events is an initial part of the whole branching process shown in the
figure. We now formalise this relation.

Let 8y = (N1, p1) and B> = (N2, p2) be two branching processes of a net system. A

homomorphism from B; to B; is a homomorphism p from N; to N, such that
o the restriction of p to Min(N;) is a bijection between Min(N|) and Min(N,), and
e py o p = p;, where o denotes function composition.
Bi1 and B, are isomorphic if there exists a bijective homomorphism from B; to B,. We
say that By approximates f3; if there exists an injective homomorphism from S3; to Ss.
In particular, if (N, p) and (N’, p’) are branching processes such that N’ is a subnet of
N and p’ is the restriction of p to N’, then (N, p’) approximates (N, p); the required
injective homomorphism is just the identity.

It is shown in [16] that the set of isomorphism classes of branching processes of a
net system is a complete lattice with respect to the approximation relation. In particular,
a system has a unique maximal branching process up to isomorphism. The maximal
branching process (up to isomorphism) of the [-safe system of Fig. 3 is infinite.

4 Causal nets are called occurrence nets in [6]. We follow here the terminology of | 16].
51n [16], homomorphisms are defined between net systems, instead of between nets, but this is only a small
technical difference without any severe consequence.
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Fig. 4. A branching process of the 1-safe system of Fig. 3.

Loosely speaking, it consists of a periodic repetition of the part of the branching process
of Fig. 4 obtained by horizontally “cutting” the net just below the event eq.

2.3. Configurations and cuts

In an occurrence net (B, E, F), the transitive closure of the flow relation F is acyclic,
and therefore a partial order. We call it the causal relation, and denote it by <. The
symbol =< denotes the reflexive and transitive closure of F. We generalise the causal
relation to sets of nodes in the following way: given x € BUFE and X € B U E, we say
x < X (x> X) if there exists y € X such that x <y (x > y).

A configuration C of an occurrence net is a set of events satisfying the following two
conditions:

e ccC = Ve <e:e! €C (C is causally closed).
e Ve,e! € C:—~(e#e') (C is conflict-free).
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A finite configuration can be seen as the set of events that have occurred up to a
certain moment in a run of the system. More formally, if C is a configuration of the
maximal branching process and e; e;...e, is a linearisation of the events of C (a
total order on C which is compatible with the causal relation), then the corresponding
sequence of labels ¢ t5...2, is an occurrence sequence. The converse also holds (see
[61).

The set of configurations of an occurrence net is partially ordered with respect to
set inclusion, and closed under intersection. In the case of causal nets, it is also closed
under union, and therefore a complete lattice. For arbitrary occurrence nets this latter
property does not hold. We only have that, given a set of configurations C, if the union
of every two configurations of C is a configuration, then the union of all the elements
of C is a configuration.

A set B’ of conditions of an occurrence net is a co-set if

Vb, b € B (b < b)YA-(b <b) A-(b#b)

A maximal co-set B’ with respect to set inclusion is called a cut. Every co-set can be
extended to a cut.

Intuitively, cuts correspond to the markings reached after the execution of the events
contained in a finite configuration. Formally, we have that a set of places M is a reachable
marking of a 1-safe system I iff there exists a cut ¢ of the maximal branching process
(N, p) of 3 such that p(c) = M and |p{(c)| = |M|. An easy consequence of this result
is that any two conditions of a process carrying the same label are causally ordered.

Finite configurations and cuts are tightly related via the following mapping.

Definition 2.1 (The mapping Cut). Let C be a finite configuration of a branching pro-
cess B with underlying net N. We associate to C a set of conditions Cut(C) in the
following way:

Cut(C) = (Min(N) UC®) \ *C

For the configuration {e,} of Fig. 4, we have

Cut({ez}) = ({b1, b2} U {ba}) \ {b1} = {b2, b4}

Cut is a bijective mapping from the set of finite configurations of an occurrence net
onto its set of cuts. Therefore, it induces a relation T on the set of cuts corresponding to
set inclusion in the set of finite configurations, and two operators L and I corresponding
to set union and set intersection. The following characterisations are easy to prove. For
every two cuts ¢y, ¢3!

ci1 T iff Vby € c1 Iby € c2: by < by (or by € ¢; Vby € ¢p: b1 X by)
i L.JCz=(C1UCz)\({b1 € ¢ lb] -<62}U{b2 € | b -<Cl})
citMNer=(q UCz)\({b] € ¢ Ibl >~Csz]#C2}U{b2 (SN ] by = ¢ Vbz#cl})

where b# c if there exists b’ € ¢ such that b#b'.
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The cuts of an occurrence net are partially order with respect to C, and closed under
M. In the case of causal nets, they are also closed under U, and therefore the set of
configurations is a lattice (not necessarily complete).

Given a finite configuration C of a branching process 8 = (N, p), the set of places
p(Cut(C)) is a reachable marking. Since this composition of the mappings p and Cut
will be frequently used, we give it a name.

Notation 2.2 (The mapping Mark). Let B = (N, p) be a branching process of a 1-safe
system X, and let C be a finite configuration of 8. The reachable marking p(Cut(C))
is denoted by Mark(C).

We use cuts in order to define the satisfaction relations of the logics we shall consider.
However, we develop the theory in terms of configurations, mainly because we can use
standard set theory to handle them (instead of special operators such as Ll and M).

3. A model checker for a branching time logic

We define a simple branching time logic for 1-safe systems (i.e., a temporal logic
in which every time instant may have several different successors which correspond
to different possible futures) and design a model checker for it based on branching
processes.

In the first section, we define the logic and briefly discuss its expressive power;
also, we give some results about the complexity of the model checking problem, which
impose limits upon the efficiency that can be expected from our model checker. The
second section introduces the finite approximation of the maximal branching process on
which the model checker is based. Sections 3-5 reduce the model checking problem
to two simpler problems, and Section 6 provides algorithms to solve them. In the final
section we give a global description of the model checker.

3.1. A branching time logic for 1-safe net systems

In this section, we define the syntax and semantics of a modal logic L tailored for
1-safe systems. We fix for the rest of the section a 1-safe system ¥ = (5,7, F, Mp). 2
has a unique maximal branching process up to isomorphism. We fix a representative of
the isomorphism class, denoted by

ﬁm=(Nm’pm) N = (B, En, Fin)

where the subscript m stands for “maximal”.
The logic L extends propositional logic with a possibility operator. Its atomic sentences
are places of a net.
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Definition 3.1 (Syntax of L). The formulas of the logic L over 3 are those generated
by the following grammar:

¢ 1= true (Truth)
s where s € S (Place assertion)
- (Negation)
b1 N (Conjunction)
O (Possibly ¢).

The other boolean connectives are derived as usual, as well as the “box” operator
0 = —=O- (read O¢ as “always ¢”).

Modal logics are interpreted over a set of worlds on which a binary relation is defined.
In our case, the worlds are the finite configurations of the maximal branching process
Bm, and the binary relation is set inclusion (see [23,34] for another logic interpreted
on net unfoldings).

Definition 3.2 (Semantics of L). Let C be a finite configuration of Bn. We define in-
ductively when C satisfies a formula ¢ over 2.

CEs if s € Mark(C).

CkE-¢ if not C k= ¢.

Cl¢1 Ay ifCEdiand C k= .

CE=Cd if C’ = ¢ for some configuration C' D C.

We say that Y satisfies ¢, also denoted by 3 = ¢, if 0 = ¢.

Informally speaking, C = s if after the occurrence of the events of C a marking is
reached in which the place s contains a token.
The logic L can express properties such as:
e Reachability of a marking. For instance, the net system of Fig. 3 satisfies the formula
O(=s81 A sz A =83 A sqg A —ss A —sg) iff the marking {s. 54} is reachable.
o Mutual exclusion between places. The net system satisfies O(—s3V—ss) iff no marking
puts tokens simultaneously on s3 and ss.
e Concurrency of transitions. The net system satisfies O (54 A s5) iff the transitions #3
and ts are concurrently enabled at some reachable marking.
e Liveness of a transition. The net system satisfies [1<sy iff the transition 75 is live.
e Cyclicity. The initial marking of the system can always be reached again iff the net
system satisfies OO (s A 52 A 53 A $4. A 85 A —86).
These properties are among the most studied in net theory. Notice, however, that L
cannot express progress properties.
The logic L has the same expressive power as its interleaving version interpreted on
the reachable markings of the reachability graph. In this interpretation, we define
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MEs iffseM
M =" O¢ iff there exists M’ reachable from M such that M’ =" ¢

The semantics of the boolean connectives is defined as before, and now 3 satisfies ¢ if
My }=' ¢. It follows from the definitions and theorems of Section 2 that 3’ = ¢ if and
only if 3 ' ¢.

This interleaving logic is equivalent to the fragment of the logic UB [2] containing
only the operator EF and its dual AG.

The model checking problem for L is defined as the problem of deciding for a 1-safe
system ¥ and a formula ¢ whether 3 = ¢ or not.

Formulas without <¢-symbols can be checked using the definition of }= directly,
because in order to decide if they hold it suffices to examine the initial marking of the
system (for instance, 3 = 5| A —s; if the initial marking of 3 puts one mark in sy and
no mark in s;). Therefore, the model checking problem reduces to the subproblem in
which the formula is of the form .

We assign to a formula the set of finite configurations that satisfy it.

Notation 3.3 (Denotation of a formula). Sat(¢) denotes the set of finite configurations
of By, that satisfy ¢.

Using this notion, we can denotationally formulate the model checking problem as
the problem of deciding, given a formula ¢, if Sat(¢) is empty.

Proposition 3.4 (Denotational formulation of the model checking problem). Let ¢ be
a formula over 3. 3 = O¢ iff Sat(d) + 0.

Proof. By the definition of |, 3 = O¢ iff some configuration C D § satisfies ¢. This
is the case iff Sat(¢) + . O

The size of an instance of the model checking problem is given by the sum of the
sizes of (encodings of) both 3 and ¢. Model checkers based on interleaving are usually
exponential in the size of the system and polynomial in the size of the formula [11, 13].
Let us examine which are the bounds that complexity theory imposes on the complexity
of a model checker based on partial orders.

It is easy to show that our model checker cannot be polynomial in the size of the
system unless P = PSPACE. The reachability problem for l-safe systems (i.e., the
problem of deciding, given a 1-safe system X = (N, Mp) and a marking M of N, if M
is reachable from My) is known to be PSPACE-complete [ 10]. This problem remains
PSPACE-complete even if the marking to be tested only marks one place. To prove it,
add a new transition having M as preset and the set {s} as postset, where s is a new
place. The marking M is reachable in the old system if and only if the marking {s} is
reachable in the new one (we use here that no transition has an empty postset). In turn,
{s} is reachable if and only if 3 satisfies <s. If our model checker were polynomial
in the size of the system, then the reachability problem would be polynomial as well,
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because the length of the formula is constant, Therefore, polynomiality in the size of
the system implies P = PSPACE.

Let us now consider the complexity in the length of the formula. Our model checker
should be polynomial in the size of the system for the first class of systems we consider
in the introduction (Fig. 1). We show that it cannot be polynomial in the length of
the formula unless P = NP by reducing SAT (satisfiability of formulas of propositional
logic) to the model checking problem for this class of systems. Take a formula ¢
of propositional logic with variables xi,...,x,. Take the net system of Fig. 1, and
rename the places sy,...,s, as xi,...,x,. Let X, be the resulting system. 3, can be
constructed in linear time in the length of ¢, and so can the formula ¢¢ of the logic L
over 3,. It is immediate to see that 3, = ¢ if and only if ¢ is satisfiable. Therefore,
a polynomial algorithm in both the size of the system and the length of the formula can
be transformed into a polynomial algorithm for SAT.

These results show that it does not make much sense to compare interleaving and
partial order model checkers on arbitrary systems or arbitrary formulas; on such a general
problem we cannot expect to observe any interesting differences in the performance. It
only makes sense to compare them on restricted classes of systems and restricted classes
of formulas. We shall do so in the last chapter.

3.2. A finite branching process adequate for model checking

The maximal branching process B may be infinite, and therefore unsuitable as basis
of a model checker. We define in this section a finite prefix of it. Then, we show how
to solve the model checking problem on this finite prefix. Let us first make precise the
notion of a prefix.

Definition 3.5 (Prefixes of the maximal branching process Bm). A branching process
B =(B,E,F,p) is a prefix of B, if B is an approximation of B, satisfying B C Bp,
and E C E,,.

Notice that a prefix is determined by its set of events or its set of conditions, because
any of them characterises the occurrence net of the process (the labelling of the prefix
is just the restriction of py, to the nodes of this occurrence net). We do not distinguish
between the Mark mappings of the maximal branching process and the finite prefix.

The finite prefix must contain enough information to decide, for every property of the
logic, if it holds or not. In particular, every reachable marking of the system must be
represented in the finite prefix (more precisely, for every reachable marking M there must
exist a configuration C of the finite prefix such that Mark(C) = M). This is necessary,
because our logic can express the reachability of a marking; if some reachable marking
M were not represented in the finite prefix, then we would not be able to decide whether
the formula expressing the reachability of M holds.

The existence of a finite prefix satisfying this property is an immediate consequence of
two facts: every reachable marking is represented by some cut of the maximal branching
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process, and the set of reachable markings of a 1-safe system is finite. It is more difficult
to give a reasonably efficient algorithm for its construction. McMillan provided in [29]
an elegant solution for this problem. In order to describe it we need to introduce two
notions: the set of causes of an event and the cut-off events of a branching process.

Definition 3.6 (Ser of causes of an event). Let (B, E, F) be an occurrence net, and let
e € E be an event. The set [e] = {¢’ € E | ¢/ < e} is the set of causes of e.

It is immediate to see that the set [e] is a finite configuration for every event e.®
Moreover, for every configuration C, either C does not contain e or it includes [e].

The definition of a cut-off event is more compact if we introduce a new “event”
symbol L and define [ L] as the empty configuration. The reader may think of L as a
“virtual” event added to By, having no input conditions and the set of minimal elements
of Bm as output conditions. Formally, the nature of L is irrelevant, because we shall
only use [1].

Definition 3.7 (Cut-off event). An event ¢ € E;, is a cut-off event if there exists a set
of causes [e’] such that |[e'}] < |[e]] and Mark([e']) = Mark([e]).

If Mark([e]) = My (the initial marking of X) for some event e, then e is a cut-off
event, because Mark([L]) = Moy, and 0 = |[L]] < |[e]]. This is the reason for the
introduction of L.

In the branching process of Fig. 4, eg is a cut-off event, because |[e2]] < |[es]] and

Mark([ez]) = {53, 54} = Mark([eg])

The “continuation” of By from the cut Cut([e]) describes the future of the sys-
tem from the marking Mark([e]). If e is a cut-off event, then we have Mark([e]) =
Mark([e']) for some event ¢’ such that |[e’]| < |[e]]. Since the possible behaviours of
the system are completely determined by the initial marking, it is intuitively clear that
the continuations of B, from the cuts Cut({e]) and Cut([e’]) must be isomorphic. Tt
is not difficult to formalise this statement. First, we have to make precise the notion of
continuation.

Definition 3.8 (The branching process {r¢). Let Tc={x € BUE | ¢ < x} where ¢ be
a cut of Bp,. The branching process fy ¢ is defined as follows:

fre=(BuN T, EnN Te, Fu, pm)

{where we identify Fy, and p, with their restriction to the nodes of {c).

So fr¢ contains the events and conditions “after” c¢. It is routine to check that ftc is a
branching process of the system (N, pn(¢)). The following proposition is also easy to
prove:

$1n [29], sets of causes are called local configurations.
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Proposition 3.9. If Mark(C) = Mark(C’) for two configurations C and C', then
I Cut(C) is isomorphic to } Cut(C').

We are now ready to define McMillan’s finite prefix.

Definition 3.10 (The finite prefix Bf). Let E; be the set of events of By, given by:
e € E; iff no event ¢’ < e is a cut-off event

By is the (unique) prefix of By having Ef as set of events.

An algorithm for the construction of the finite prefix 8y is described in [29]. The
algorithm starts with the branching process containing no events, and adds events one
at a time, in order increasing size of their sets of causes. For every new event e, the
marking Mark([e]) is compared with the marking Mark([e’]) of each event ¢/ which
was added before e. If they are equal, then e is identified as a cut-off event, and its
successor events are not explored (they are not part of the finite prefix). The algorithm
terminates when no new event can be added.

The termination of the algorithm follows from the finiteness of the set of reachable
markings of 1-safe systems. Let n be the number of reachable markings of 3. Since cuts
correspond to reachable markings, every event e such that [[e]]| > n must be a cut-off
event, because Mark([e]) = Mark([e’]) must hold for some set of causes [e’] C [e].

We refer the reader to [29] for a more detailed description of the algorithm. Here we
only illustrate it by constructing the finite prefix for the system of Fig. 3. The events ¢,
€3, e3, eq4 and es of Fig. 5 are successively added; none of them is a cut-off event. Then,
the event eg is added; we observe that |[e2]] < |[es]] and Mark([ez2]) = {s3,54} =
Mark([es]) (the cuts corresponding to [e;] and [es] can be seen in the figure). So
eg is identified as a cut-off event, and its successors are not considered for inclusion in
the prefix. After that, the event e7 is added to the prefix (e7 is not a cut-off event). At
this moment, no other event can be added (the only candidate would be the event ey,
but it is a successor of the cut-off event eg) and therefore the procedure terminates. The
output is the prefix having {e,...,e7} as set of events.

We informally prove that the finite prefix B8; contains every reachable marking (in the
next section we give a formal proof of a stronger statement, but this proof requires some
preparation that might hide the simplicity of the main idea). Let M be an arbitrary
reachable marking. Since every reachable marking is represented in Bp, there exists
some configuration C of By such that Mark(C) = M. If C is a configuration of By,
then we are done. Otherwise C is not included in E;. By the definition of Ef, C
contains some cut-off event ¢, and therefore C O [¢]. By the definition of a cut-off
event, there exists a set [e’] such that |[e']| < |[e]| and Mark([e']) = Mark([e]).
Since the branching processes f Cut([e]) and ft Cut([e’]) are isomorphic, there exists
a configuration C’ D [e’] corresponding to the configuration C (in our example, taking
e = eg and ¢’ = e, the configuration corresponding to {ez,e3.e4,¢s,¢e6} is {e1,e2}).
Then, we also have Mark(C') = M; moreover, C’ contains less events than C, because
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Cut(fe2])
Va
s4 t2 s2
s1(bt b el b3
t1|e2 e3jt5
s3(4 b5)s6
t4]le4 Cut([eb])
s4 t2 s2
s5(b6 b e5 b8
tile6 e7]t5
s3 10)s6

Fig. 5. The finite prefix for the 1-safe system of Fig. 3.

[e’] contains less events than [e] (by the definition of a cut-off event). If C' is
a configuration of B, we are done. Otherwise, C’ contains a cut-off event, and the
procedure can be iterated. Since every iteration produces a smaller configuration, the
procedure terminates with a configuration of B, which finishes the proof.

We finish the section with some notations related to the finite prefix B that are
frequently used in the sequel.

Notation 3.11 (Notations related to the finite prefix By).

e By and E; denote the set of conditions and events of By, respectively. Ny denotes its
underlying occurrence net.

o Off denotes the set of cut-off events of By (Off is also the set of minimal cut-off
events with respect to the causal relation).

e Given a cut-off event e, there may exist several (but at least one) sets [e’] such that
Mark({e]) = Mark([e']) and |[e']| < |[e]]. We assume in the sequel that for each
cut-off event ¢ one of these sets has been fixed, and denote it by [e].

e F denotes the set of configurations of By.

¢ D denotes the set of maximal configurations of B with respect to set inclusion.

In order to verify that the event e is a cut-off event, McMillan’s algorithm has to find
some set [e’] satisfying Mark([e]) = Mark([e’]) and |[e’]| < |[e]|. In practice, [€°]
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is taken as this [e’]; so the computation of [e®] for each cut-off event takes place “on
the fiy” during the construction of the finite prefix.

3.3. Shifts

Given a cut-off event e, the branching processes 1 Cut([e®]) and 1} Cut([e]) are
isomornhic. In fact. the hrnm‘hma process 1 Cut(le]) can be thnnaht to be f Cut( foO]\

ASUINVIPILC, 20 240, Wl Qlanliin O PAULLSS ] ey W UC

“shifted forward”. For a configuration C containing [e] there exists a corresponding
configuration containing [e], obtained by “shifting C forward”. In the next definition
we formalise this idea of a shift.

Definition 3.12 (Shift of a configuration). Let e be a cut-off event of By, and let I, be
the isomorphism from {} Cut([€°)) to ff Cut([e]).

Let C be a configuration of By. The e-shift of C, denoted by S.(C), is the following
configuration:

e 1,0
Se(c)={ 0 lf [eO] ZC
[e] UL(C\[]) if[e1CC

Notice that the isomorphism I, depends on our choice of €% so it would be more
correct to write I, ,0y. We choose not to do it in order to keep the notation simple, and
because we assume that e® has been fixed for each e. In the example of Fig. 5, we fix
¢? = ey (in this particular case, this is the only possibility).

It is immediate to prove that S,(C) is a configuration, and therefore well defined. In
Fig. 4 we have

836({61,82}) = [e6] U 166({81}) = {62, 63,e4,e6} U {65}

as expected.
Shifts have the following properties:

Proposition 3.13. Let e be a cut-off event and let C, C' be two configurations of Bm.
(1) S, is injective and monotonic.
(2) Mark(C) =Mark( S,(C))
(3) |S.(C)| = |C|, and the equality holds only if S,(C) =C
(4) Ife € C, then S7'(C) exists.

Proof. (1) and (2) follow immediately from the fact that /, is an isomorphism.
(3) It suffices to show that if [e°] Z C, then |S,(C)| > |C|. We have

|S.(C)|
= {Definition of S,}

el UL (C\ [€°])]
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= {lelNL(C\["]) =0}
|Tel] + [L(C \ [e°D)]

> {|[e]| > |[€°]| by the definition of cut-off event}
11’1} +]C\ €]

={[] cC}
IC]

(4) If e € C, then [¢] € C, and 871 (C) = [XJ UL (C\ [e]). O

Consider the set of configurations of the maximal branching process corresponding
to the same reachable marking M. Such a set can be infinite, as it happens for instance
in the example of Fig. 4 with the configurations corresponding to the marking {s3, s¢}.
By Proposition 3.13(2), the image of a configuration of this set under an e-shift is
another configuration of the same set. The same holds for e-shift inverses (in case the
configuration contains the event e). This notion of invariance under shifts is captured in
the next definition.

Definition 3.14 (Invariance under shifts). A set of configurations C is invariant under
shifts (or just invariant) if for every cut-off event e and every configuration C, C € C
iff S,(C) € C.

We show that the set of configurations that satisfy an arbitrary formula of the logic is
invariant. Since, given a marking M, there exists a formula expressing Mark(C) = M,
this result generalises the invariance of the set of configurations corresponding to the
same marking.

Lemma 3.15 (Invariance of Sat(¢) under shifts). For every formula ¢, Sat(¢p) is in-
variant under shifts.

Proof. Let e and C be a cut-off event and a configuration of By,. We show that C = ¢ iff
S.(C) = ¢. By Proposition 3.9(2), we have Mark(C) = Mark{S.(C)). So {rCut(C)
is isomorphic to f} Cut(C’). It follows easily from the semantics of L that whether a
configuration C satisfies a formula ¢ or not depends only on f} Cur(C). Therefore, C
and S, (C) satisfy the same formulas of L. [

We are now ready to show that Sat(¢) can be generated by the subset of Sat(¢)
formed by the configurations contained in the finite prefix.

Definition 3.16 (The ser Saty($)). Let ¢ be a formula. Then Sarf(¢p) = Sar(d) N F.
(Recall that F denotes the set of configurations of the finite prefix S8y.)
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Definition 3.17 (The mapping S). Let C be a set of configurations of SBn,. The set of
configurations S, (C) is given by:

Se(C) ={S.(C) | C €}
The set of configurations S(C) is given by:

sy =cu | 8.
ecOff

(recall that Off denotes the set of cut-off events of Bf).
We define:

pS.C=|Js"©0)

n>0

Notice that S is defined on sets of configurations. It follows easily from this definition
that S is a monotonic function on the complete partial order of the sets of configurations
of By, where the order is set inclusion (notice that this partial order is different from
the partial order of configurations). It is easy to see that #S.C is the least fixpoint of S
containing C, which explains the notation we have chosen.

Theorem 3.18. For every formula ¢, Sat(¢) = uS.Satr().

Proof. We prove separately both inclusions.

(C) Let C € Sat(¢), and consider two cases:

Case 1. 1f C does not contain any cut-off event, then C is a configuration of 8. So
C € Sats(¢), and we are done.

Case 2. If C does contain a cut-off event e, then S;'(C) exists and S, (C) €
Sat(¢) by the invariance of Sat(¢). Moreover, [S;1(C)| < [C|. If S;1(C) does not
contain any cut-off event, then S;”!(C) € Satg(¢), which implies C € S(Sats(¢)).
Else, Se" (C) contains a cut-off event ¢’ and SeTI(Se_l(C)) exists. If SZTI(Se_l(C))
contains no cut-off event, then we get C € S?( Sats(¢) ). This procedure can be iterated,
and eventually terminates for some number 7, because C is finite and each application
of one of the inverses S, ! decreases the number of events. So C & S"(Sats(p)) for
some Hn.

(2) Since Saty(¢p) C Sat(¢p) and Sat(¢p) is invariant, we have S7(Sats(¢)) C
Sat(¢) forevery n > 0. O

An important consequence of Theorem 3.18 is that Sat(¢) is empty if and only if
Sats(¢) is empty. That is, some configuration satisfies ¢ iff some configuration of the
finite prefix satisfies it. Therefore, the model checking problem reduces to the problem
of deciding if Satf(¢) is empty.

Our problem is to find an efficient algorithm for emptiness. Since the finite prefix
contains finitely many configurations, the obvious algorithm is to exhaustively check
them all. However, this corresponds to checking all the reachable markings of the
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system, which would cancel any possible advantage of our approach with respect to
the interleaving-based model checkers. We show that there is a much more efficient
algorithm to compute the maximal elements of Sat;(¢) with respect to set inclusion.
This is a fundamental idea of our approach: since we wish to avoid the enumeration of
the states of the system — the finite prefix does not even have an cxplicit representation
of global states; they are “embedded” in it— we cannot perform any search of the state
space. Instead, we develop algorithms to identify particularly important states, namely
the maximal elements of Sat;(¢).

It is convenient to introduce a notation for the set of maximal elements of Sats(¢).

Definition 3.19 (Last sets of configurations). Let max{C} denote the set of maximal
elements of a set of configurations C with respect to set inclusion. We define Last(¢) =
max{Sat;(¢)} (Last is short for Largest).

Since Last(¢) is empty if and only Sat;(¢) is empty, the model checking problem
reduces to deciding, for an arbitrary formula ¢, if Last(¢) = 0 or not.

3.4. Compositional equations

In this section we obtain compositional equations for Last(¢), where ¢ is a formula
in a certain normal form. We use a generalization of the conjunctive normal form of
propositional logic.

Definition 3.20 (Normal form). A formula ¢ is in normal form if it is generated by
fA

the following grammar:

true | false | s | -5 | yAYy
Y] dAOH | A0

Vo
¢

|}

In the sequel, as was done in this definition, the symbol v is used to denote conjunc-
tions of literals. A typical formula which is not in normal form is s; V s5.

We prove that every formulia is equivalent (denoted by =) to a disjunction of formuias
in normal form.

Proposition 3.21. Ler ¢ be a formula. There exist formulas ¢, . .., ¢, in normal form
such that

¢ = \/ bi
i=1
Proof. Push in negations through disjunctions and conjunctions using the DeMorgan

laws. Then, move out disjunctions through conjunctions (using the distributive law) and
< operators (using O(d1 V dr) =y VOP,). O
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By this proposition, we have

Sat($) = Sat(\'l/¢i> = OSat(qﬁi)

i=] =1

for a set of formulas {¢1,. .., ¢,} in normal form. It follows that deciding the emptyness
of Sat(¢) for an arbitrary formula ¢ reduces to the problem of deciding the emptyness
of Sar(¢) for a formula ¢ in normal form.

It must be remarked that the length of the conjunction of formulas in normal form
equivalent to a given formula ¢ may be exponential in the length of ¢ (because dis-
junctions must be moved out through conjunctions). However, this problem does not
have much relevance. Formulas are usually short (at least compared with the finite pre-
fix), and many formulas of interest, e.g. those expressing reachability, mutual exclusion,
liveness and cyclicity, are in normal form. 7 Moreover, as shown before, if P # NP then
we cannot have a polynomial algorithm in the length of the formula.

It is easier to give compositional equations for a generalized Last set which has as
parameters not only a formula ¢, but also two sets of configurations. The generalization
makes use of the following relation:

Definition 3.22 (The relation <). Let C be a configuration and let C be a set of con-
figurations. We say C <« C (read “C is less than C”) if there exists some configuration
C' € C such that C C C’.

Let Cy, C; be two sets of configurations. We say C; <« C; if C; « C; for every
configuration C; € Cj.

The relation < has the following fundamental property:

Lemma 3.23 (Fundamental property of the relation <). Let C be a configuration and
let ¢ be a formula. Then, C = O¢ iff C < Sat( ).

Proof. Follows immediately from the definitions. [
After these preliminaries, we can define the generalized Sat and Last sets.

Definition 3.24 (Generalised Sat and Last sets). Let ¢ be a formula and let Cy, C; be
two sets of configurations. The set of configurations Sat(Cy, ¢, Cy) is defined as follows:

CeSar(Ci,0.C) iff CE¢and C £ C) and C <
Let Cj, Cy C F be two sets of configurations. We define:

Satf(Cl,d),Cz) =Sar(Cy,¢,Co) N F
MSI(C],(ﬁ,Cz) =max{Satf(Cl,¢,Cg)}.

7 Once the derived operator O is substituted by its definition.
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In words, Sat(Cy,¢,C,) is the set of configurations that satisfy ¢, are included in
some configuration of the set C;, and are not included in any of the configurations of
the set C.

Notice that no configuration is less than the empty set of configurations; on the other
hand, every configuration is less than the set of maximal configurations of By,. Therefore,
when C; is the empty set and C, the set of maximal configurations, Sat(Cy, @,Cy) is
just the set of configurations that satisfy ¢, i.e., the set Sat(¢). Similarly, we have
Sats(P) = Sats (B, ¢, D), because every configuration of the finite prefix By is less than
its set of maximal configurations, which is the set D. Finally, Last(¢) = Last($, ¢, D)

Guided by the grammar of the formulas in normal form, our first task consists
in expressing both Sat(Ci,¢ A Cif,Cy) and Sat(Cy, ¢ A =<y, Cy) as a function of
Sat(C{, $,Ch) and Sar(Cy',y,C}') for well chosen sets of configurations Cj, Cj, €]’ and
CY. For this purpose, we introduce a new operator.

Definition 3.25 (The operator 7). Let C;, C; be two sets of configurations. We define
) VCQ = {C] NG, [ CeC,C, e Cz}.

Notice that C; 57 C; is a set of configurations because the set of configurations is
closed under intersection. Moreover, 7 is associative and commutative. The following
property is easy to prove:

Lemma 3.26 (Fundamental property of 57). Let C be a configuration and let Cy, C; be
two sets of configurations. Then, C € C; 7 Cy iff C € Cy and C < (.

We also need an operator capturing that a configuration satisfies C < C; and C < C,.
In this case, we do not have to introduce any new operator, because union of sets of
configurations does the job.

Lemma 3.27 (Fundamental property of U (on sets of configurations)). Let C be a
configuration and let Cy, Cy be two sets of configurations. Then, C 4« C; UCy iff
C KC[ and C ﬁCQ

Notice the lack of symmetry between both cases (the two operators we need are
neither union nor intersection, nor 7 and its dual operator). This is not surprising,
because the symmetry between conjunction and disjunction was broken in our normal
form, and our logic is not symmetric with respect to future and past.

Theorem 3.28 (Compositional equations for Sar). Let C,, Ca be two sets of configura-
tions of P, and let ¢, ¥ be two formulas in normal form. We have:

Sat(C1 s ¢ N Ol//, Cy) = Sat(Cy, d)’ 6] \Y% Sat(l//))
Sat(Ci,d A=, Cy) = Sat(Cy U Sat(), 6,Ca)

Proof. We prove the second equation. The first is similar.
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(C) Let C € Sat(Cy, ¢ A =<y, Ca). By Definition 3.24, we have C = ¢ A —Ou,
C £ C; and C < C;. By the fundamental property of <, C = ¢ and C & Sat(¢). By
the fundamental property of U, C & Cy U Sat(¢). So C € Sar(C; U Sat(if), ¢.Ca).

(2): Let C € Sat(C; U Sat(¢),¢,Cr). By Definition 3.24, we have C = ¢, C &
CiUSat(y) and C <« C,. By the fundamental property of U, C &« C; and C &£ Sat(¢).
By the fundamental property of <, C £ Oy, So C € Sat(Cy, ¢ A =y, Cp). O

After an exhaustive application of these two equations, we obtain an expression for
Sat(Cy, ¢,Cp) in which no O-symbol appears. Specialising C; to the empty set and C;
to the set of maximal configurations of B, we get an expression for Sat(¢) with the
same property.

We now derive similar compositional equations for Sat¢(¢). The equations only use
sets of configurations of the finite prefix. Notice in particular that, by the definition of
/. for any set of configurations C the set C 57 {E;} only contains configurations of the
finite prefix.

Theorem 3.29 (Compositional equations for Saty). Let Ci, Cy C F be two sets of con-
figurations of the finite prefix. Let C = uS.Sats () 7 {Ef}. We have:

Sati(Cr, @ A O, Cr) =Saty(C1, 9,0, 7C)
Satp(Cr, ¢ A =0, Cr) = Satf(C1UC, ¢,C2)
Proof. We prove the first equality. The proof of the second is similar.
Since C; is a set of configurations of the finite prefix, all the elements of Sar(Ci, ¢ A

i, Cy) are configurations of the finite prefix as well (they are contained in some
configuration of C,). Therefore, we have

Sat(Cr,p A OY,Cr) =Sat(Cy, d A O, Ca)
We prove

Sat(Cy, ¢, Cy 7 Sat(y)) = Sats(C1,¢,C2 v C)

which, by the equations for Sat, implies the result.

Since C; 7 Sat(y) is a set of configurations of the finite prefix, it suffices to prove
CyySat(y) = Cr7C. By the definition of C, and since uS.Sat; () = Sat(y) (Theorem
3.18), this reduces in turn to showing

Ca 7 Sat(ip) =Co 7 (Sat(y) v {Ef})

To prove it, use C2 7 {Ef} = C;, which holds because C C Ey for every C € ;. U

The configurations of the set uS.Sats () 7 {Ef} are contained in E by definition,
and therefore have a bounded size. This would be no advantage if in order to compute
uS.Sats(y) 7 {Es} we first had to compute uS.Sats(¢). However, as we shall show,
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this is not the case: uS.Sats(¢) 7 {Ef} can be directly computed on the finite prefix.
The next section shows how to do it.

Finally, we obtain equations for Last(Cy, ¢,C2), the set of maximal configurations
of Sats(Cy,$,Cy). The correctness proofs of the equations make use of the following
elementary properties of the max operator (the proof is omitted):

Lemma 3.30 (Some properties of max).
(1) max{max{C}} = max{C}.
(2) max{max{\J;, Ci}} = max{{J;c, max{C;}}.
(3) max{max{7ic1Ci}} = max{~vicmax{Ci}}.

Observe that max and union, or max and v/, do not commute in general.

Theorem 3.31 (Compositional equations for Last). Let C,, C; C F be two sets of con-
figurations of the finite prefix.
Let C = uS.Last(y) 7 {Ef}. We have:
Last(Cy, A O, C2) = Last(Cy, b, max{Cy 57 C})
Last(Ci,p A =0y, Cy) = Last(max{Cl U C}, ?,C2)

Proof. We prove the first equality. The proof of the second is similar.
We claim max{uS.Sats ()} = max{uS.Last()}.

max{uS.Saty ()}
= {definition of uS.C, properties of max}
max{ U max{S" (Sat; () }}
nz0
= {monotonicity of S, for every cut-off event e}
max{| ) $"(max{Sat; (4)})}
nz=0

= { definitions of Last(¢/) and uS.C }
max{uS.Last(y) }

Now, we have

Last(Cy, p A Oy, Cr)
= {definition of Last}
max{Sat;(Ci,d A O,Cy)}
= {equation for Sat, definition of C, associativity of 7}
max{Sat;(Cy,¢,Co 7 uS.Sats () 7 {Ef}}
={C « C iff C <« max{C}}
max{Sat;(Cy, ¢, max{Cs 7 uS.Sats () v {Ef}}P}
= {properties of max, result above}
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max{Sats(C, ¢, max{ C, 7 uS.Last(yy) 7 {Ef}})}
= {definition of Last}

Last(Cy, ¢, max{Cy 57 uS.Last(y) 7 {Ef}}) O

This is the result we have been aiming at. Let us show that it reduces the problem of
deciding the emptyness of Last(¢) for a formula in normal form to the following two
problems:

(1) Computing uS.C 7 {Ef} for an arbitrary set C C F.

(2) Computing Last(C,,v,C,) for arbitrary sets C;, C; C F and an arbitrary con-

junction of literals y.
If ¢ is a conjunction of literals, then we are done by (2), because Last(¢p) =
Last((, ¢, D). Now, assume we want to compute Last(¢p A=<y). By induction hypoth-
esis, we can compute Last(y). By (1), we can compute the set C = uS.Last(¢)7{Er}.
By the induction hypothesis again, we can compute Last(C, ¢, D). Since max{0UC} =
C, we have Last(C, ¢, D) = Last(¢p N =Of) by the second equation of Theorem 3.31.
Similar reasoning shows that we can also compute Last(¢ A Ci).

We formalise this argument in Section 6 by giving a recursive procedure for the
computation of Last(¢). Before that, we provide algorithms for (1) and (2).

3.5. Algorithms

An algorithm to compute pS.C vy {Er}

We solve this problem in two steps. First, we show how to compute the configuration
S.(C) N Ef for a configuration C C Ef and a cut-off event e. Using this, it will be
easy to give an algorithm for the computation of uS.C 7 {Ef}.

By the definition of e-shift, we have:

C if [°] L C

S.(C)NEs=
(Crnts {([€]UIP(C\[60]))ﬂEf otherwise

where I, is the isomorphism from f} Cut([€°]) onto f} Cut({e]). The configurations
[e] and [¢°] are obtained “on the fly” during the construction of the finite prefix.
Therefore, our problem consists in computing 7,(C \ [ I NE r,» which is easy once
the pairs (x,/,(x)) such that /,(x) is a node of the finite prefix are known.

Algorithm 3.32.
Input: The set Py = {(b,b') | b € Cut([€°]) A b € Cut([e]) A pm(b) = pm(b)}.
Output: The set P of pairs (x,/.(x)) such that I,(x) € Bf U Ef.
begin
P :=Py; Q :=F;
while O # ) do
choose (x,x') € Q;
for every y' € x'* do
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if Vz/ € *y' 3z (z,z2") € Q then
let y be the unique node of x* such that p,(y) = pn(y');
P=PU{(y»y)} Q2:=0U{(ny)}
endif
endfor
Q=0 \{(x,x)}
endwhile
end

The algorithm terminates because, (x,x’) is eventually a pair such that x’ is a
maximal node of the finite prefix, and therefore x’° is empty. In this case, the algorithm
just removes (x,x’) from Q without adding any new element.

Let us use the algorithm to compute the pairs (x, I, (x)) in the example of Fig. 5.
In this case, [€l] = [es], Cut([e2]) = {b2, bs}, and Cut([es]) = {b7,bo}.

We have Py = {(ba,b7),(ba,by)} = Q. We choose (by,b7) out of Q@ and consider
the output events of by, which are e7 and es. The algorithm looks for appropriate output
events of b; matching these two, in this case e; and e3, adds (ej.es), (e3,e7) as
new pairs to P and @ and removes (b, b7) from Q. The algorithm continues until all
elements of By after Cut([es]) have been matched.

We now define the following finite version of the mapping S.

Definition 3.33 (Finite version Sy of the mapping S). Let C be a set of configurations
of the finite prefix 8r. We define:

Sy =cu | (8.0) v {EsD
ecof

Also, we define

uSpC=JSHO)

nz0

Notice that S,(C) 7 {Ef} = {S.(C) N Ef | C € C}, and that Sy is a monotonic
mapping. Since S3(C) is a set of configurations of the finite prefix for every n, and
the finite prefix contains finitely many configurations, there exists an integer £ such that
Sk(C) = §§+1(C). We then have uSy.C = S5(C).

Let us calculate uSy.{{ez}} in the example of Fig. 5. In this case, es is the only
cut-off event.

S?({ez}) = {{e2}}
Si({ea}) = {{e2}, S ({e2}) N Ef} = { {ea}, {er, €3, €4}}
St({e2}) = {{ea}. {e2, 3, €4}}

So k=1, and uSy.{{e2}} = {{e2}, {e2, €3, €4}}.
Finally, the following theorem shows that uS¢.C is all we need, because it is equal

to the set uS.C v {Ef}.
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Theorem 3.34. For every set C C F and every n 2 0, S"(C) 7 {Ef} = SH(C). In
particular, we have uS.C 7 {E¢} = uSy.C.

Proof. We proceed by induction on n.

Base. n = 0. We have to prove C <7 {E¢} = C. This follows easily from C C F, which
implies C C E; for every C € C.

Step. n — n+ 1. We have §5,(C) NEf =S8,(CNEf) N Ey for every cut-off event e
and every configuration C (because the events of C not contained in E; are shifted out
of Ef). So for every set of configurations C

S(C) 7 {Ef} =S(CVA{Ef}) v {Ef} (%)

Therefore

sme) v {Es}
= {definition}
S(8"(€)) v {Ef}
= {equation (%)}
8(8"(C) v {Er}) v {Er}
= {induction hypothesis}
S(SHC)) v {Es}
= {v distributes over union}
SHH(C) U

An algorithm to compute Last(Cy,y,Cy)

We provide an algorithm to compute Last(C;,y,C2), where v is a conjunction of
literals and C;, C» are two sets of configurations of the finite prefix. We first obtain
some preliminary results. Let us examine Last(Cy,y,C2) in more detail.

Last(Cy,v,C2)
= {definition of Lasr and Sat;}
max{C | CEyANC £ ANC K}
= {definition of C <« C;, properties of max}
max{ U max{C |C EyANC &£ C AC CCyi}}
CeCy
= {definition of Last and Sat}

max{ U Last(Cy,y,{C:}) }

Gel

Therefore, it suffices to provide an algorithm for the particular instances of the problem
having the form Last(C,,y,{C2}). Furthermore, we have the following equivalence:

C € Last(Cy,v,{Cy}) iff C € Last(#,y,{C>}) and C £ C,.
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Since C & C; can be checked using the definition (it suffices to see whether C is
contained in some configuration of the set C;), we consider in the sequel the problem
of computing Last(9, v, {C:}).

We prove that the set Last(@,y,{C>}) contains at most one configuration (i.e., it is
either the empty set or a singleton). This result is an immediate corollary of the next
theorem, which shows a closure property of Sat(y). The theorem is due to Eike Best
and the author.

Lemma 3.35. Let N be an occurrence net and let ¢y, ¢y be two co-sets of N. Then:

c1NepC (e Mer) NerUey)
caUe2(ciMe)UlcUe)

Proof. We prove the first inclusion. The second is analogous. Let b € ¢; N ¢;. We have
that b is not in conflict with ¢; or ¢;, because ¢; and ¢, are co-sets. Since b € ¢3, b 4 ca.
Since b € ¢y, b £ ¢;. By the definition of ¢; M ¢, and ¢; U ¢y, we have b € ¢ M ¢; and
becUc. 0O

Theorem 3.36 (Closure property of Sat(y)). Let y be a conjunction of literals, and let
C, C' be two elements of Sat(y). If C UC' is a configuration, then C U C' € Sat(y).

Proof. Let ¢ = Cut(C) and ¢’ = Cut(C"). The proof is by induction on the structure
of y.

(i) y = true. Obvious.

(ii) ¥ = s. By the definition of satisfaction, we have to show s € p,,(cLi¢’). Since
C, C’ € Sat(s), we have:

dbecpy(b)y=s and I € pu(b) =5

If b= 5" then b € cNc’. By Lemma 3.35, b€ cUc’. So s € pu(cUc’). If b # b’ then,
since pm(b) = pn(b’) and b, b’ cannot be in conflict (otherwise their input events are
in conflict, which contradicts the fact that C U C’ is a configuration), either b < b’ or
b’ < b. By the definition of ¢ LI ¢/, in the former case b’ € c Ui ¢’. In the latter case,
b € cU¢'. Hence in both cases s € py(clic’).

(iii) v = —s. Let ¢ = Cut(C) and ¢’ = Cur(C’). By the definition of satisfaction, we
have to show s ¢ pm(c U c’). Since C k= —s and C’ = —s, we have s ¢ pn(c) and
s ¢ pm(c’). Since cUic’ © cU ¢’ by Lemma 3.35, we have s ¢ pn(cUc’).

(iv) ¥ =v; Ay, Then, C € Sat(y;) and C € Sat(vy,), and the same holds for C’.

By induction hypothesis, C U C’ € Sat(yy) and C U C’ € Sat(yy). So CUC' €
Sat(yy Nyz2). O

Corolary 3.37. Let C; € F and v a conjunction of literals. Then, Last(9,v,{C:})
contains at most one configuration.
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Proof. Let C, C’ be two configurations of Last(®,y,{C;}). Then C and C’ belong
to Sat(y). Since C C C, and €’ C Cp, C U’ is a configuration. By Theorem 3.36,
CUC' = . Since CUC' C Cy, we have C UC' € Sat(¥,y,{C2}), which implies
C =CUC’ =C’, because both C and C’ are maximal. O

The problem of computing Last(@,y,{C2}) was studied in [19] by Bernhard von
Stengel and the author. We just adapt the solution of [19] to our notations.

Let v* be the set of places s of 3 such that s is a literal of y, and let ¥y~ be the set
of places s such that —s is a literal of . The idea of the algorithm is the following.
We start with C,. If C; satisfies y, then we are done because Last(0, v, {C,}) = {C2}.
Otherwise, either Mark(C;) does not contain some place of ¥, or it contains some
place of ¥~. In both cases, we remove some events from C;, while ensuring that the
result is a configuration lying in the future of the Last configuration (loosely speaking,
we take care of not removing too many events). This procedure is iterated until a
solution is found.

Algorithm 3.38.
Input: The configuration C;, the sets y™ and y~.
Output: Last(0,v,{C2}).
begin
C = Cz;
{invariant: C is a configuration, and Last(@,y, {C:}) < {C}}
while C vy do
choose s € (y* \ Mark(C)) U (y~ NMark(C));
if s € y* \ Mark(C) then
if *C contains no s-labelled condition then return
else b := maximal s-labelled condition of *C;
C:=C\{eeC|b=<e}
endif
elseif s € y~ N Mark(C) then
b := unique s-labelled condition of Cut(C);
if b has no input events then return {)
else ¢ := unique input event of b;
C=C\{eCle=xe}
endif
endif
endwhile
{C = v and Last(B,v,{C2}) < {C}}
return {C}
end

Let us apply the algorithm to compute Last({), —s3 A sg, {e2,e3,€e4,€5,66}) for the
finite prefix of Fig. 5. In this case, y* = {s¢} and y~ = {s3}.
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C is initialised to {e2, €3, €s, €5, €6 }. So Mark(C) = {s3, s2}. Since C does not satisfy
—s3 A\ 56, we enter the loop. We have yt \ Mark(C) = {s¢} and y~ N Mark(C) = {s3}.
We choose 5 = 5. The maximal se-labelled condition is bs. So the variable b is assigned
bs. We have {e’ € C | bs < e} = {es, es,es}. Therefore, C is assigned the set {e;, e3},
which finishes the first iteration of the loop.

Now Mark(C) = {53, s¢}, and so C does not satisfy —s3 A s¢. So we enter the loop
again. We have y* \ Mark(C) =@ and y~ N Mark(C) = {s3}, so we choose s = s3.
The variable e is assigned the event e;. Since we have {¢’ € C | e; 2 ¢’} = {ez2}, C is
set to {es}, which finishes the second iteration of the loop.

Now Mark(C) = {si,s6¢}, and so C does satisfy —s3 A s5. {{e3}} is returned as
result.

The correctness proof can be found in [19]. We summarize the main points. No-
tice first that the invariant holds before the loop, and that the postcondition implies
Last(9,y,{C,}) = {C}. Moreover, the loop terminates because every iteration step
decreases C.

If s € y* \ Mark(C) and the algorithm returns the empty set, then no configuration
contained in C satisfies s, because otherwise some condition of *C would be s-labelled.
Therefore, no configuration contained in C satisfies y. Together with the invariant, this
implies that no configuration at all satisfies v, and thus Last(@,y, {C2}) = 0. Similarly,
if s € y~ N Mark(C) and the algorithm returns the empty set, then no configuration
contained in C satisfies —s because, since b has no input events, for every configuration
contained in C, b belongs to Cut(C). Again, together with the invariant, this implies
that no configuration at all satisfies y, and thus Last(0,y, {C,}) = 0.

If the algorithm terminates and returns a singleton, then the loop has terminated
properly, which implies that both the invariant and the negation of the loop condition
hold; the conjunction of both implies Last(@,y, {C2}) = {C}.

It remains to show that the loop preserves the invariant. For the first alternative, notice
that C \ {e € C | b < e} is the largest configuration contained in C that satisfies —s.
For the second, notice that every configuration between C \ {¢/ € C | e X ¢’} and C
satisfies s.

To evaluate the complexity of the algorithm, we first observe that the loop is executed
at most |Cy| times. The complexity of computing the sets C \ {e € C | b < ¢} and
C\{¢ € C|e = e} depends on the implementation of the causal relation <. Let
N = (B, C,, F) be the causal net having C; as set of events. An optimal implementation
in which each node x has pointers to all the nodes of x* allows to compute both sets in
O(}B]) time. However, with such an implementation the construction of the finite prefix
becomes more complicated. An easier implementation of < is as a list of pairs (x,x*)
for each node x € B U Cy. In this case, the time is O(|B[?). Since |Cz| < |B], the total
running time is O(]B|?) or O(|B|*), depending on the implementation.
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3.6. The model checker

In the previous sections we have gradually reduced the model checking problem to
simpler problems, for which finally we were able to provide algorithms. It is time to
recapitulate and describe the global structure of the model checker.

As input of the model checker we need the finite prefix S, of the system 3, together
with its set D of maximal configurations, and a formula ¢. 8¢ and D can be computed
using McMillan’s algorithm (actually, the algorithm of [29] computes only By, but it
is not difficult to modify it so that it returns D as well). The model checker makes use
of the following three functions:

e normalform(¢). Accepts a formula ¢ of the logic. Returns a set {¢,...¢,} of
formulas in normal form such that ¢ = \/I_, ;.

e uS:. (C). Accepts a set C C F. Returns the set uSy.C.

e basic-Last(C,7y,C;). Accepts two sets of configurations C;,C; € F and a con-
junction of literals y. Returns the set Last(Cy,y,Ca).

These functions can be computed using the results of Sections 4, 6 and 7 respectively.

We define the function Last(Cy, ¢, C2 ), which accepts two sets of configurations Cj,
C; C F and a formula ¢ in normal form and returns the set Last(Cy, ¢,C,). We write
Last(¢) for Last(d, ¢, D).

function Last(C;, ¢,C;)

begin
if ¢ =y then return basic-Last((;,y,C2)
elseif ¢ = ¢y A Op then return Last(C, i, max{C; 7 uSs.Last(p)})
elseif ¢ =y A —=Op then return Last(max{C, U uSs.Last(p)},4,Cz)
endif

end

Finally, the model checker looks as follows (actually, the model checker only accepts
formulas of the form ¢, but formulas without modalities can be easily checked).

Algorithm 3.39 (The model checker).
Input: B, D, ¢
Output: The truth value of 3 = O¢
begin
@ :=normalform(¢);
result := false;
while result = false and @ # (§ do
choose ¢ € &;
if Last(¢) # () then result := true endif
endwhile
return result
end
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Observe that we may have Last(y) = {@}, which means that the largest configuration
satisfying ¢ is the empty one. In this case, Last{(i) + 0

Let us apply this model checker to the 1-safe system of Fig. 3 (whose finite prefix is
shown in Fig. 5) and the formula O<s,. In this case, the set D contains three elements:

D={{er,er},{er,e3,e4,65},{€2,€3,€4,€6,€7}}

The formula is equivalent to ~O—<Csy. We apply the model checker to the formula
O=<sy. Hence, ¢ = ~<Osy and @ = {true A ~<Os;,}. We have to compute Last(true A
~<s2). According to the definition of the function Last, the first step is the computation
of basic~Last(sy). We get

basic~-Last(sy) = {{e1,e2},{e2, €3, €1, e5,€6}}
and
M#S¢. (basic-Last(sy)) =D
Therefore
Last(true A —=<s;) = Last(max{D U D}, true, D) = Last(D, true, D)

Since no configuration C of By satisfies C 4« D we have Last(D, true, D) = . Then,
3 b O=Os; and, finally, X | —O—Os;.

The complexity of the algorithm in the size of the system depends on two parameters:
the number of maximal configurations of the finite prefix B8y — that is, the cardinality
of the set D —and the largest size of the configurations of D. Consider a formula with
one <-symbol. In this case, the model checker has to solve a Last problem for each
element of D, and the size of these problems is essentially bounded by the size of the
largest maximal configuration.

Of these two parameters, the first is much more critical than the second. If, at some
reachable marking, many different conflicts can be concurrently solved, then the finite
prefix “splits” at this point into a number of processes proportional to the product of the
possible solutions of the conflict. In the next chapter we show that, if the set D contains
one single element, then the model checker performs very well, and for conflict-free
systems can solve problems in polynomial time for which the known algorithms require
exponential time.

4. Persistent and conflict-free systems

The interplay of concurrency and conflicts greatly complicates the analysis of a
system. Concurrency theory has therefore studied with particular interest systems in
which two simultaneously enabled actions can always be concurrently executed (i.e.,
it is never the case that the system can only execute one out of two actions). The
persistent systems of [27], the marked graphs or synchronisation graphs of [14,20],
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the conflict-free systems of [25,27] or the confluent processes of [30] are all examples
of models defined to exploit the possibilities of this restriction.

We study the complexity of the model checker for the class of 1-safe persistent
systems. The model checker is shown to be polynomial in the size of the finite prefix,
and linear in the length of formulas in normal form. We then study the class of conflict-
free systems [27]. For this class, the model checker is shown to be polynomial in
the size of the system itself, not of its finite prefix, and linear in the size of formulas
in normal form. To the best of our knowledge, all verification methods described in
the literature require exponential time in the size of the system for the logic L and
conflict-free systems.

4.1. Persistent systems

Persistent systems play an important rdle in the verification of asynchronous circuits
[35,37]. As pointed out in [37], the transition systems of the nets of this class are
semimodular Muller-diagrams, the classical formal tool for the description of self-timed
circuits. This makes the class a suitable modelling tool for these circuits.

Persistent systems are defined with a notion of concurrency in mind that is slightly
more liberal than ours. The consequence is that not always two enabled actions of a
persistent system are concurrent in our more restrictive sense. Therefore, we define and
study the smaller class of strongly persistent systems. However, we show later in this
section that every persistent system can be easily simulated by a strongly persistent one,
which allows us to extend our results to persistent systems.

Definition 4.1 (Concurrent transitions). Let N be a net, M a marking of N and ¢#;, 1,
two different transitions enabled at M. The transitions t; and #, are concurrent at M if
forevery s € *11N°: M(s) 22

The following characterisation of concurrency in 1-safe systems is well known:

Proposition 4.2 (Concurrent transitions in 1-safe systems). Let 3 be a 1-safe system,
M a reachable marking of 3 and t, t, two different transitions enabled at My. The
transitions t and tp are concurrent at M iff (*ty Ut}) N (*r,U13) =0

Proof. (=): Since every place contains a; }nost one token at M, we have *t; N °®t = .
Also, 1} N 13 = 0, because otherwise M —— M’ is an occurrence sequence and M’ a
marking that puts two tokens in the places of ] N ¢3, which contradicts the 1-safeness
of the system. The rest of the statement is proved similarly.

(<): Trivial. O

Definition 4.3 (Strongly persistent systems). A system X is strongly persistent if for
every reachable marking M and every pair ¢, t, of different transitions of N enabled at
M, the transitions t;, ¢, are concurrent at M.
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‘We can now characterise strongly persistent systems in terms of their maximal branch-
ing processes.

Theorem 4.4 (Characterisation of strongly persistent systems). Let 3 be a I-safe sys-
tem. 3 is strongly persistent iff its maximal branching process is a process.

Proof. (=): Assume 3 = (S,T, F, Mp) is not strongly persistent. Then, there exists a
reachable marking M, two different transitions ¢;, 2 € T enabled at M and a place
s € *t Nt such that M(s) = 1.

Let ¢ be a cut of By such that pp(c) = M and |pu(c)| = {M|. In particular, ¢ contains
a unique condition b such that p(b) = s. Since M enables ¢; and ¢, and ¥ is l-safe,
there exist two subsets ¢), ¢ C ¢ such that p,(c;) = *t, and pp(cy) =*1.

Let (N, pm) be the prefix of By, having as nodes the predecessors of the conditions
of ¢. By the definition of B, (N, pm) can be extended to another prefix (N, pp) in
the following way:

o Add two new events e, ez to N satisfying *e; = ¢; and pn(e;) =t; fori=1,2.
e For every place s € 1, i= 1,2, add a new condition b to N satisfying *b = {¢;} and

Pm(d) =s.

By the definition of N/, b € *e¢; N *ey. So ey, e, are in conflict in N'.

Since (N', pm) is a prefix of By, Bm contains these two events in conflict as well.
Therefore, the net Ny, underlying By, is not a causal net, which implies that By, is not
a process.

(<) We show that every finite prefix 8 of By is a process. Since every condition of
P 1s finitely preceded, this proves that no node of By, has more than one output event,
which implies the result.

The proof is by induction on the set of events E of 8 (notice that a prefix of By, is
characterised by its set of events).

Base. E = (). Obvious.

Step. B is a process, prefix of By, with E as set of events.

Let B’ be a prefix of By having EU {e'} (e’ ¢ E) as set of events, and assume
that 8’ is not a process. Then e # ¢’ for some event ¢ € E. Moreover, we can assume
*eN e’ + O (where the presets refer to 8').

We claim that By = *e¢ N ®¢’ is a nonempty co-set. Notice that, since By is a set of
conditions of B, and 8 is a process, no two conditions of By are in conflict. Therefore,
it suffices to prove that for every b, b’ € By: —(b < b'). Assume b < b’ for some b,
b € By. If b, b’ € *¢’ then ¢’ is in self-conflict, contradicting the hypothesis that 8’
is a branching process. Symmetrically, if b, b’ € ®e then e is in self-conflict. If b € ®e
and ¥ € *¢’, then —since e and e’ are in conflict — e and b’ are in conflict. Since both
e and b’ are nodes of B, this contradicts the hypothesis that 8 is a process. Since we
reach a contradiction in all cases, the claim is proved.

Now, let ¢ be a cut of 8’ containing Bg. Then, p,(c) is a reachable marking of X. By
the definition of By, *pu(e) U*pn(e’) € pm(c). So both py(e) and py(e’) are enabled
at pm(c). Since X is 1-safe, pm(e) # pm(e’). Finally, since there exists b € *e N *¢’,
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we have pn(b) € *pu(e) N*pm(e’). So pm(e) and pn(e’) are both enabled but not
concurrent at pm(c¢), which contradicts the hypothesis that 3 is strongly persistent. []

The main property of strongly persistent systems in connection with our model
checker, which we are going to prove now, is that for every formula ¢, the set Last(¢)
always contains at most one configuration.

The result is obtained using as lemma a much stronger version of the closure property
for Sat sets that we obtained in Section 3 (Theorem 3.36). We showed there that for
every conjunction of literals y and every two configurations C, C’ of Sat(¢), if CUC’
is a configuration then C U C’ also belongs to Sat('y). We strengthen this result in two
ways:

o Since the maximal branching process is a process, its set of finite configurations is
a complete lattice; therefore, for every two configurations C, C’, the set CUC' is a
configuration as well, which implies that the condition on C UC’ can be suppressed.

o The result is generalised from conjunctions of literals to all formulas in normal form.

Theorem 4.5 (Closure property of Sat(¢) for strongly persistent systems). Let 3 be a
strongly persistent 1-safe system and let ¢ be a formula in normal form. Let C, C' be
two finite configurations of the maximal branching process of 3 that belong in Sat(¢).
Then C UC’ € Sat(p).

Proof. By Theorem 4.4, the maximal branching process of X is a process. Therefore,
its set of configurations is a complete lattice, with union as least upper bound, which
implies that C U C' is a finite configuration.

The proof is by induction on the structure of ¢.

(1) ¢ =. Follows from Theorem 3.36.

(ii) ¢ =¢ A Op. We have:
e C,C'c Sar(y), and
o there exist C; 2 C, C{ 2 C’ such that Cy, C| € Sat(p).
Since both CUC” and C; UCY are finite configurations, by induction hypothesis CUC’ €
Sat(y) and C, UC| € Sat(p). Since C;UC] 2 CUC’, we get CUC' € Sat(y A Op).

(iii) ¢ =y A =Op. We have:
e C,C!'e Sat(y4), and
e forevery C; 2 C and C| 2 C', C) ¢ Sat(p) and C| ¢ Sat(p).
By induction hypothesis, CUC’ & Sat(). Clearly, for every configuration C” 2 CUC’,
C'" ¢ Sat(p). So CUC' € Sat(yy A —=Cp). [

It is easy to see that the theorem is not true for arbitrary formulas. Consider the process
of Fig. 6 and the formula s; V s3, which is not in normal form. The configurations {e, }
and {e;} satisfy s; V s2; however, the configuration {e, ez} does not.

For a formula ¢, define I(¢) as the number of $-operators of ¢ plus 1. The problem
of computing Last($,y,{C}) for a configuration C and a conjunction of literals y is
called a Last-problem.
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s1(b1) (b2)s2
t1{et] o2t 2
sa s4

Fig. 6. A process.

Theorem 4.6 (Complexity of the model checker for strongly persistent systems). Ler
¢ be a formula in normal form.

(1) Last(¢) has at most one element, and

(2) Last(¢) can be computed solving [(¢) Last-problems.

Proof. (1) Assume Last(¢) contains two different elements C;, C,. By Theorem 4.5,
C1 U, € Sat(¢), which contradicts the maximality of Cy, C,.

(2) We prove a more general result by induction on the structure of ¢. If C;, C;
contain at most one element, then Last(Cy,¢,Cy) can be computed by solving [(¢)
Last-problems.

(i) ¢ =+y. Then I(¢) =1, and the result follows.
(ii) ¢ =t A Op. By the compositional equations for Last, we have

Last(Ci, ¢ A Op,Cy) = Last(Cy, ¢, max{C, 7 C})

where C = uSy.Last(p). We claim that max{C} contains at most one element.

max{uSy.Last(p)}
= {definitions of uS; and Last}
max{uS.max{Sats(p)} 7 {Es}}

= {monotonicity of S,, properties of max}

max{uS.Sats(p) v {Ef}}
={ Theorem 3.18}

max{Sat(p)} 7 {Es}

Since Sat(p) is closed under union by Theorem 4.5, max{Sat(p)} has at most one
element. So max{Sat(p)} v {E} has at most one element, and the claim is proved.

By induction hypothesis, Last( p) and Last(Cy, ¢, max{C, 7 C}) can be computed by
solving I(p) and I(¢) Last-problems, respectively. By the claim, Last(Cy, ¢ A Cp,Cy)
can be computed by solving [(¢) + [(p) problems. Since the number of <-operators
ing ACpis (I(yY) — 1) + (I(p) — 1) + 1, we have [{y A Op) =1(¢) + I(p), which
proves the result.

(iii) ¢ =y A ~<p. Similar to (ii). O
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Recall that Lasr-problems can be solved in polynomial time in the size of the finite
prefix using the second algorithm presented in Section 3.7. Therefore, for strongly
persistent systems our model checker has linear complexity in the length of the formula
(in normal form) and polynomial complexity in the size of the finite prefix. To finish
our study, we relate the size of the finite prefix to the size of the system. We need the
following lemma, which is valid for all 1-safe systems and relates the number of nodes
of a process to the length of its longest line. A line of a branching process is a maximal
set of nodes which are pairwise ordered by the causal relation.

Lemma 4.7 (Number of nodes of a process). Let = = (B,E,F,p) be a process of a
1-safe system 3 = (S,T, F, My) such that no line of m has length greater than k. Then
[BUE| < k-S|

The lemma has an intuitive proof: a process can be depicted within a rectangle, whose
longest side corresponds to the direction of the unfolding. The number of nodes of the
process is proportional to the area of this rectangle. The width of the rectangle is the
maximal number of conditions of a cut; in a 1-safe system, this number is at most the
cardinality of |S|, because no two conditions of a cut may have the same label. The
length of the rectangle is the maximal number of nodes of a line. So the area is the
product of both.

Proof. In this proof, a “chain of #” is a chain of nodes of 7 with respect to the causal
relation.
Define the mapping d: BU E — N as follows:

Vx € BUFE:d(x) = maximal length of the chains of 7 having x as last node

Clearly, d(x) < k for every x € BU E. It follows that

k
|[BUE| < [{x € BUE|d(x) =i}

i=1

We show that for every i, 1 < i<k, [{x € BUE | d(x) =i}| £|5], which proves the
result. Let x, x” be two different nodes of BU E such that d(x) = d(x'). We claim that
x and x’ are not causally ordered. Assume without loss of generality x =< x’. Let & be
a chain of 7r having x as last node and length d(x). Since x =< x/, the chain 4 can be
extended to a longer chain having x’ as last node, which contradicts d{(x’) = d(x) and
proves the claim. Replace every event of the set {x € BUE | d(x) =i} by one of its
output conditions. Clearly, the new set so constructed contains only pairwise unordered
conditions. So it is a co-set and has the same cardinality than {x € BUFE | d(x) = i}.
By the 1-safeness of X, the cardinality of the new set is less or equal to |S], and we are
done. O
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Fig. 7. A family of 1-safe strongly persistent systems with large finite prefix.

Lemma 4.8 (Size of the finite prefix of a strongly persistent system). Let ¥ be a 1-
safe strongly persistent system, and let S be the set of places of 3. The number of
nodes of its finite prefix is bounded by 2!°! - |§|.

Proof. We show that a line of the finite prefix can contain at most as many events
as the number of reachable markings of Y. Assume there exist a line containing at
least n events, where n is the number of reachable markings of 3. Let ¢ be the nth
event of the line. Then, there exist two events ¢; < e =< ¢ of the line such that
Mark(e|) = Mark(e;), which implies that e; is a cut-off event. By the definition of the
finite prefix, e is the last event of the line, and therefore e; = e. So the line contains
exactly n events. Since 3’ is 1-safe, the number of reachable markings of 3 is bounded
by 2151 The result follows from Lemma 4.7. [

In order to show that this upper bound cannot be substantially improved, we consider
the family of net systems of Fig. 7 [15]. The members of the family are 1-safe and
strongly persistent; moreover, their finite prefixes contain Q(2/51) nodes. To convince
ourselves of this, we observe that the marking

{S],S3,S5,S7,. .. ,S4,1_3,S4,1_|}

is reachable, and that it can only be reached from the initial marking after the occurrence
of an exponential number of transitions. The reason is that the transition #,,_; must
occur at least one, and for every 1 < i < n, the number of occurrences of fy;_; in
any occurrence sequence is at least twice the number of occurrences of ;. Since
the marking is represented in the finite prefix, all the events corresponding to these
occurrences must be contained in the finite prefix.

As mentioned at the beginning of the section, strongly persistent net systems are
a subclass of the slightly larger and well known class of persistent systems [27]. In
persistent systems, if two transitions are enabled at a marking then they can occur in
any order, but not always concurrently.

Definition 4.9 (Persistent systems). A net system is persistent if whenever a marking
enables two transitions ¢ and t,, it enables the sequences ¢ t, and t; ty.
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Fig. 8. Transforming a persistent net system into a strongly persistent one.

Strong persistence implies persistence, but the contrary does not hold. Persistent
but not strongly persistent 1-safe systems always contain a place s and two different
transitions f;, fz such that {#;,#,} C *sM s*. At some reachable marking M, both ¢
and 1, are enabled, but cannot happen concurrently because of the place s. s is called a
multiple self-loop place.

Persistent systems can be simulated by strongly persistent systems. The simulating
strongly persistent system can be obtained from the persistent one by means of a
simple transformation which removes multiple self-loop places. The transformation is
graphically illustrated in Fig. 8. Loosely speaking, every multiple self-loop place is split
into several places, as shown in the figure.

It is routine to prove the following: a persistent 1-safe system % satisfies a formula
¢ if and only if the strongly persistent system that simulates 3 satisfies a formula o,
where ¢ is obtained by substituting every occurrence in ¢ of a self-loop place s by any
of the places into which it is split.

4.2. Conflict-free systems

As we have seen, the model checker for strongly persistent systems may require
exponential time because the finite prefix may be exponential in the size of the system.
In this section we study the 1-safe systems in which every place has at most one output
transition, which we call 1-out systems. It follows easily from the definition that 1-out
systems are strongly persistent. We prove that, for this particular subclass, the finite
prefix is cubic in the size of the system — the proof is a slight generalisation of a result
of [41]. It is easy to prove by inspection of McMillan’s algorithm that for these systems
not only the finite prefix has cubic size but can also be constructed in cubic time in
the size of the system. Finally, we show that the results for 1-out systems can be easily
extended to the class of conflict-free systems.

Definition 4.10 (1-out systems). A net system is 1-out if every place has at most one
output transition.

Fig. 9 displays again the family of systems we considered in the introduction to this
paper as models of concurrent buffers. We now observe that it is a family of 1-out 1-safe
systems.
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S1 83 Szn_3

2 S4 S22

Fig. 9. A simplified model of a concurrent buffer of capacity n — 1.

The polynomiality of the finite prefix is proved in two steps. First, we show using
results of [15,41] that every occurrence sequence of a 1-safc 1-out system of length
greater than

IT- dTi+ 1D
2
(where T is the set of transitions of the system) can be reorganised into another
occurrence sequence that visits twice the same marking (Theorem 4.13). Then, we use
this result to obtain an upper bound on the maximal length of the lines of the finite
prefix; finally, using the lemma that relates this parameter to the size of the finite prefix
we obtain a bound on the size of the finite prefix (Theorem 4.14).

Notation 4.11 (Alphabet and Parikh mapping of a sequence of transitions). Let 3 be
a system and let ¢ be a sequence of transitions of 5. The alphabet of o is the set of
transitions that occur in it; we denote it by a(¢). For a transition ¢, P(o) (t) denotes
the number of occurrences of ¢ in . P(0) is called the Parikh mapping of o.

The following lemma is a reformulation of Lemma 3.4 in [15]. It shows that an
occurrence sequence o can be reorganised as a concatenation of sequences; the first one
contains one single occurrence of all the transitions that occur at least once in o; the
second one contains one single occurrence of all the transitions that occur at least twice
in ¢, and so on.

Lemma 4.12 ([15)). Let 3 = (S, T, F, My) be a 1-safe 1-out system, and let o be an
occurrence sequence. Then, there exists an occurrence sequence o0 .. .0y such that:
(1) o102...0¢ is a permutation of 0.
(2) For every transition t, for every i, 1 <i < k:P(o)(t) £ 1, and
(3) Forevery i, 1 i< (k—1):a(oy) 2 a(oiyy).

We can now prove the following theorem (slightly stronger than Theorem 4.3 in

[151).

Theorem 4.13. Let 3 = (S,T, F, My) be a 1-safe 1-out system, and let o be an occur-
rence sequence such that || > (|T|- (|T| + 1)) /2. Then, there exists an occurrence
sequence oy 0y 03, which is a permutation of o, where o is nonempty and
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a3

Mo——>M1——->M]———>M

Proof. By Lemma 4.12, there exists an occurrence sequence 71 . .. 7y satisfying condi-
tions (1)=(3). By (2), 1] < |T|. By (2) and (3), |7] = |7 for every i, 1 < i <
n—1.

Assume that |7;] > |7;] for every i, 1 < i< n— 1. Then k < |T| and we have

k IT[~j
(|T| +1)
o =5 Il < 2 iy — j= D
i=]
Therefore, by our hypothesis, there exists an i such that |7;| = |7:1]. We show that
taking o) =71 . r,- 1, o2 =7, and o3 =741 ...7 the result follows.

Tl-. 7: Tisl

Let Mg —— M1 5 M, I Ms. Since ]7-,~| = |7i11], we have by (3) P(7;) =
P(7:i+1). By the occurrence rule M; — M, = M, — M5. Since M, M, and M3 are 1-safe
markings, M| = My = M3. So M, -I's M, which proves the result. [

Theorem 4.14 (Bound on the size of the finite prefix of a [-out system). Ler I =
(S,T,F, My) be a 1-safe 1-out system. The number of nodes of the finite prefix of
3 is O(|S] - |T]?).

Proof. By Lemma 4.7, it suffices to show that all lines of the finite prefix have length
O(|T|?). Let h be a chain of the finite prefix of 3 containing 1(|T]- (|T|+ 1)) + 1
events. We show that & is a line.

Let e be the maximal event of A. Then, all events of & belong to [e], which implies
[[e]] > %(lT[ - (IT]|+1)). Let o be the image under py of a linearisation of [e]. o
is an occurrence sequence of 3. Then, there exists an occurrence sequence o003,
which is a permutation of o, satisfying the conditions of Theorem 4.13. There exist two
configurations C;, C, C [e] such that 0| and 0,0, are linearisations of C; and C,,
respectively. So C; C C; and Mark(C,) = Mark(C3). Since C; and C; correspond to
the same reachable marking, 1} Cut(C)) is isomorphic to 1} Cut(C,).

Let  be an isomorphism from f} Cut(C,) to f Cut(C,). Consider the event 1~ (e).
We have pm(I_‘(e)) = pm(e) and, by the 1-safeness of X, 17! (e) < e. Morcover, we
have [I7!(e)] = C; UI~'([e] \ C2), which implies Mark([el) = Mark([1""(e)1]).
So e is a cut-off event, and therefore no successor of e is contained in the finite prefix.
It follows that # is a line of the finite prefix. So every line of the finite prefix contains
at most 3(|T| - (|T|+ 1)) + 1 events, and therefore every line of the finite prefix has at
most length (|T]- ([T|+1))+3. O

If we take n = |S] - |T| as the size of the system (S,7, F, Mgy), and further assume
|S] € O(|T|), which is a reasonable assumption, we get that the size of the finite prefix
is O(n*/?). Since a Last-problem requires polynomial time in the size of finite prefix,
by Theorem 4.6 our model checker is polynomial in the size of the system and linear
in the length of a formula in normal form.



192 J. Esparza/Science of Computer Programming 23 (1994) 151-195

In [15], a result similar to the one of Theorem 4.13 has been obtained for live and
safe free choice nets. We conjecture that it can be used to give a tight bound on the size
of the processes of the finite prefix for the systems of this class.

1-out systems are a subclass of conflict-free systems.

Definition 4.15 (Conflict-free systems). A net system 3 is conflict-free if for every
place s of 3, |s*| < 1V s® C*s.

The name “conflict-free” is somewhat unfortunate in our context, because the branch-
ing processes of conflict-free systems can contain events in conflict.

The complexity of various verification problems for conflict-free systems has been
studied by Howell, Rosier and Yen in several papers [25,26,41]. For general conflict-
free systems (not necessarily 1-safe), the model checking problem for a temporal logic
defined in [25] is undecidable, whereas the reachability problem is NP-complete. For
1-safe conflict-free systems, the coverability problem and the concurrency problem (the
problem of deciding if two given transitions can be simultaneously enabled) were known
to be polynomial [17,41].

We can easily extend our results on [-safe 1-out systems to [-safe conflict-free
systems. It suffices to observe that 1-out systems can simulate conflict-free systems in
the same way that strongly persistent systems simulate persistent ones. In particular,
both the reachability and the concurrency problems are instances of the model checking
problem for our logic, and the formulas that express them are in normal form. Therefore,
the quoted results of [17,41] follow as corollaries of our more general theory.

5. Conclusions

We have presented a model checker for the logic L that works on a net unfolding, a
partial order semantics of Petri nets developed by Best, Devillers, Engelfriet, Nielsen,
Starke, Winskel and others. The model checker belongs to what can be called the
classical model checking paradigm: the system is assigned a semantical object, and all
the properties of a logic are tested on it (as opposed to the approach based on “on
the fly” verification, where a semantical object is computed for each property). While
“on the fly” verification may be very efficient for some problems, it does not produce
a reusable object which can be stored to check new properties. In this sense, this paper
complements the work of Godefroid, Wolper, and others [21,22].

The transition system or Kripke structure which is at the basis of interleaving model
checkers is replaced in our approach by the finite prefix of the maximal branching
process defined by McMillan [29]. Only local states are directly represented in the
prefix; the global states are encoded or embedded in it. In this sense, net unfoldings
are related to BDD’s (binary decision diagrams). Their main advantage with respect to
BDD’s is the existence of a mature theory of net unfoldings as partial order semantics of
concurrent systems. This theory has lead us to an efficient algorithm for the retrieval of
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information from the unfolding. The algorithm computes certain maximal configurations
of the processes of the finite prefix which, essentially, can be seen as least upper bounds
in lattices. The combination “unfolding + lattice algorithms” seems to be an interesting
alternative to the usual combination “state space + traversing algorithms”, and we think
that it deserves to be further studied.

The verification algorithm for L can check several interesting safety properties, such
as the reachability of a marking, coverability problems and liveness of transitions. It
has been shown that the algorithm is polynomial in the size of the system for the
class of (1-safe) conflict-free systems. This improves previous results, since the known
algorithms are either not applicable to the properties expressible in our logic or require
exponential time. It also extends the class of properties of conflict-free systems decidable
in polynomial time. Conflict-free systems allow (admittedly restrictive) communication
between subsystems via merging of transitions. This gives our polynomiality result
an special flavour, because such results are usually claimed for systems composed of
independent, non-communicating subsystems (as, for instance, in the decomposition
result of Groote and Moller [24]).

The extension of our technique to a more expressive logic containing next operators or
until operators is an open problem. In particular, our approach depends on the existence
of adequate normal forms which do not seem to exist for these logics. Another open
problem is the extension of our technique to linear temporal logics. We have obtained
some preliminary results using another definition of unfolding, in which we construct a
transition system whose nodes are reachable markings and whose transitions are labeled
with processes [18]. Further open problems are the extension of the model checker to
n-safe systems, and the investigation of the size of the finite prefix for different classes
of nets.
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