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Abstract

An epidemic model in a patchy environment with periodic coefficients is investigated in this paper. By
employing the persistence theory, we establish a threshold between the extinction and the uniform persis-
tence of the disease. Further, we obtain the conditions under which the positive periodic solution is globally
asymptotically stable. At last, we present two examples and numerical simulations.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

It has been observed that population dispersal affects the spread of many infectious dis-
eases. In 1976, Hethcote [5] put forth an epidemic model with population dispersal between
two patches. After him, Brauer and van den Driessche [2] proposed a model with immigration
of infectives. In [10], Wang and Zhao presented a disease transmission model with population
dispersal among n patches

n
S;=Bi(N)ONi — i Si — BiSili + vili + Y _a;jS;. 1<i<n,
j=1

n (1.1)

/ .

Ii=,3i5i1i—(Mi-i-)/z‘)li-l-zbijl', 1<i<n,
j=1
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with the properties
n n
D aji=0, > bji=0, VI<i<n, (1.2)
j=1 j=1

and established a threshold between the extinction and the uniform persistence of the disease for
this model. They also considered the global attractivity of the disease free equilibrium under the
condition that the dispersal rates of susceptible and infective individuals are the same in each
patch. Recently, the uniqueness and the global attractivity of the endemic equilibrium of this
model has been studied by Jin and Wang [8]. However, these authors only considered the con-
stant coefficients in model (1.1). Since the periodicity has been observed in the incidence of many
infectious diseases, such as measles, chickenpox, mumps, rubella, poliomyelitis, diphtheria, per-
tussis and influenza(see, e.g., [6]), it is more realistic to assume that all the coefficients depend
on time periodically. As mentioned in [4], the seasonality is an important factor for the spread of
infectious diseases, such as the marked change of the contact rate caused by the school system
or the weather changes (e.g., measles), the emergence of the insects caused by the seasonal vari-
ation (e.g., temperature, humidity, etc.). We will assume that these coefficients are periodic with
a common period due to the seasonal effects.
In this paper, we consider the following periodic system:

n
S;=Bi(t, N))N; — i (1)S; — Bi()Si I; + yi () ]; + Zaij(t)sj, 1<i<n,
j=1

n (1.3)
I =BiSili — (i) +viO) L + Y _bij(01;, 1<i<n,
j=1

with all functions being continuous, w-periodic in ¢. Here S;, I; are the numbers of susceptible
and infectious individuals in patch i, respectively. N; = S; 4 I; is the number of the population in
patch i, B; (¢, N;) is the birth rate of the population in the ith patch, u; (¢) is the death rate of the
population in the ith patch, and y; (¢) is the recovery rate of infectious individuals in the ith patch.
—a;i(t), —b;; (t) > 0 represent the emigration rates of susceptible and infectious individuals in
the ith patch, respectively. a;;(t), b;j(t), j # i, represent the immigration rates of susceptible
and infectious individuals from jth patch to ith patch. Since the death rates and birth rates of the
individuals during the dispersal process are ignored in this model, we have

n n
D ajit)y=0, Y bji()=0, VI<i<n, Vte0, 0] (1.4)
j=1 j=1

We further assume that

(A1) a;j(t) 20, b;;(t) 20, a;;(t) <0, b;; (1) <0, VI<i# j<n, te[0,w],and twon x n
matrices (a;;(t)) and (b;;(t)) are irreducible.

(A2) Bi(t,N;j) > 0,V(t, N;) e R} x (0,00), 1 <i <n.

(A3) Bi(t, N;) is continuously differentiable with 251&ND < 0, w(z, N;) € Ry x (0,00), 1 <
i <n.

(Ad) B'(c0) = limpy, oo BY(N;) < pl, 1 <i < n, where BY(N;) := max;e(o,0) Bi (t, Ni),
b = min,eo,0) wi (t).
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Biologically, (A1) implies that these n patches cannot be separated into two groups such that
there is no immigration of susceptible and infective individuals from first group to second group
(see the definition of irreducibility in Section 2); (A2) and (A3) mean that each birth rate function
is positive and decreasing; and (A4) represents the case where each birth rate cannot exceed the
death rate when the population number is sufficiently large.

This paper is organized as follows. In Section 2, a threshold between the extinction and per-
sistence of the disease is established. In Section 3, we prove the uniqueness and the global
asymptotic stability of the positive periodic solution when susceptible and infectious individuals
have the same dispersal rates, and the global attractivity of the positive periodic solution when
the dispersal rates of susceptible and infectious individuals are very close. Finally, we present the
numerical simulations for the model with two patches.

2. Threshold dynamics

Let (R, ]R]i) be the standard ordered k-dimensional Euclidean space with a norm || - ||. For
u,v e R¥ we write u > v provided u — v € RK ,u>vprovidedu —v e R’jr \ {0}, and u > v
provided u — v € Int(R’;).

Recall that a k x k matrix (a;;) is said to be cooperative if all of its off-diagonal entries are
nonnegative; irreducible if its index set {1,2,...,k} cannot be split into two complementary
sets (without common indices) {m,m>,...,m,} and {ny,n2,...,n,} (u + v =k) such that
Ampng =0,Vi<p<u, I<g<v.

Let A(¢) be a continuous, cooperative, irreducible, and w-periodic k x k matrix function,
@ 4(.y(¢) be the fundamental solution matrix of the linear ordinary differential system x’ = A(¢)x,
and r (P 4()(w)) be the spectral radius of @ 4(.)(w). It then follows from [1, Lemma 2] (see also
[7, Theorem 1.1]) that @ 4(.)(¢) is a matrix with all entries positive for each ¢ > 0. By the Perron—
Frobenius theorem, r(®4(.)(w)) is the principal eigenvalue of @ 4(.)(w) in the sense that it is
simple and admits an eigenvector v* > 0. The following result is useful for our subsequent
comparison arguments.

Lemma 2.1. Let u = % Inr (D 4y (w)). Then there exists a positive, w-periodic function v(t) such
that e*'v(t) is a solution of x' = A(t)x.

Proof. Let v* > 0 be an eigenvector associated with the principal eigenvalue r(® () (w)). By
the change of variable x(¢) = e* v(t), we reduce the linear system x’ = A(f)x to

V=A@ —pv=(A@F) — pnl)v. 2.1)
Thus, v(t) := @Pa()—pr) (H)v* is a positive solution of (2.1). It is easy to see that

M D)y (1) = Pagy (D).
Moreover,

V(@) = Pa)—un) (@)U = e THPP () (0)v* = e_“wr(¢A(.) (w))v* =v* =v(0).
Thus, v(¢) is a positive w-periodic solution of (2.1), and hence, x(¢) = e’ v(¢) is a solution of
xX=AMx. O

Let P: Rﬁ_" — ]R%_” be the Poincaré map associated with (1.3), that is,

P(xo) = u(a), xo), vxl e R%_",
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where u(z, x9) is the unique solution of (1.3) with (0, x%) = x. In order to find the disease free
periodic solutions of (1.3), we consider

n
S} = Bi(t. S)S; — wi(0S; + Y _aij(0S;, 1<i<n. @2
j=1
Let P;: R’} — R’ be the Poincaré map associated with (2.2), that is,
Pi(S%) = ui(w, 8%, VS'eR",

where u (7, S°) is the solution of (2.2) with u; (0, S%) = S°.
If z is a nonnegative constant, we define an auxiliary matrix

Bi(t,z2) — 1) +an() --- ain(t)
M. 2) = a21.([) : a2n'(t)
an (1) o Bu(t,2) — tn(0) + am (1)

This matrix will be used to prove the existence and the uniqueness of a positive fixed point of P;
and is different from the standard Jacobian matrix.

Let F: Ri_ x R’} — R" be defined by the right-hand side of (2.2). It is easy to see that F' has
the following properties:

(B1) Fi(t,S) >0 for every S > 0 with S; =0,reR!,1<i<n;

(B2) % >0,i#j,V(t,S) e R, xR, and DgF(t,0) is irreducible for each t € R, S € R ;

(B3) for each t > 0, F(t,-) is strictly subhomogeneous on R’} in the sense that F(z, aS) >
aF(t,S),¥S>0,ae(0,1);

(B4) F(t,0)=0,and F(t,S) < DsF(t,0)S,Vt > 0,5 > 0.

Note that the nonlinear system (2.2) is dominated by the linear system S’ = DgF(z,0)S.
It then follows that for any S° R, the unique solution ui(t, 8% of (2.2) satisfying
u1(0, %) = 89 exists globally on [0, 00) and u;(r, S%) > 0, ¥t > 0. We claim that (2.2) ad-
mits a bounded positive solution. Indeed, in view of (A4), we can choose a sufficient large
real number K such that fow(/u(t) — Bi(t,K))dt >0, i =1,...,n. Then by Lemma 2.1,
there is a positive, w-periodic function v(r) = (v1 (1), v2(¢), ..., v,(¢)) such that V (1) = e v(z)
is a solution of V/ = M (¢, K)V, where i = élnr(fbM(.,K)(a))). Let X(t) =7, Vi(t) =
et >, vi(t). By the first equation in (1.4), it easily follows that X’(r) < a(t) X (¢), Vi > 0,
where a(t) = max{B;(t, K) — u;(t): 1 <i < n}. Thus, lim,_, o X' (¢) =0, and hence u <0, i.e.,
(P k)(w)) < 1. Choose | > 0 large enough such that [v; (t) > K, 1 <i <n, Vt € [0, w]. Set
H(t) =1v(r). If we rewrite (2.2) as S’ = F (¢, §), it is easy to see that

F(t,H(t)) <M, K)H(t), Vt>0, (2.3)

where (A3) is used. By the standard comparison theorem (see, e.g., [9, Theorem B.1]), it follows
that

0<up (ma), lv(O)) < Py, x)(mw)lv(0) = r(cDM(.YK)(ma)))lv(O)
=r(Pumc.x) (@) " 1(0) <1v(0), Vm >0,
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that is, le (lv(0)) < Iv(0), Vm > 0. Consequently, le (Iv(0)) is bounded. In order for P; to
admit a positive fixed point, we need to assume that

(AS) r(@u(.0)@)) > 1.

By [11, Theorem 2.1.2], it then follows that the Poincaré map P; has a unique positive fixed
point $*(0) = (57(0), $5(0), ..., S;(0)) which is globally attractive for S0 e R\ {0}. Thus,
Eo = (57(0), $5(0), ..., $;(0),0,...,0) is the unique disease free fixed point of the Poincaré
map P.

To investigate the global dynamics of (1.3), we first show that (1.3) admits a fam-
ily of compact, positively invariant sets. For convenience, we denote the positive solution
(S1(@), ..., 8, (t), [1(t), ..., I,(¢)) of (1.3) by (S(2), I(2)).

Lemma 2.2. Let (A1)—(A5) hold. Then there is N* > 0 such that every forward solution in R%_” of
(1.3) eventually enters into G y+ :={(S, ) € Rﬁ_”: Yo (Si + 1) < N*}, and for each N > N*
Gy is positively invariant for (1.3).

Proof. Let N =37 | N;, N; = S; + I;. By (1.3) and (1.4), we have

N' =Y (Bit, Ny) — i) N;i < > (BI(Ni) — ph) N (2.4)

i=1 i=1

If B (0+) :=limy, 04 B (N;) < uﬁ, i=1,2,...,n, then there exists o > 0 such that N'(¢) <
—aN (1), Vt > 0, and hence, Lemma 2.2 holds for any positive number N*. Otherwise, we parti-
tion {1, 2, ..., n} into two sets P; and P> such that

B/'(04+) >, VieP,

B (0+) < ,ul, Vie P,.

Without loss of generality, we suppose that Py ={1,...,m}and P, ={m+1,...,n}.Fori € Py,
since B} (0+) > ,uf. and B (00) < uf, (A3) implies that there is a unique k; > 0 such that
B (ki) — ,uf =0. It follows from (A4) that there is N > 0 such that

m
(BY(N) — uh)N < —ij37(0+) —1, YN>N° 1<i<n.

Let N* = nN°. By the definition of N, it is easy to see that N > N* implies Ni, = NO for some
1 <ip < n. It then follows from (2.4) that

m
N'(t) < ZB/(O+)k + (Bl (Nig) — i )Nig < =1, if N(t) > N*
j=1

which implies that Gy, N > N*, is positively invariant and every forward orbit enters into G y+
eventually. O
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Define
bii(t) - b
b cor boy
M) = 21:(l) ) 2:(t) ’
bnl(t) l;nn(t)

where b;; (1) = B; (OSF () — i (t) — yi(t) + bii (1), 1 <i < n. Clearly, M;(t) is irreducible and
has nonnegative off-diagonal elements.

In the case where the susceptible and infective individuals in each patch have the same dis-
persal rate, we have the following result on the global attractivity of the w-periodic solution
(8*(1), 0).

Theorem 2.1. Let (A1)—~(AS) hold and r(®Pp, (@) < 1. If a;j(t) = b;j(t) for 1 <i,j <n,
Vi € [0, ], then lim;—, o0 (S (1) — S* (1)) = 0, limy— o0 I () = 0 for all (S°, I°) € (R \ {0}) x R™..

Proof. Let us consider a nonnegative solution (S(¢), I (¢)) of (1.3). We want to show that
lim 7(¢) =0. (2.5)
11— 00

By (1.3), we have

n
N/ = Bi(t, NON; = wi(ON; + ) _aij()N;,  1<i<n. 2.6)
j=1
By the afore-mentioned conclusion for (2.2), the Poincaré map associated with (2.6) has a unique
positive fixed point $*(0) which is globally attractive in R’ \ {0}. It then follows that for any
€ > 0, there holds N (1) = S(t) + 1(t) < S*(t) + €, where € = (e, ..., €) € Int(R"}, ), when ¢ is
sufficiently large. Thus, if ¢ is sufficiently large, we have

n
I < BO(SF O+ )l — (i@ +vi0O) i + Y _bij01;, 1<i<n. 2.7
j=1
It then suffices to show that positive solutions of the following auxiliary system
n
=300 +e)li — (wi() +yi@) i + Y bijl;, 1<i<n, (2.8)
j=1

tend to zero as ¢ goes to infinity. Let M>(¢) be the matrix defined by
Mo(1) = diag(B1(1)., B2(0). ... Bu(D)).

Since 7(Pp, () (@) < 1 and r (P, ()+eMy() (@)) is continuous for small €, we can fix € > 0
small enough such that 7 (@, ()+em, () (@) < 1. By Lemma 2.1, there is a positive, w-periodic
function v(t) = (v1(¢), v2(¢), ..., v,(t)) such that ,oef”ﬁ(t) is a solution of (2.8) for any con-
stant p, where (i = ilnr(pr,(.)JreMz(.)(a))). vI0 e R, we can choose a real number % >0
such that 1° < ,0017(0). By the standard comparison theorem (see, e.g., [9, Theorem A.4]), we
then get (2.5).

For any (59, 1%) € (R \ {0}) x R, we have NO=5804/0¢ R\ {0}. By the global attrac-
tivity of S*(0) for Py, it then follows that

Jim ($() = §*()) = lim (N(1) = 1() = §*()) =0. O
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If the susceptible and infective individuals in each patch have different dispersal rate, and the
initial value 79 is small, we still have the result on the attractivity of the w-periodic solution
(8*(1),0).

Theorem 2.2. Let (A1)-(AS) hold and r (D m,(.)(@)) < 1. Then there exists § > 0 such that for
every (S°,10) € Gy« with $° # 0 and I? < 8, 1 <i < n, the solution (S(t), I (1)) of (1.3) satis-
fies limy_ 00 (S(1) — S*(1)) = 0, limy_, o0 1 (t) = 0.

Proof. Let us consider an auxiliary system

n
S/ =Bi(t.3)8; — wi()S; + (Bi (1, 00) + vi())e + > _aij(®)S;. 1<i<n, 2.9)
j=1

where € > 0 is a small constant to be determined. By (A5) and the previous analysis of system
(2.2), we can restrict € small enough such that (2.9) admits a globally attractive and positive w-
periodic solution S*(z, €). Let S€(¢, N*) be the solution of (2.9) through (N*,..., N*) atr =0.
We choose an integer n1 > 0 such that

SE(t, N*) < S*(t,€) + &, Vit =no.

Define a matrix M/ (¢, €) by

BL®)STt, e) — 1 () — @) +bn @) - bin(t)
bo1 (1) bo, (1)
b1 (1) s Ba(O)SE(t€) = wp(t) — Y () + bun(t)

Since M (¢, 0) = M1(t) and r (D pm, (..e)+eM, (1) (@)) 1s continuous for small €, we can now restrict
€ small enough such that 7 (@, (..e)+em, () (@) < 1. By Lemma 2.1, there is a positive w-periodic
function v(r) = (v (t), ..., v, (1)) such that I(r) = e*3'v(z) is a solution of I’ = (M;(z,€) +
eMg(t))i, where 3 = é In7 (D, (.,e)+eMs () (@)). Choose k > 0 small enough such that kv(r) <
e forallt € [0, w].

Now we define another auxiliary system

I =BiON*T; = (wi() + viO) i + Y _bij)Ij, 1<i<n. (2.10)
j=1

Let i(t, 8) be the solution of (2.10) through (§,...,8) € R" at t = 0. We restrict § > 0 small
enough such that

[(t,8) <ke™'v(t) <kv(t) <&, Vtel0,n ol (2.11)

Let (S(t), I(t)) be a nonnegative solution of (1.3) with (8%, 1% € Gy», S° #0 and I? <8,
1 <i < n. It then follows that S(¢) > 0, V¢ > 0. We further claim that I (¢) < ke*3'v(t), Vt > 0.
Suppose not. By the comparison principle and (2.11), there exist ¢, 1 < g < n, and 71 > njw
such that

1) <keMv(t), for0<r< Ty,

1,(Ty) = k(e"3Tho(Ty))

I (1) > k(e"3 (1))

q7

o forO<r—T) < 1. (2.12)
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Note that for 0 < t < T, we have

n
S; < Bi(t, $)Si — i ()i + (Bi(1,04) + vi(D)e + Y _aij(®)S;, 1<i<n. (213
j=1

It follows from the comparison principle that S(7) < S*(7T1,€) + €. Then, for 0 <r —T1 K 1,
we have S(t) < S*(¢, €) + €, and hence

I < Bi(O(St &) +€) ;i — (i) +yi()) ] + Zbij(t)l'» I<i<n.
j=1

Since I(T)) < keH3 I v(T1), the comparison principle implies that
I(t) <ke®'v(t), for0<t—T) <1,
and hence,

I,(t) <k(e™'v() , for0O<t—T) <1,

q 9
which contradicts to (2.12). This proves the claim.

By the claim above, (2.13) holds for all # > 0. Thus, the comparison principle implies that
S(t) < S*(t,€) + €, Vt > njw. By a similar argument as above, it then follows that

I1(t) < ke™v(t), Vt>Tj.
Consequently, /() - 0 as t — oo.
Since P"(x°) = u(mw, x°), Vx¥ € R¥, we have
P8, 1%) = u(mo, (8°,1°) = (S(mw), I (mw)), V(S°,1°) e R’ x R
Given (8°, 1% € Gy~ with S # 0 and I? < §, 1 <i < n, it easily follows that S(¢) € Int(R"),
Vt > 0. Let

w=w(s%1°):= {(S*,I*): 3{my} — oo such that lim P™ (S, 1°) = (S*,I*)}

k—o00

be the omega limit set of (S, 1) for P. Since lim;_.o I (f) = 0, there holds w = & x {0}.
We claim that & # {0}. Assume that, by contradiction, ® = {0}. lim,_  P"(S°, 1) =
(0, 0), then lim;_,» S(¢#) = 0. By assumption (AS), we can choose a small n > 0 such that
r(Ppy(.,0—ne(w)) > 1, where E =diag(l, ..., 1). It follows that there exists t > 0 such that

Bi(t, Ni(t)) — Bi(DL;(t) > Bi(t,0+) —n, Vi>1, 1<i<n.
Then S(t) = (S1(¢), ..., S,(¢)) satisfies

n
S/(t) > (Bi(t,04+) — n)S; — wi()S;i + Zaij(t)sj, Vit 1<i<n. (2.14)
j=1

Let p(t) = (p1(2), ..., pa(t)) be the positive w-periodic function such that e#4 p(¢) is a solution
of the linear system

n
§/=(Bi(t.0) — )8 — i 8 + Y _a;j (8, 1<i<n, (2.15)
j=I
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where 4 = é In(r (P pr(.,0)—yE (@))) > 0. Since S(t) e Int(R’} ), we can choose a small number
a > 0 such that S(z) > ap(0). Then the comparison theorem implies that

S(t) = e D pt — 1) > ae) min p(t —7), Vt>1i,
t—t2>0

and hence lim;_, » S; (t) = 00, 1 <i < n, a contradiction. Note that for any = R’i, we have
u(t, (5°,0)) = (u(z, $°), 0), Vr > 0. It then follows that

P™(8%,0) = (P"(8°),0), VS°eR",m>0.

Since w is an internal chain transitive set for P, and hence, o is an internal chain transitive set
for P;. Let

WS (8*(0)) := {8°: P"(5°) = §*(0): m — oo}.

Since @ # {0} and $*(0) is globally attractive for P; in R, \ {0}, we have @ N W*(S*(0)) # 9. By
[11, Theorem 1.2.1], we then get @ = {S*(0)}, and hence w = {($*(0), 0)}. Thus, lim;_, o (S(¢) —
S*(t)) =0 and lim; 0o [ (t) =0. 01

The following result shows that actually 7 (P, () (w)) is a threshold parameter for the extinc-
tion and the uniform persistence of the disease. When r (@, (.)(@)) > 1, the model (1.3) admits
at least one positive periodic solution, and the disease is uniformly persistent.

Theorem 2.3. Let (A1)—(AS5) hold and r (®p, () (w)) > 1. Then system (1.3) admits at least one
positive periodic solution, and there is a positive constant € such that for all (S, 1°) € RY x
Int(R'}), the solution (S(¢), I(¢)) of (1.3) satisfies

liminfZ; (1) 2 €, 1<i<n.
11— 00

Proof. Define
X=R¥,  Xo=R.xInt(R%), 3Xo=X\ Xo.

We first prove that P is uniformly persistent with respect to (X¢, 0 X). By the form of (1.3), it
is easy to see that both X and X are positively invariant. Clearly, d Xy is relatively closed in X.
Furthermore, system (1.3) is point dissipative (see Lemma 2.2). Set

My ={(8°,1°) € aXo: P™(S° 1°) € 3Xo, Vm > 0}.
We now show that
My ={(5,0): =0} (2.16)

Obviously, {(S,0): § >0} € M;.
For any (59, 19) € 8X¢ \ {(S,0): S >0}, we partition {1,2, ..., n} into two sets Q1 and Q»
such that

17=0, VjeQ,
0 .
I >0, VieQ,
where Q1 and Q> are nonempty. Vj € Q1,i € Oz, we have

I//-(O) = b;i1;(0) > 0.
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It follows that (S(¢),1(¢)) ¢ 0Xo for 0 <t < 1. Thus, the positive invariance of X im-
plies (2.16). It is clear that there are two fixed points of P in My, which are My = (0, 0) and
M = (5%(0),0).

Choose n > 0 small enough such that r(®p, ()—nm,()(@)) > 1. Let us consider a perturbed
system of (2.2)

n
$i=Bi(t.8i +8)S; — (i) + Bi(8)S; + Y aij0)8;, 1<i<n. (2.17)
J=1

As in our previous analysis of system (2.2), we can choose § > 0 small enough such that
the Poincaré map associated with (2.17) admits a unique positive fixed point $*(0, §) which
is globally attractive in R’} \ {0}. By the implicit function theorem, it follows that $*(0, §)
is continuous in §. Thus, we can fix a small number § > O such that $*(¢,8) > S*(t) — 7,
vVt > 0, where 7 = (1, ..., n). By the continuity of solutions with respect to the initial val-
ues, there exists d; > 0 such that for all (89,19 e Xo with ||(S°, 10) — M;| < 85> we have
lu(t, (S°, 1°) — u(r, M;)|| <8, Vt € [0, w], i =0, 1. We now claim that

limsupd (P™ (8%, 1°), M;) > 85, i=0,1.

m— 00
Suppose, by contradiction, that lim supnﬁood(P’”(SO, 1%, M;) < 8y for some (89, 1% e Xq
and i. Without loss of generality, we can assume that d(P’”(SO, 10), M;) < 8%, ¥Ym > 0. Then,
we have [u(t, P (S, 19) —u(t, M;)|| < 8,Ym >0,Vr € [0, w]. Forany >0, lett = mw + 1/,
where t' € [0, w) and m = [é] is the greatest integer less than or equal to i Thus, we get

(e, (S0, 1°)) —ue, Mp)|| = |Ju(e’, P™(S°, 1°)) —u(’, Mp)| <8, ¥t>0.

Let (S(t), I (1)) = u(z, (89, 19)). It then follows that 0 < I;(r) < 8, V¢ > 0, V1 <i < n. Then for
t >0, we have

n
S; > Bit, Si +8)S; — (i) + Bi()8)S; + > _aij()S;. 1<i<n. (2.18)
j=1
Since the fixed point $*(0, §) of the Poincaré map associated with (2.17) is globally attractive
and S*(z,8) > S*(t) — 1, there is T > 0 such that S(¢) > S*(¢) — i for t > T. As a consequence,
for t > T, there holds

> Bi (1) (SF @) —n)li — (wi(®) +vi ()], +Zbl,(r)1, 1<i<n. (2.19)

Since 7 (D@ pm, ()—ymy () (@)) > 1, it is easy to see that lim; o [; (1) =00, i =1,2,...,n, which
leads to a contradiction.

Note that $*(0) is globally attractive in R’} \ {0} for P;. By the afore-mentioned claim,
it then follows that My and M, are isolated invariant sets in X, W*(Mp) N Xo = ¥, and
WS (M1) N Xo = @. Clearly, every orbit in My converges to either My or My, and My and M,
are acyclic in Mjy. By [11, Theorem 1.3.1] for a stronger repelling property of d X, we conclude
that P is uniformly persistent with respect to (X, 9 X¢). Thus, [11, Theorem 3.1.1] implies the
uniform persistence of the solutions of system (1.3) with respect to (Xo, dXo). By [11, The-
orem 1.3.6], P has a fixed point (5(0), 1(0)) € Xo. Then S(0) e R and 1(0) € Int(R’}). We
further claim that S(0) € R\ {0}. Suppose that $(0) = 0. By the second equation in (1.4), we
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then get 0 =— "7 (i (t) + i (1))1;(0), and hence 1;(0) =0, i = 1,2, ..., n, a contradiction.
By the first equation in (1.3) and the irreducibility of the cooperative matrix (a;;(t)), it follows
that u(z, (S(0), I (0))) € Int(R’}), V¢ > 0. Then (S(0), 1(0)) is a componentwise positive fixed
point of P. Thus, (S(¢), I(¢)) is a positive w-periodic solution of (1.3). O

3. The positive periodic solutions

In the case where the dispersal rate of susceptible individuals and infective individuals are
equal, we are able to prove the uniqueness and global asymptotic stability of the positive w-
periodic solution under the condition that r (D y, () (@)) > 1.
Theorem 3.1. Let (A1)—(AS) hold and r (@, () (w)) > 1. If a;j(t) = b;j(t) for 1 <i,j <n,
vVt € [0, w], then system (1.3) admits a unique positive w-periodic solution which is globally

asymptotically stable in R, x (R, \ {0}).

Proof. By (1.3), when a;;(t) = b;;(¢), we have

n
S;=Bi(t, N))N; — i (1)S; — Bi()Si I; + vi () 1]; + Zaij(t)Sj, I<i<n,
j=1

3.1
n
I =gi0)Sili — (i) +viO) i + Y _aij01;, 1<i<n,
j=I1
Then we obtain
n
N} = Bi(t, NON; — i(ON; + Y _aij()Nj,  1<i<n. (32)

j=1

By the afore-mentioned conclusion for (2.2), the Poincaré map associated with (3.2) has a unique
positive fixed point $*(0) which is globally attractive for N € R} \ {0}. Then (3.1) is equivalent
to the following system:

n
N} = Bi(t, N)Ni = pi(ON; + ) Jaij(ON;,  1<i<n,
j=1

n 3.3)
I =Bi(OWN;i = NI — (i) +vi D) + ) _aij(D1;, 1<i<n.
j=1

Since lim;_, oo (N (t) — S*(¢)) = 0, the second equation of (3.3) has the following limiting system:
n
[ =Bi(SF0) — L) — (@) + @)l + Y _aij(l; 1<i<n. (34
j=1

Let Fy :Rﬁ_ x R — R" be defined by the right-hand side of (3.4). Clearly, F| satisfies
(B1)—~(B4). Let P»: R’} — R’ be the Poincaré map associated with (3.4), that is,

(1% =uz(w, 1°), VI°eR%,

where u» (¢, 1°) is the solution of (3.4) with u2(0, 1°) = I°. We claim that (3.4) admits a bounded
positive solution.
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Define
an@) - aw()
Ma(t. Z) = a21.(t) a2n.(t) ’
() o aun(0)

where a;; (t) = B; (t)(S7(t) — Z) — i (t) — y; (t) +a;; (1), 1 <i < n. We can choose a sufficiently
large real number Z > 0 such that fg”(ﬂ,-(r)(Sf‘(r) —Z)—pi@) —yi@)dt <0, 1 <i < n.
By Lemma 2.1, there is a positive, w-periodic function v(t) = (vi(¢), v2(2), ..., v,(t)) such
that V(t) = e#*s'v(t) is a solution of V' = M,(¢t, Z)V, where us = ilnr(dﬁMz(.,Z)(a))). Let
2(@t) =37 Vi) = e 37 vi(t). By the first equation in (1.4), it easily follows that
X'(t) <b(t)X(1),Vt >0, where b(t) = max{B; (t)(S(t) — Z) — i (t) — y; (t): 1 <i < n}. Thus,
lim;_, oo X'(#) =0, and hence us <0, i.e., r(Ppy,(.,z)(@)) < 1. Choose [ > 0 large enough such
that lv; (t) > Z,Vt € [0, w],i = 1,2, ...,n.Set H(t) = lv(t). If we rewrite 3.4)as I’ = F (¢, I),
it is easy to see that

Fi(t, H(1)) < Ma(t, Z)H (1), V1 >0. (3.5)
By the standard comparison theorem (see, e.g., [9, Theorem B.1]), it follows that

0< uz(ma), lv(O)) < Py (., 2y (mw)lv(0) = r(CDMz(.,Z)(ma)))lv(O)
=r(Pumy,2)(@))"1v(0) <1v(0), Vm >0.
That is, P;"(lv(0)) < [v(0),Vm > 0. Consequently, P;"(lv(0)) is bounded. Since
7 (P, (.0 () = r(Pum,()(w)) > 1. By [11, Theorem 2.1.2], it then follows that the Poincaré
map P, has a unique positive fixed point 7 (0) which is globally attractive for 7 0_6 R’ \{0}. Thus,
the Poincaré map P associated with (3.1) admits a unique fixed point ($*(0) — 1 (0), 1 (0))._ It then
follows from Theorem 2.3 that the unique fixed point is positive. We denote it by (S(0), 7(0)).
Let P3: X := Rﬁ“ — R%r” be the Poincaré map associated with (3.3), that is,

P3(x0) = u3(w, xo), vx0 e R%ﬂi,
where us3(t, xo) is the solution of (3.3) with u3(0, xo) =x9. Thus, we have

P (N, 1°) = uz(mo, (N°, 1°)), V(N 1°) e R% x R™.
Let (N°, 19) e (R%\ {0}) x (R’ \ {0}) be fixed. It then follows that

(N, 1)) =u3(t, (N°, 1°)) € Int(R™%) x Int(R%), Vz> 0.

Let w = w(NY, 19) be the omega limit set of (N, 19) for P5. Since lim;_, oo (N (t) — $*(1)) =0,
there holds w = {S*(0)} x @. We claim that & # {0}. Assume that, by contradiction, ® = {0}.
Then lim,,, P3’”(N0, 1%) = (§*(0), 0), that is, lim,_, oo (N () — S*(1)) = 0, lim;_. 00 I () = 0.
Since (P, () (w)) > 1, we can choose a small > 0 such that 7 (D, ()—pe(w)) > 1, where
E =diag(l, ..., 1). It follows that there exists f > 0 such that

Bi()(Ni (1) = I; (D)) = Bi()SF(t) —n, V=1, 1<i<n.

Then I(¢t) = (I;(¢), ..., I,(t)) satisfies

I > (Bi0)SF ) —n) I — (wi () + yi(0) 1; + Zai‘/(t)l', Vit 1<i<n. (3.6)
j=1
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Let g(t) = (q1(?), ..., gn(2)) be the positive w-periodic function such that e#¢’g(¢) is a solution
of the linear system

I =(BiS; @) = )i = (i) + i) i + Y aij I, 1<i<n, (3.7)
j=1

where (g = %ln(r(dﬁMl(.)_,,E(w))) > 0. Since I (7) € Int(R;}), we can choose a small number
a > 0 such that 7 () > aq(0). Then the comparison theorem implies that

1) > e Dt —7) > e min gt —1), Vt>1,
t—12>0

and hence lim;_, oo [; (#) = 00, 1 <i < n, a contradiction. Note that for any / 0¢ R’i, we have
us(t, (S*(0), 1%) = (5*(1), ua(t, 1)), V¢ > 0. It then follows that

P (5%(0), 1%) = (5*(0), Py*(1°)), VI’ eR" ,m>0.
Since w is an internal chain transitive set for P3, @ is an internal chain transitive set for P,. Let
(Py(1%) =TO)}.

Since @ # {0} and I(0) is globally attractive for P; in R\ {0}, we have & N W* (1(0)) # 9. By
[11, Theorem 1.2.1], we then get @ = {I(0)}, and hence w = {(S*(0), 1(0))}, which implies that
the positive fixed point (5(0), 1(0)) of P is globally attractiv_e in Hﬁf@ X (R’_’|r \ {0}). It follows that
system (1.3) admits a unique positive w-periodic solution (S(¢), I(z)) such that lim;_, 5 (S(¢) —
S(t)) =0 and lim/—, oo (I (t) — 1 (1)) =0, V(S°, 10) e R x (R" \ {O}).

It remains to prove the stability of (S(¢), 1(¢)) for (1.3), which is equivalent to the stability of
(N@), [(1)) := (S(t) + I (1), I (1)) for (3.3). The associated Jacobian matrix is

WS (1(0)) == {10:

lim
m—0o0

_ Ay O
A(’)‘[Az(n A3(t)]’
where
aT](t) ap() -+ an@)
an(t) azp@) --- bay(t)
A1) = . . .
a0 an@) - ah )

with af (r) = 22060 | o Ni+ Bi(t, Ni) — i () + i (1),

A (t) =diag(B1 ()11, oD Lo, ..., B (D),

and
by () an@) - a(t)
a1t b)) - b))
Asz(t) = . . ) .
an(t) ana(t) - B (D)

with b7 (1) = i (ON; — 28; (1) ]; — i (t) — vi (t) + aii (2).
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Obviously,
Cay, (1) ap@) - ap@)]
ok cr boy
AL < aZl.(t) azz‘(t) 2'(1‘) = Oy (1)
Lan@®) an@ - a0 ]
with @, (t) = B (t, Ni) — i (t) + a;;(t), and
ChY (1) an@®) o a0
b cr boy
ay < | @O RO O
Lan(®) am() - B0

with b%(1) = Bi(t)N; — Bi()I; — 1i(t) — i (t) + a;; (). The comparison principle implies
that @4, () () < Pc,()(1), Pay) () < Py (1), and hence Py, () (w) < P,y () (@), Payy(w) <
D¢y (w). By [9, Theorem 6.4], we hzive w(Pa (@) < (D¢, (@) and w(Pa,)(w)) <
n(P@c;y(w)). Notice that (Ny(7),..., N,(t)) is a positive w-periodic solution of the system
N’ =Ci(t)N. Then we have

N1(0) Ni(t)
Pao®O o=
Ny (0) Ny (1)
It follows that
N1(0) Ni(w) N1(0)
Peip@| | = : =l : |
N, (0) Np(w) Ny (0)

and hence u(®Pc,()(w)) = 1. On the other hand, (Ii(),...,I,(®)) isa positive w-periodic solu-
tion of the system I’ = C3(¢)I. Thus, we obtain

11(0) 11(1)
PO =
1,(0) I (1)
It follows that
11(0) I () 11(0)
Po0@ | =1 1= )
1,(0) I (@) 1,(0)

and hence u(@c;()(w)) = 1. Consequently, we have
w(Pa() (@) =max{u(Pa, ) (@), u(Pas) (@)} <1,
which implies the stability of (N (1), 1(1)). O
At last, we prove the global attractivity of positive periodic solution in the case where {b;; (1)}

is very close to {a;;(¢)}. Let Ag be the set of all continuous and w-periodic n x n matrix functions
satisfying a;; (1) > 0, i # j, a;i (t) <0 and Z?:] aji(t) =0.
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Theorem 3.2. Assume (A1)-(A5) hold. Let Lo = {a;j(t): 1 <i,j < n} e Ag be fixed, A =
(bij(t): 1<1i,j<n}e€ Ay, My (t) be the matrix My(t) with parameter A, and M, (t)
be the matrix My, (t) with » = X o. If r(@MMO(.)(w)) > 1, then there exists € > 0 such
that for any L with ||L — Aol < €, system (1.3) admits a unique positive w-periodic solu-
tion (S31(2), $32(t), ..., San(t), L1 (1), ..., Lin(t)) such that lim,_, »(S;(t) — S5;(t)) = 0 and
limy—, 0o (I (t) — L1; (1)) = 0 for every (S°, 1) € R". x Int(R%).

Proof. There exist €g > 0,7 > 0, such that r (P, () () > 1 and 7 (P, (- (@)) > 1 when-
ever ||A — Aol < €9. We fix a sufficiently small 6 > O such that the Poincaré map associated with
(2.17) admits a unique positive fixed point $*(0, §), which is globally attractive in R’} \ {0} and
S*(t,8) > §*(1) — 7. Let u(t, (9, 1), 1) be the solution of (1.3) with parameter A and initial
value (S, 1°) € X. By the continuity of solutions with respect to initial values and parame-
ter A, there exist positive numbers §; and €; such that [lu(z, (82,19, %) — u(t, M;, xo)|| <9,
vt € [0, ], (8%, 1% — M;|| < 8} and [[A — Aoll < €}, i =0, 1. Let €* = min{eo, €}. By the
argument similar to that of the claim in the proof of Theorem 2.3, it follows that for any A with
A — 2ol < €*, and all (S, 19) € R x Int(R" ), there holds

limsupd (P"(s°,1°), M;) > 85, i=0,1,

m—0o0
where P, is the Poincaré map associated with (1.3) with parameter A. Moreover, Lemma 2.2
implies that solutions of (1.3) in X are uniformly bounded and ultimately bounded for each
A € Agp. It follows that P has a global attractor A, C Xo for each A € Ag. Let A} = Ag N
{A: IA — xoll < €e*}. Then there exists a bounded and closed set G* in R’} x R’ , such that
Ujea, Ay C G*. Hence, by [11, Theorem 1.4.2], there exists a o > 0 such that for any A € Ay,

liminfd (P (S, 1°), 3Xo) > So.

m—0oQ

Since U4, P(A2) = Ujea, Ar C G* = G* C Xy, Usea, P(A3) is compact. By applying
[11, Theorem 1.4.1] on the perturbation of a globally stable fixed point, we complete the
proof. O

4. Numerical simulations

In order to simulate the periodic solutions, we consider the case that the patch number is 2.
For simplicity, we assume that the contact rate §;(¢), i = 1, 2, is w-periodic with the expression

B1(t) = B2(t) = msin(pt) + g, and other parameters are independent of time 7. Then w = 27”,
and assumption (1.4) is equivalent to that ajp = —a2, ax1 = —aiy, b1a = —bx, by = —by;.
Thus, (1.3) reduces to

S =Bi(NDNi — (u1 —a1)S1 — BOS1I + vili —an$,

Sy = Ba(N2)Na — (12 — a22) $2 — B(1)S2 o + y2 Ir — a11 81, @1

I =BMS1H — (w1 +y1 —bi)1 —bnl,
I=B(1)S2 — (n2 + y2 — b))l — bui 1.
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As mentioned in [3], we choose B;(N;) = 1:/—11 + ¢;, where ¢; < u;, i = 1,2. Suppose that r; =
=1, =C0=C 0 =M2=M VI =Y2=Y, a1 =apn =bj1 =by=—0<0. Then (4.1)
reduces to
Sj=r—(u+0—0)S — (msin(pt) +q)Sili + (c+ )1 +05,.
Sy=r—(u+60—c)S— (msin(pt) + q)S2 b + (c + y) [, + 051,
I = (msin(pt) + q)Sily — (u+y + )11 + 61,
Iy = (msin(pt) + q)$2L — (u+y +0) L +01.

4.2)

It is easy to verify that conditions (A1)—(AS) are satisfied. In this case, (ST(O), S;‘ (0)) can be
obtained explicitly as

ﬁ@:ﬁ@:f;.

Under all assumptions above, we get

wo-[(PE )]
o BO) 7 —n—y—"0

w

:[(_M_ey_e —u—gy—e)]+[<ﬁ(t)()ur_c ﬂ(t)o’ ﬂ

n—c

Let A be a 2 x 2 constant matrix, and «(¢) be a continuous w-periodic function. Note that if
t
x(¢t) is a solution of x" = (A + a(¢)I)x, then y(1) = elo —a(s)ds x (1) satisfies

Y (0) = elo s () — r(1)x) = eJo O Ax (1) = A O Ay (1) = Ay(r).

Thus, we have ¢aya ()1 (t) = eloa@)ds par,

By the above observation, it follows that
r(Duy ) (@) = €7 Jy Bwdt y—(uty)o
Fixu=02,c=01,0=1,y=4m=1,p=2r,9=0.1,r=1.Since w = 1, we have
r(@mH(D) < 1.

By Theorem 2.1, system (1.3) has a positive w-periodic solution such that lim;_, o (S(¢) —
S*(t)) = 0 and lim,_, o 1 (t) = 0 for all (5%, 7°) € R”. x R".. Our numerical simulations in Fig. 1
confirm this result.

Fixu=2¢=1,60=1,y=01,m=1, p=2n,q=1, r =10. We then have ® = 1 and
r(®Pp, (1)) > 1. By Theorem 3.1, system (1.3) has a unique positive w-periodic solution such
that lim—, o (S(t) — S(¢)) = 0 and lim, oo (1 (t) — I (1)) = 0 for all (5°, 1°) e R% x (R" \ {O}).
Our numerical simulations in Fig. 2 confirm this result.

Acknowledgment

We are very grateful to the anonymous referee for careful reading and helpful suggestions which led to an improve-
ment of our original manuscript.



512 F. Zhang, X.-Q. Zhao / J. Math. Anal. Appl. 325 (2007) 496-516

S 1

100 T T T T

80 b

40 .

0 20 40 60 80 100

100 T T T T T

80 T

401 4

0 20 40 60 80 100
t

Fig. 1. The extinction of the disease.



S 2

F. Zhang, X.-Q. Zhao / J. Math. Anal. Appl. 325 (2007) 496516

100

80

60

401

201

12
100

20

40 60 80 100

80

60~

40

20

20

40 60 80 100
t

Fig. 1. (continued)

513



514

S1
30

25

20

30

25

20

F. Zhang, X.-Q. Zhao / J. Math. Anal. Appl. 325 (2007) 496-516

20

40 60

80

100

20

40 60
t

Fig. 2. The uniform persistence of the disease.

80

100



S2

F. Zhang, X.-Q. Zhao / J. Math. Anal. Appl. 325 (2007) 496516

30

25

20

15

10

30

25

20

10

20

40 60

80

100

20

40 60
t

Fig. 2. (continued)

80

100

515



516 F. Zhang, X.-Q. Zhao / J. Math. Anal. Appl. 325 (2007) 496-516

References

[1] G. Aronsson, R.B. Kellogg, On a differential equation arising from compartmental analysis, Math. Biosci. 38 (1973)
113-122.
[2] F. Brauer, P. van den Driessche, Models for transmission of disease with immigration of infectives, Math. Biosci. 171
(2001) 143-154.
[3] K. Cooke, P. van den Driessche, X. Zou, Interaction of maturation delay and nonlinear birth in population and
epidemic models, J. Math. Biol. 39 (1999) 332-352.
[4] O. Diekmann, J.A.P. Heesterbeek, Mathematical Epidemiology of Infectious diseases, Model Building, Analysis
and Interpretation, Wiley, 2000.
[5] H.W. Hethcote, Qualitative analysis of communicable disease models, Math. Biosci. 28 (1976) 335-356.
[6] H.W. Hethcote, S.A. Levin, Periodicity in epidemiological models, in: Applied Mathematical Ecology, Springer-
Verlag, Berlin, 1989.
[71 M.W. Hirsch, Systems of differential equations that are competitive or cooperative II: Convergence almost every-
where, SIAM J. Math. Anal. 16 (1985) 423—439.
[8] Y. Jin, W. Wang, The effect of population dispersal on the spread of a disease, J. Math. Anal. Appl. 308 (2005)
343-364.
[9] H.L. Smith, P. Waltman, The Theory of the Chemostat, Cambridge Univ. Press, 1995.
[10] W. Wang, X.-Q. Zhao, An epidemic model in a patchy environment, Math. Biosci. 190 (2004) 97-112.
[11] X.-Q. Zhao, Dynamical Systems in Population Biology, Springer-Verlag, New York, 2003.



