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Independence Structures on the Submodules of a Module

JEREMY E. DAWSON

Two definitions of dimension of a module are each shown to be the rank of an independence
structure on a certain set of submodules of the module. This applies to Varadarajan’s dual Goldie
dimension and to Fleury’s spanning dimension; the dualization of the latter is also discussed.

1. INTRODUCTION

In [2], it is shown that an independence space may be defined on a certain set of
submodules of a given module. We refer the reader to that paper, or to [10, chs. 6, 7]
or [1] for definitions and notation of independence theory. In particular, in [2] we
point out that an independence space may be defined by its collection of independent
sets, or by its collection of circuits. It may also be defined by its span operator, or
dependence operator, for which the axioms can be written

.D(1) For Ac E, Ac[A],
D(2) if be[A] then [Au {b}]<[A],
D(3) if be[Au{c}] but bg[A] then cc[Au{b}],
D(4) if be[A] then be[A'] for some finite A'< A.
Then €={Ac< E: for each ac A, ag[A\{a}]}.

Throughout this paper R will denote a ring with 1 and all modules will be unitary
left R-modules. For a submodule N of M, N is an essential submodule of M (N = M)
if, for L< M, Ln N=0 implies L=0; N is a small submodule of M (N <, M) if, for
LM, L+ N=M implies L= M. A non-zero module M is uniform if all its non-zero
submodules are essential, and M is hollow if all its proper submodules are small. Note
that a nontrivial submodule (factor module) of a uniform (hollow) module is also uniform
(hollow). Let

U(M)={N =< M: N is uniform},
H(M)={N=<M: N is hollow},
Uf(M)={N < M: M/N is uniform}, and
Hf(M)={N <M: M/N is hollow}.

For N e Uf(M), we call N a uniform-factor submodule of M similarly, N € Hf(M) is
a hollow-factor (h.f.) submodule of M. We see that a uniform-factor submodule is a
meet-irreducible member of the lattice of submodules of M, and a hollow submodule is
a join-irreducible member. A submodule N is uniform if 0 is meet-irreducible in the
lattice interval [0, N], and N is a h.f. submodule if M is join-irreducible in the lattice
interval [N, M].

For N< M, a complement of N in M is a submodule L of M, maximal such that
N n L=0. Dually, a supplement of N in M is L, minimal such that N+ L= M. By Zorn’s
lemma, if N n K =0 then K is contained in a complement of N; we will say that M has
property (S) if, for K, N< M such that N+ K =M, K contains a supplement L of N
in M (equivalently, there exists a supplement L of Nn K in K).

In [2] it is shown that if 9(M)={{M;: ie I} < U(M): the sum Y;.; M, is direct}, then
(U(M), 4(M)) is an independence space. Under certain conditions, which are satisfied
when M has finite Goldie dimension, the rank of ¥(M) is the Goldie dimension of M.
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Recently a dualization of Goldie dimension has been given by Varadarajan, [8], [6],
and Fleury, [4], has defined a further notion of dimension. This latter can also be dualized,
and we can define independence structures relating to each of these. Note that the concept
of duality here is duality in the abelian category R-mod, not duality of independence
structures. In fact, this duality manifests itself here primarily as duality in the lattice of
submodules of M.

2. THE DuAL GOLDIE STRUCTURE

The following lemma dualizes the condition for a sum of submodules to be direct.
Unfortunately, a finiteness condition is necessary.

LemMMa 2.1. (Generalized weak Chinese remainder theorem.) Let K,,..., K. <M.
Then M/(;_, K is naturally isomorphic to [Ii-1 M/ K, (equivalently, the natural map
M -T[;_, M/K, is an epimorphism) if and only if, for each 1=1,...,r, K+« K;=M.
In this case, for S<JcI={1,...,r},(NieruKi+jcs K;=M.

Proor. The equivalence is [8, lemma 1.4], and the last remark is easy to show.

DerFINITION. We define the dual Goldie structure ¥ d(M)<c P(Hf(M)) [the set of
subsets of (Hf(M)] by

(a) for{K,,..., K,}<c Hf(M),{K,,...,K,}e $d(M)if K,, ..., K, satisfy the conditions
of Lemma 2.1, and

(b) for{K;:ie I'c Hf(M),{K;: ie I}isin 9 d(M) if every finite subset of it is, according
to (a).

Part (b) of the definition is unfortunately necessary unless it can be shown that the
property of (a) is of finite character. In view of (b), ¢ d(M) satisfies I(3) automatically,
and every dependent set contains a (finite) circuit. We consider these circuits.

LEMMA 2.2. Let {M,,..., M,} be a circuit of ¢ d(M). Thenfor D cJ<I={l,...,r},
(Miens Mi+(Njes M;# M.

ProOF. Suppose the result is false, and consider a specific counter-example. Then as
(Micns Mi+(Mjes M;=M, M/(ic; M; is naturally isomorphic to
M @ M
miel\.} M mjel M

and as {M;:icI\J} and {M;:jeJ} are in ¥d(M), this is naturally isomorphic to
(Tiens M/ M;®]];c; M/M;). Thus {M,, ..., M,}e ¥ d(M), a contradiction.

THEOREM 2.3. % d(M) is an independence space.

ProOF. As ¥ d(M) satisfies 1(3), the circuits satisfy C(1) and C(3), and the indepen-
dent sets are those not containing a circuit. It remains to show C(2). Let {M,,..., M,}
and {N,,..., N,} be distinct circuits of ¢ d(M) with M, = N,; suppose further that
M;= N;fori=1,...,t{t<r,s),and that the two circuits have no other common members.
We have, by Lemma 2.2, that M # M, + (M, - - - " M,)and M # N,+(N;n - -+ A N,).
We show that {M,,...,M,N.,...,N}2%d(M) by showing that M=
(Myn -+~ AM,)+(N,41n - -+ nN,). Suppose otherwise. Let me M be given. Since
{Ny,..., N} is acircuit, {N,, ..., N,Je 4d(M) and we have M = N, +(N,~ - -+ n N,).
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So let m=n,+n*, with n,e N, and n*e N, - - - n N,; by our supposition we may let
n*=m'+n', with meM,n - "M, and n'e Ny - AN, Thus n'=n*—m'e
N,n-+nN, (=EMyn--+nM,), and m=n+m'+n'e Ny+(Myn -+ n M)+
(N2 -+ N,). Hence M =N, +(M,n - - n M)+ (N0 - - - nN,); since M/ N, is
hollow this means that either M = N,+(M,n - nM,) or M =N, +(N,n - -+ n N,),
which (as M, = N)) is a contradiction. Thus {M,, ..., M,, Ni,1, ..., N} is dependent and
so contains a circuit, as required.

Clearly, for {K,,...,K.}e4d(M), if K,n -+ nK,<.M, then {K,,..., K} is
maximal independent and so r =1k(% d(M)). The converse holds under certain conditions.
To determine them we first need a lemma.

LemMa 2.4. If {K,,...,K.}e%4d(M), and K;n - - n K, <K <M, then K is con-
tained in a h.f. submodule of M.

ProoF. Let t be minimal such that N=(K;n - -+ n K,)+ K <M. (Note that if t=0
we say that K, n - - - n K, = M.) we show that M/ N is hollow. As {K;, ... ,K;} € $ d(M),
(Kin - nK,_ )+ K,=M and so
M Kn---nK_,

K, Kn- - nk
Since, by the minimality of ¢, (K;n ---nK,_,)+ K =M, we have (K;n -+ nK, )+
N=M and so ‘
M K]ﬁ ce mKt—l

ﬁz(Klr\ - nK_)nN"’

As (K;n - nK,_)nN=K;n - nK, M/N is isomorphic to a factor module of
M/ K, which is hollow; hence M/ N is hollow and N is the required h.f. submodule
of M.

We can now prove part of the duals of Lemmas 3 and 4 of [2]. These results relate
% d(M) to the work of Varadarajan [8]. Recall that each basis of ¢ d(M) has the same
cardinal, rk(9¢d(M)). We recall from [8, definition 1.9], that M has corank r (r a
non-negative integer or ) if r is minimal such that the following holds: if K, ..., K, <M
and the natural map M >[[;_, M/K, is an epimorphism, then s<r. We also note that
in view of the remark preceding Lemma 2.4, condition (b) following is equivalent to: M
has weak corank r <o ([8, definition 1.18]).

THEOREM 2.5. For a module M, (a)& (b)=(c)=>(d), and if tk(94d(M))=r<oo,

then (a)o (b)) (c)eo(d):

(a) M has corank r <co;

(b) tk(4d(M))=r<, and for some basis {K,,...,K,} of 9d(M), Kin---n
K.<. M,

(c) every non-trivial factor module of M has a hollow factor module;

(d) for each basis of § d(M), the intersection of the modules in it is small in M.

Further, if (a) holds and the natural map M ~>[];_, M/K; (K; < M) is an epimorphism,
then each M/ K, is hollow.

PrOOF. (a)=>(c). Suppose that L < M and M/ L does not have a hollow factor module.
Let r be given. Set L,= L, and for each i =0, ..., r we have that M/ L, is not hollow and
we can choose L; and L, such that L,<L; L;,; <M and L{+L;,,= M. Thus we have
natural epimorphisms M/L;,> M/L;® M/ L., and hence the natural epimorphism M -
[1;_, M/Li. So M does not satisfy (a) for any r <oo.
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(b)=(c). Let {K,, ..., K,} be a basis of $d(M) such that K,n - -+ n K,<,M, and
let L<M be given. Thenlet K =(K,;n - -+ n K,)+ L < M. Hence, by Lemma 2.4, M/ K,
and hence M/ L, has a hollow factor module.

(¢)=>(d). Suppose (c) holds, and let {K;: i€ I} be a basis of ¢ d(M). Suppose that
(Micr Ki is not small in M. Then let (), K,+L=M, with L<M, and let M/L have
hollow factor M/N, so [ )ic; Ki+ N=M. As {K;:ie I} is a basis, there is a circuit
{Kj:je J}U{N} for some J< I Then, by Lemma 2.2, (),c; K;+ N <M, contrary to
(Nic: Ki+ N=M. Thus (ie; Ki < M.

(a)©(b). Suppose that either (a) or (b) holds; we have shown above that (c) and
(d) hold. Suppose corank {M)=r Let M~[];_, M/K; be a natural epimorphism,
and let each M/K; have hollow factor M/L. Then M >[I._, M/L; is a natural
epimorphism, {L,,..., L,}€ $d(M), and rk(% d(M)=r. On the other hand, it is clear
that tk(¥ d(M)) = r implies that corank (M)=r. It remains to show that if (a) holds,
then the intersection of some basis is small in M ; this follows from (d), which we have
shown is implied by (a). Also, under the general supposition that rk(% d(M))=r <o,
clearly (d)=>(b) and so all the conditions are equivalent.

Finally, suppose (a) holds, with a natural epimorphism M -[];_, M/K, Suppose
M/K; is not hollow, and let M/K;=L/K;+ L'/ K, where K; <L, L'< M. Then as the
natural map M/K;,»>M/L@®M/L’ is an epimorphism (by Lemma 2.1), we have the
natural epimorphism M > M/L®M/L'®[],_, M/K, contradicting the maximality of .
Thus each M/K; is hollow.

An independence space may have the property of being modular, i.e. given a circuit
{ei,..., e} and g such that 2=<g<p—2 there is an element e such that {e,,... € €}
and {e;,,..., e, e} are both dependent (in which case they are necessarily circuits).

THEOREM 2.6. (Hf(M), 4 d(M)) is modular.

Proor. Let {M,,..., M,} be a circuit, and let 2<qg<p-—2. By Lemma 2.2, let L=
(M0 - " M)+ (Mg 1 -+ A" M,)<M. Then by Lemma 2.4, we may let N € Hf(M)
suchthat N=L. Now (M;n - - - n M)+ N=N<M,so{M,,..., M,, N} and similarly
{M,,i,..., M,, N} are dependent, as required.

We note that this theorem has the same consequences as the corresponding result for
the Goldie structure, as discussed in [2]. That is, if ¢ d(M) is ‘connected’ as an indepen-
dence space, and of rank at least 3, then it naturally corresponds to a projective geometry,
which is (if Desarguesian) coordinatizable over a unique division ring D. In this case the
structure of D remains an open question. Since the division rings thus found for the
Goldie structure are all of the form En(E)/J(En(E)) for E uniform injective, we may
conjecture that D is at least sometimes a division ring of the form En(P)/J(En(P))
where P is (finitely generated) hollow projective (see [9, 4.1 to 4.3], and also [5]).

This subject is also dealt with in [3].

3. THE FLEURY STRUCTURE

In[4], Fleury develops a notion of dimension on a module whose non-small submodules
satisfy the DCC. We use his ideas to develop an independence structure #(M) on H(M)
for arbitrary M. In particular, this does not require that submodules of M have supple-
ments in M, as they do in the modules considered by Fleury.

We define a map f on P(H(M)) which will be related to the dependence operator of
F(M).
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DeriNITION. For N, M;e H(M), we say Ne€ f({M,: ic I}) if
Yier M+ N_ M
EiEI Mi Sziel M ’

ie. Yiet Mi+ N+ X =M=y, M;+X =M. This is related to Fleury’s work by the
following result.

LEmMA 3.1. Let X be a supplement in M of Y,.; M;+ N (M, Ne H(M)). Then N €
SJUM; iel}) ifand only if ;. M+ X =M.

Proor. The forward implication is clear. Suppose Y ;.; M;+ X =M but N g f({M;:
iel}), i.e. for some Y<M Y, M+ N+Y=M but Y,.; M+ Y=M <M. Then as
M>M'=%,.M+(XnM'), we have that X>X " M'; but M=M'+N=Y,.; M+
(X n M')+ N, which contradicts X being a supplement of ¥,.; M;+ N.

THEOREM 3.2. f obeys axioms D(1) to D(3).

Proor. D(1) is clear. To show D(2), let Nef({M;:icI}) and let Lef({M;:
ie I}U{N}): we show Lef({M;:iclI}). Let X<M such that },., M;+L+X =M.
Then Y., Mi+ N+L+X=M andso,as Le f({M;:iceI}U{N}),Yie: Mi(+ N+ X =M.
Likewise, as Nef({M;:iel}), we have Y,,,M,+X=M, and it follows that
Lef({M;:iel}).

We show D(3) by supposing that Ne f({M;: ie [} U{L}) and Lg f({M;:ie I} W{N})
and thence showing that Ne f({M;: ie I}). Let ¥,.; M;+ N+ Y = M; we will show that
Yic1 M+ Y = M. By our supposition there exists X <M suchthatY,.; M;(+ N+ L+ X =
MbutY,c, M+ N+ X=M'<MAsY,.; Mi+ N+ Y=M,M'=Y,., M+ N+(M'A Y)
and Y, oy Mi+ L+ N+(M'nY)=M'+L=M. Since Nef({M;:ieI}w{L}), it follows
that, ., M+ L+(M'nY)=M,andsoM'=Y ;. Mi+(M'nL)+(M'nY).As M'# M,
M’'n L is a proper submodule of L, and, as L is hollow, M'n L <, L, from which it
follows that M'NnL< M. Now, as M'+Y=M, Y.  , M+(M'nL)+Y=M and as
MnAnL=<s MY, M;+Y =M, as required; thus Ne f({M;:ieI}).

Let us now define f" on P(E): Nef/({M;: icI}) if Nef({M;:icJ}) for some finite
J< I Then it is clear that f obeys D(1) to D(4), and so is the span operator of an
independence structure, ¥(M), the Fleury structure, on H(M).

THEOREM 3.3 F(M)={{M;:icl}c HM): for jel, M2 f'({M;:ieI\j})} is an
independence structure.

It is clear that for M;e H(M), Y;.; M;=M implies that f({M;})= H(M), but the
converse does not necessarily hold. We have, however, the following result.

PrROPOSITION 3.4. Let{N,,..., N,} be a finite subset of H(M) such that};_, N,=M.
Then the sum of every basis of #(M) is M, and the bases are precisely the minimal
subsets of H(M) whose sum is M.

ProoF. Suppose that {M,, ..., M,} is a basis of (M) such that ¥;_, M;=M'<M.
Then, as each N,ef({Mi,...,M}), (M'+N)/M'<,M/M’, and so ¥ ., (M'+
N)/M's ,M/M'. Thatis, M/M' <, M/M’, which is a contradiction. Hence }|_, M, =
M. Thus the spanning subsets of H(M) are precisely those whose sum is M, and so the
bases, being the minimal spanning subsets, are the minimal subsets whose sum is M.
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We now look at the question of refining a given expression for M as a sum of submodules
to a sum of hollow submodules.

LEMMA 3.5.
(a) Let L+ N=M (with N<M). Then Le H(M)=> N e Hf(M).
(b) Let L(#0) be a supplement of N in M. Then Le H(M)& N € Hf(M).

Proor. (a) If L is hollow, its factor L/(L~ N) is hollow, and L/(L~ N)=M/N.

(b) Let NeHf(M) and let A, B< L. Then as L is a supplement of N, A+ N <M and
B+ N<M. As M/N is hollow, (A+ N)+(B+N)<M, i.e. (A+B)+ N<M, and so
A+ B<L. Thus L is hollow.

THEOREM 3.6. For a module M with the supplement property (S), (a)=(b) & (c)=>(d);
if tk(#(M)) <co, then (a) to (d) are equivalent:
(a) rk(F(M)) <o, and for some basis {L,,..., L}, ¥, Li=M;
(b) every non-trivial factor module of M has a hollow factor module
(c) if N is a non-small submodule of M then there exists Le H(N) such that L %, N
(d) M=Y,.; L, for every basis {L;: ie I} of F(M).

ProoF. (b)=>(c). Let a non-small submodule N of M be given, and let X < M such
that N+ X =M. Let M/Y be a hollow factor module of M/ X, by (b); so Y= X and
N+Y=M. Let L=< N be a supplement of Y in M, so L is hollow by Lemma 3.5 (b).
AsL=Nand L+Y=M, L+(YNnN)=N;as N£Y (for N+ Y=M), L is not small
in N.

(c)=>(b). Let A< M be given, and let N be a supplement of A. By (c), Let N=L+ K,
with L hollow and K< N. As K<N, K+A<M and as K+A+L=M, M/(K+A)=
L/((K+A)n L), which is hollow since L is hollow. Thus M /(K + A) is the required
hollow factor module of M/A.

(c)=(d). Let {L;: ic I} be a basis of #(M). If ¥ ,.; L, <M, let N be a supplement of
Yicr Ly in M. Then by (¢), let L< N, Le H(M) such that L+ K =N, K < N. Then as
K<N, Y;e1 Li+ K<M whereas Y,.; L,+L+K=M. Hence Lef({L;:ielI}) which
contradicts {L;: i< I} being a basis. Thus Y ;.; L;= M.

(a)=(b) will be proved following Theorem 3.8, and, trivally, (d)=>(a) when F(M) is
of finite rank.

Note that condition (b) of Theorem 3.6 is just condition (c) of Theorem 2.5.

CoROLLARY 3.7 Let M have property (S), let property (c) of Theorem 3.6 hold, and
let tk(#(M))=r<oco. If M=M,+ - -+ + M, is an irredundant sum, then we can write

M=L,+ ---+L, an irredundant sum, with each L; hollow and contained in some M;;
alsos<r.
Proor. Given the irredundant sum M = M, + - - + M, choose some M,; which is

not hollow, and replace M; by a submodule of it which is a supplement of };.; M;; then
if the new M, is not hollow, replace it by L+ K, where L+ K = M, L is hollow and
K < M; [which is possible by condition (¢) of Theorem 3.6]. Then the sum M =
Yj=i Mi+ L+ K is irredundant. This process can be repeated until it stops, when all the
submodules in the sum are hollow; the number of hollow submodules in the sum increases
by at least one each time. The process must stop, for the set {L,,..., L,} of hollow
submodules in the sum at any stage is independent (by the irredundancy of the sum), and
so t=<r. Since we get at least one hollow module from each M, s=r. Proposition 3.4
then shows that the final expression M =L, + - - + L, satisfies t=r.
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Theorem 3.6 suggests a connection between the Fleury and the dual Goldie structures
for modules with property (S); this is explored by Varadarajan [ 8] in the case of modules
with finite corank.

THEOREM 3.8. Let M have property (S). Then if either 4 d(M) or F(M) is of finite
rank, then they are of equal rank; in this case, if {M,,..., M,} and {N,, ..., N,} are bases
of F(M) and 6 d(M), respectively, then M+ - -- +M,=M if and only if Ny - - - N
N, s, M.

Proor. Let I be a finite index set. Let tk(F(M))=|I|, with {M;: ie I'te F(M). Let
Y.e; M; have a supplement X in M. Then for jeI let N;=%,.n; Mi+X; N,<M
by Lemma 3.1, and as N;+M;=M, N,cHf(M) by Lemma 3.5. Since, for jel,
N+nien NiZ2Zicn, it X+M;+X =M, we have {N:iclle¥9d(M) and
k(4 d(M))=|I|.

Conversely, let tk(9d(M))=|Il, with {N;:icl}c 9$d(M). Then, for jel,
N;+(icnj Ni=M; let M; be a supplement in M of N, contained in (" };cp; N Hence
M;e H(M) by Lemma 3.5. As };c.;; Mi+ M;+ N;=M but ¥,.;j\; Mi+ N;< N; <M, we
have M; ¢ f({M;: i€ I\j}) and so {M;: ic I}e #(M) and rk(F(M))=|I|.

Thus #(M) and 9 d(M) have equal or infinite rank. Suppose they have finite rank.
Then by Proposition 3.4 if some basis of #(M) has sum M, then so has every basis; by
Theorem 2.5, (b)=>(d), if the intersection of some basis of ¥ d(M) is small in M, then
this is so for every basis. If this latter is the case, then by Theorem 2.5 (b)=>(c) and
Corollary 3.7, the sum of each basis of (M) is M. Alternatively, this follows from the
fact that in either of the two constructions above, M+ -+ + M,+(N,n - - - " N,) =M,
which can be shown by induction as follows. For s<r, M,,,<N;n -+ NN, and
so M, +(Nin - AN, N ) =M+ Noy )0 (Nin == nNJ)=Nin - -+ AN,
Thus M,+ - +M,+M.  ,+(N;n - " N.AN =M+ - +M;+(Nyn -+ n
N;), which is equal to M by induction on s.

Conversely, suppose that N, n - - - n N, £, M for some basis {N, ..., N,} of 4 d(M).
Let (N;n ---AN,)+Y=M, with Y<M. Thus for jeI (={l,...,r}), Niery Ni=
(N -+ AN)+(MNiery N Y), and hence by lemma 2.1, M =N+ Vicr; Ni=
N;+((Micrnj Nin Y). Thus, in the second construction above, we can choose each M; to
be a supplement of N; contained in Micry Nin Y. Then {M,, ..., M.} is a basis of F(M)
whose sum is contained in Y. (It can also be shown, referring to either construction
above, that, provided M+ - - - + M, =M, N,n - - - n N, <, M; the method is to show
by induction on s that if (Nyn - -+ " N)+X =M, then My, + - -+ +M+X=M)

Proor ofF THEOREM 3.6, (a)=>(b). Suppose {L,,..., L.} is a basis of F(M) such
that L,+ + -+ + L, = M. Then by Theorem 3.8, there is a basis {Ny,..., N,} of ¥d(M)
such that N, - -+ n N, <, M, and the result follows by Theorem 2.5 (b)=(c).

4. THE DuAaL FLEURY STRUCTURE

Section 3 can be dualized directly.

DerINITION. For N, M;e Uf(M), we say Neh({M;:iel}) if (s Min N =,
m,‘el M,-, i.e. miel MiﬂNﬁX=0=>m,~61 M,f\X=0

LemMMA 4.1.  Let X be a complement in M of { \ic; Min N (M, N e Uf(M)). Then N €
h({Miellen, .  MinX=0.

The proof is similar to that of Lemma 3.1; results and proofs of Section 3 are dualized
by generally interchanging ~n with +, 0 with M, < with =, and changing other concepts
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accordingly (e.g. N <, Mto N <, M, Ne H(M) to N € Uf(M)). A result corresponding
to Theorem 3.2 holds, and if we define h’ from h as we did f' from f we get the dual
Fleury independence structure.

THEOREM 43. FAM)={{M;:icl}c Uf(M): for each icI and finite J< I\i
M, € h({M;: je J})} is an independence structure on Uf(M).

Since the dual of property (S) holds in every module M, it is superfluous to quote the
dual of Proposition 3.4 as well as that of Theorem 3.6, and we let the reader dualize
Lemma 3.5.

THEOREM 4.6. For a module M, (a)=(b)& (¢)=(d); if tk(F d(M)) < o0, then (a) to
(d) are equivalent:
(a) rk(# d(M)) <o, and for some basis {L,,...,L},(,_, L;i=0;
(b) every non-zero submodule of M has a uniform submodule
(¢) if N is a non-essential submodule of M, then there exists Le Uf(M) such that L= N
and L/ N £, M/ N (i.e. there exists K> N such that Ln K = N);
(d) 0=(\ic; L; for every basis {L;: ic I} of ¥ d(M).

We note that condition (b) above is condition (a) of [2, lemma 3(b)]. Again, we leave
it to the reader to dualize Corollary 3.7. Part of the dual of Theorem 3.8 is deducible
from [7, theorems 4.9 and 4.10].

THEOREM 4.8. If either 4(M) or % d(M) is of finite rank, then they have equal rank;
inthis case, if {M,, ..., M,}and {N,, ..., N,} are bases of ¥ d(M) and 4(M), respectively,
then Min --- "nM,=0ifandonly if N+ --- + N, <. M.
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