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imprimitive (X, s)-arc-transitive graphs which have a quotient isomorphic to X and are not
multicovers of that quotient, together with a combinatorial method, called the double-star
graph construction, for constructing such graphs. Moreover, for any X-symmetric graph I
admitting a nontrivial X-invariant partition 8 such that I” is not a multicover of I'g, we

I;;{n V:rl:glslc graph show that there exists a sequence of m 4+ 1 X-invariant partitions

Imprimitive graph B =By, B, ..., Bnm

Multicover

Quotient graph of V(I"), where m > 1is an integer, such that B; is a proper refinement of B;_, I, is not
DOHble-Staf gfaph a multicover of I's, , and I'g, can be reconstructed from I'g;,_, by the double-star graph
s-arc-transitive graph construction, fori = 1, 2, ..., m, and that either I" = I'g, or I" is a multicover of I'g,.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Let I" be a finite nonempty graph and s > 1 an integer. A sequence of s + 1 vertices of I" is called an s-arc if any two
consecutive terms are adjacent and any three consecutive terms are distinct. A 1-arc is also called an arc for short. Denote
by Arc;(I") the set of s-arcs of I". A finite group X acting on the vertices of I' is said to preserve the structure of I" if two
vertices of I" are adjacent if and only if their images under any element of X are adjacent. If in addition X is transitive on the
set of vertices and transitive on the set of s-arcs of I, then I" is called (X, s)-arc-transitive. An (X, 1)-arc-transitive graph I”
is also called an X-symmetric graph.

Let I" be a finite X-symmetric graph and 8 a partition of V(I"). 8 is said to be X-invariant if B¥ € B for any B € 8 and
x € X, where B* := {0*|o € B}. 8 is called nontrivial if there exists some B € 8 such that 1 < |B| < |V(I')|.

A finite X-symmetric graph I” is imprimitive if its vertex set admits a nontrivial X-invariant partition B; otherwise it is
called primitive. In the imprimitive case, the quotient graph with respect to 8 is defined to have vertex set 8 in which two
blocks are adjacent if and only if there exists at least one edge of I" between them. In this article we always assume that I's
is nonempty, that is, the valency b of I'g is a positive integer. In this situation, I'g is X-symmetric and all blocks of B are
independent sets of I" (see [1]).

Let 8 be an X-invariant partition of V(I"). For any vertex o of I'", denote by I" (o) the set of neighbors of o in I', by I'g (B)
the neighbors of B in I'g, and by I'g (o) the set of blocks of 8 containing at least one neighbor of o in I". Let b := val(I'g),
r:= |I'g(0o)|.Then b > r > 1. For any block B of 8, denote by v the number of vertices in B, and by I" (B) the set of vertices
of I' having at least one neighbor in B. For any block C in I'g(B), denote by I'[B, C] the bipartite subgraph of I" induced
by (BN I'(C)) U (C N I'(B)). Since I" is X-symmetric, I'[B, C] is Xguc-symmetric and is independent of the choice of the
adjacent blocks B, C of 8 up to isomorphism. Let d > 1 be the valency of I'[B, C]and k := |[BN I"'(C)|.Thenv > k > d > 1.
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Again as I' is X-symmetric, the quintuple p(I", X, 8) := (v, k, r, b, d) is independent of the choice of ¢ € V(I"),B € B
and C € I'g(B). Further assume that 8 is nontrivial. Then as vr = bk, eitherv =k > 2andr = b > 1,0orv > k > 1and
b > r > 1. We say I' is or is not a multicover of I'g respectively in these cases. The second case happens if and only if the
subgraph of I" induced by vertices from B and C is nonempty and contains at least one isolated vertex.

Over the past few decades, finite primitive symmetric graphs have been studied extensively, and several classification
results have been achieved based on the O’'Nan-Scott theorem [7] and the classification of finite simple groups. In contrast,
there are not so many powerful algebraic tools available for dealing with imprimitive symmetric graphs. In general, any
imprimitive symmetric graph I" has a primitive or bi-primitive quotient graph and hence the study of the former can be
reduced to that of the latter. However, a lot of important information about I" is lost during this reduction. Therefore it is
difficult to characterize and reconstruct an imprimitive graph from its quotient graphs.

In [2], Gardiner and Praeger proposed an approach to the study of the imprimitive graph I via investigating the design
with point set B and block set {BN I'(D)|D € I'g(B)}. In [9], Li, Praeger and Zhou showed that for any finite X-symmetric
graph I having a nontrivial X-invariant partition 8 with k = v — 1, if the quotient graph I'g is (X, 2)-arc-transitive, then
I' can be reconstructed from I'g by the 3-arc graph construction. These work motivated quite a few interesting results
about the structure and construction of imprimitive symmetric graphs, especially those which are not multicovers of their
quotient graphs [3,11-14].

Let X be a finite X-symmetric graph of valency no less than two. In connection with the methods and results above, this
paper aims to answer the following three questions to some extent:

(Q1) When does there exist a finite (X, s)-arc-transitive graph I" that has a quotient graph isomorphic to X but I" is not a
multicover of that quotient?

(Q2) If such a I' exists, what information of I" can be obtained from X'?

(Q3) How to construct sucha I"?

To answer these questions, we will analyze a certain kind of ‘local’ structures of X'. This structure, called a star, is a set
of [-arcs starting from the same first vertex of X', where | > 1 is an integer. The stars will be used to construct imprimitive
symmetric graphs from given symmetric graphs in Construction 3.1.

2. Main result

Let X be a finite X-symmetric graph of valencyE > land! > 1aninteger. For an l-arc © = (0, 01,...,0;) of ¥ and a
positive integeri < I, let

o () = (o,01,...,0).
For any set S of I-arcs of X, let
S@) :={0 ()]0 €S}.

Let S be a set of [-arcs of X starting from the same first vertex ¢. S is said to be an (7, I)-star of X', where 7 < bisa positive
integer, if |S(1)| = 7 and for every integer i with2 < i < land any (i — 1)-arc (o, o1, ..., 0i1) of S(i — 1), there are exactly
7 — 1 different vertices o;', 02, ..., o/ "' of ¥(0i_1), such that (o, o1, ..., 0i_1, o)) isani-arc of S(i), forj = 1,2, ..., 7 — 1.

o is called the center of S and is denoted as Cx(S). A (3, 2)-star is given in Fig. 1.

Remark 2.1. As an [-arc may contain cycles, the graph spanned by the edges of an (r, [)-star does not always have the tree-
like structure. An instance can be seen in Example 6.1.

For any (7, I)-star S of X' and a positive integer s < I, it is not difficult to see that S(s) is an (7, s)-star of X. Denote by Xs
the set-wise stabilizers of S in X. Then X; also acts on S(s). We say that S is (Xs, s)-rank-transitive if the action of X5 on S(s)
is transitive.

Let S and T be two (7, I)-stars of X with centers o and , respectively. Then (S, T) is called an (7, [)-double-star of X
(see Fig. 1)if (o, ) € S(1), (r, o) € T(1) and either | = 1 or the following two conditions hold:

(1) For any l-arc (o, 7, 1, . .., T_1) of S with the first arc (o, 7), (t, 71, ..., 7_1) isan (I — 1)-arcof T(I — 1).
(2) For any l-arc (t, 0, 04, ..., 0,_1) of T with the first arc (z, o), (0, 01, ..., 01_1) isan (I — 1)-arcof S(I — 1).

Let ® be a set of (7, [)-double-stars of X. ® is said to be self-paired if (T,S) € @ forany (S,T) € ®.Let V(®) := {S, T|
(5,T) € ®}and E(®) := {{S, T}|(S, T) € ©®}. For any positive integer s < I, we say that ® is (X, s)-rank-transitive if X is
transitive on both ® and V(®) and Xs acts transitively on S(s) forany S € V(®).

The following example shows that ® is not necessarily self-paired even if it is (X, s)-rank-transitive for some integer
s> 1.

Example 2.1. An (X, s)-arc-transitive graph X' is said to be (X, s)-arc-regular if |X| = |Arcs(X)|. A cubic (X, 2)-arc-regular
graph X is said to be of type X22 if any 3-arc of X' cannot be reversed by any x € X (see [1]). In this case,

0= {({(07 Ul)’ (07 T)}v {(‘Ev 0)7 (T’ Tl)})|(017 0,7, T]) € ATC3(2)}

is a set of (X, 1)-rank-transitive (2, 1)-double-stars of X which is not self-paired.
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Fig. 1. A(3,2)-star and a (3, 2)-double-star.
Now it is ready to state our main result.

Theorem 2.2. Let X be a finite X-symmetric graph of valency b>2and® a self-paired (X, s)-rank-transitive set of (7, I)-
double-stars of X such that Xs N Xcy(ry = Xt N Xz (s) for some (S, T) € ©, wherel > s > 1 andb > F > 1. Then there exists
a finite (X, s)-arc-transitive graph I' admitting a nontrivial X-invariant partition 8 of V(I') withd = 1 and r = T such that
I's = X but I' is not a multicover of I'g.

Conversely, suppose I' is a finite (X, s)-arc-transitive graph admitting a nontrivial X-invariant partition 8 of V(I") with
d = 1such that I' is not a multicover of I'g. Then there exists a self-paired (X, s)-rank-transitive set ® of (r, l)-double-stars of
I'g such that X ﬁXcr£ @ =Xr ﬂXcr£ ) forany (S,T) € ©®, wherel > s > 1.

3. A construction of imprimitive graphs

In this section, we give the following method for constructing a class of imprimitive X-symmetric graphs from given
quotient graphs.

Construction 3.1. Let X be a finite X-symmetric graph of valency b>2and® a self-paired (X, s)-rank-transitive set of
(7, -double-stars of X, where 7, s and [ are positive integers with 7 < b — 1 and s < L. Then the double-star graph I1 (X, ®)
of X with respect to @ is defined to have vertex set V(®) = {S, T|(S,T) € ®} and edge set E(®) = {{S, T}|(S,T) € ®}.

Remark 3.1. The construction described above is inspired by the 3-arc graph construction (see [9]). When [l = 1,7 = b—1
and X is (X, 2)-arc-transitive, one can check that /7T is isomorphic to a 3-arc graph of X. It can also be seen as a generalization
of several existing constructing methods. For example, when [ = 1, it is the double star graph construction defined in [5].
And when 7 = 1, which implies [ = 1, it becomes the arc graph construction (see [4]).

Lemma 3.2. [T .= [1(X, ®) is a finite X-symmetric graph with arc set ©.

The following Lemma shows that /7 is imprimitive, X' is isomorphic to a quotient graph of IT and IT is not a multicover
of that quotient.

Lemma 3.3. Foranyo € V(X),let V, = {S € V(®)|Cx(S) = o}. Then 8 := {V,|o € V(X)} is a nontrivial X-invariant
partition of V(IT) withr = 7 such that ITy = X and IT is not a multicover of ITj.

Proof. Forany o € V(X) and x € X, one can check that V¥ = V,x, so 4 is X-invariant. Let (S, T) € @ with Cx(S) = o and

Cs(T) = t.Sincet < b — 1, there exists some y € X (o) such that (o, y) & S(1). As X' is X-symmetric, there must exist
some x € X, such that (o, 7)* = (0, y). ThenS* # S as (o, y) € S*(1) \ S(1),and {S*,S} C V,asx € X,.NoteT € V \ V,,
so 4 is nontrivial. Therefore, IT is a finite X-symmetric graph and 4 is a nontrivial X-invariant partition of V (IT).

Clearly, the mapping: § — Vs € &, for § € V(X), is a bijection between V(X') and V (I15). On one hand, for any two
adjacent vertices o1, 71 of X, as X' is X-symmetric, there exists some x € X such that (o1, 71) = (0, 7)*. So §* € V,, and
T* € V., are adjacent in 1, and hence V,;, and V;, are adjacent in /T4. On the other hand, for any two adjacent vertices V,
and Vy, of [Ty, there exists some Sy € V,, and Ty € V, such that (5, T;) € ©@.Then (o1, 71) € S1(1) is an arc of X. By the
analysis above, X = [1;.

For any (0,8) € S(1), as S is (Xs, s)-rank-transitive, there exists some x € Xs such that (o,8) = (o, t)*. Then
(S, T*) = (8%, T*) € ©.Therefore,S is adjacentto T* € Vj,and hence Vs € IT14(S). Conversely, for any block Vs of IT4(S), there
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exists some R € Vj such that (S, R) € ©. Then § is the center of R. By the definition of an (7, [)-double-star, (o, §) € S(1).
This shows that the mapping:

(0,8) = Vs € II4(S), for(o,8) €S(1),

is a bijection between S(1) and I14(S).Sor = |[I14(S)| = |S(1)| = T is a positive integer no more than b — 1, and thus I7 is
not a multicover of I7;. O

The following theorem tells us when I7 is (X, s)-arc-transitive.

Theorem 3.4. In Construction 3.1, if Xs N Xc, (1) = Xr N Xcy(s) forany (S, T) € ©, thend = 1and IT is (X, s)-arc-transitive.

Proof. Leto = Cx(S)and t = Cx(T).Forany R € V, adjacent to S, as IT is X-symmetric, there exists some x € X such that
(8%, T*) = (S, R). As T and R have the same center 7,x € Xs N X; = Xr N X, < Xr,thusR=T*=T,andsod = 1.

Let (So, S1, ..., Ss) be an s-arc of I1. Then (5;_1,S;) € ® fori = 1,2,...,s;and S;_1 # Siy fori = 1,2,...,5s — 1.
Denote by o; the center of S; in X, fori = 0, 1, ..., s. By the definition of an (7, [)-double-star, (o;_1, 6;) € S;_1(1), thus 6;_;
isadjacenttoo;in X, fori=1,2,...,s.

Ifo;1 = 0j4q, forsome 1 < i < s— 1,thenS;yy € Vo, = V_,, and thus S; € V,, is adjacent to both S;_; and Si;¢ in
I[V,,_,, V5], which contradicts d = 1. So 0;_1 # ojyq fori= 1,2, ..., s. Hence (oo, 01, ..., 05) is an s-arc of X.

Note that (o5_1, 05) € Ss_1(1). Inductively, assume (os_;, O5_it1, ..., 0s) € Ss_;(i) for some integeri suchthat 1 <i <
s—1.As (0s_i, Os_it1, ..., 05) € Ss_i(i) and o5_;_1 # 05_i11, by the definition of an (¥, [)-double-star, we have

(Us—i—la Os—is Os—it15 - 0‘5) € Ss—i—l(i + 1)

It follows from induction that (og, 07, ..., 05) € So(s).

For any s-arc (Lo, L1, ..., Ls) of IT starting from Ly = Sy, denote by y; the center of L;, fori = 0, 1, ..., s. Then by the
analysis above, ¥ = og and (yo, ¥1, - - ., ¥5) € Lo(s) = So(8). As Sg is (Xs, , s)-rank-transitive, there exists some x € Xs, such
that (oo, 01, ..., 09)* = (Yo, V1, . - ., ¥5). Note S§ = So = Lo. For any integerisuch that 1 <i <sand S} ; = Li_4,if S} # L;,
as o} = y;, then L;_; is adjacent to both L; and S} in V,,, contradictingd = 1. Thus S} = L;fori = 0, 1,...,s. Again as IT is
X-symmetric, I7 is (X, s)-arc-transitive. O

Remark 3.2. In Theorem 3.4, further assume that 7 = 2. Then I7 is a union of cycles.

4. An approach to imprimitive symmetric graphs

Let I" be a finite X-symmetric graph and 8 and $B; two X-invariant partitions of V(I"). 8B is said to be a refinement of
B, denoted as B > B, if for any B; € By, there exists some B € 8B such that By C B. Denote by 8 > 8B; when B; is a
proper refinement of B, that is, 8 > 81 but 8 # B1. When 8 > B4, let B/B; := {{B1 € 81|B; C B}|B € 8}. Then 8/B;
is an X-invariant partition of V(I'g,) such that (I's,) 3,8, = I's.

Let o be a vertex of I". Denote by B(o) the block of 8 containing ¢. For any positive integer |, let

Arc((I'g,0) = {(B(0), B(o1), ...,B(0oy)) € Arci(I'g)|(0, 01, ...,00) € Arc/(I")}.

Then Arc1(I'g, 0) = {(B(0),C)|C € I'g(o)}is an (r, 1)-star of I'g, where r = |I'g(0)]|. Let ®1 := {(Arc1(['g, 8), Arcy
(I'g, y)I{8, v} € E(I')}. Then ©® is a self-paired (X, 1)-rank-transitive set of (r, 1)-double-stars of I'g. Clearly, 8; =
{{6 e V(I')|Arc1(I'g, §) = Arc;(I'g, 0)}|o € V(I")} is an X-invariant partition of V(I") such that 8 > B;.

We use § to denote the set of triples (I", X, 8) such that I" is a finite X-symmetric graph, 8 is a nontrivial X-invariant
partition of V(I") and I" is not a multicover of I'g. Then for any (I", X, 8) € §, by Jiaetal. [5], 8 > 81 > 1, (['g,, X,
B/B1) € Gand I'g, = M1 (I'g, ©1).Letp(I", X, B1) = (v1, k1, 11, by, dy). Then counting gives that vy |(v, k), r|(r1, b1), d4|d,
vir; = bqky, ridy = rd = val(I"), where (v, k) is the greatest common divisor of v and k and val(I") is the valency of I".
Moreover, p(I'g,, X, 8/81) = (v/v1, k/vi,1,b, by /1).

If 8, is nontrivial and I" is not a multicover of I'g,, we can apply the above process on 8, and get a proper refinement
B, of B4, and so on. Then we have the following theorem.

Theorem 4.1. Let (I', X, B) € §, By := B and
Bit = {{6 € V(I")|Arc;(I'g;, 8) = Arci(I'g;, 0)}|o € V(I')}
fori=20,1,.... Then there exists a unique integer m > 1 such that
B=By>B1>+>Byn=Bpt1="--

is a chain of X-invariant partitions of V(I"). Let p(I", X, B;) = (v;, k;, i, b;, d;) for i = 0, 1, .. .. Then the following statements
hold:

() (X, B)€ G vi=2and1 <k <vi—1fori=0,1,...,m—1.
(2) vigal(i, ki), 1l (i1, big1), digald;, viry = bik; and rid; = val(I") for i =0, ..., m.



B. Jia / Discrete Mathematics 311 (2011) 2623-2629 2627

(3) Oip1 = {(Arc;(I'g;, 0), Arci(I'g;, T)|{o, T} € E(I")} is a self-paired (X, 1)-rank-transitive orbit of (r;, 1)-double-stars of
I'g; suchthat I'g, , = (g, @) fori=0,1,...,m— 1

(4) (I'g;, X, Bi/B;) € § with parameters (vi/vj, ki/vj, 1, bi, bj/1;) such that (I’Bj)gi/ﬁj =rlg,for0<i<j<m

(5) Either of the following two cases occurs:
(5.1) vm =km =1, Bpistrivisland I' = I (I'g,, ,, Op).
(5.2) vy = ki > 2, By, is a nontrivial X-invariant partition of V(I"), such that I" is a multicover of I'g,.

Remark 4.1. Let (v, k) = pq‘ - p;*, where n; is a positive integer fori = 1,...,tandp; < --- < p, are primes. Then
T<m<Y_ m+1

Let B (o) = {8 € B(o)|Arc((I'g, 8) = Arci(I's, o)}. Then for any positive integer I, 8' := {B'(o)|c € V(I')}is an
X-invariant partition of V(") and the actions of X on V; := {Arc/(I'g, 8)|8 € V(I")} and that on B' are permutationally
equivalent under the bijection from V; to B':

Arc(Ig, 8) — B'(8) € B', forArc(I'g, ) € V..

The following theorem shows that the subset Arc;(I"g, o) of I-arcs of I'g corresponds to a block of B; defined in Theorem 4.1.

Theorem 4.2. B' = B, for any integer | > 1.

Proof. For any vertex o of I", denote by B;(c) the block of B; containing o. Clearly, 8! = 8. Inductively, suppose that
B' = B, holds for some integer [ > 1. For any vertex & of I", Arc;.1(I'g, 8) = Arci.1(I's, o) if and only if Arqy(I'g, 8) =
Arc(I's, o) and for any o7 € I'(o) there exists §; € B(oq) N I'(§) so that Arc;(I'g, §1) = Arci(I'g, o1). In other words,
B'(8) = B'(0) and I'zi(8) = I'gi(0). Since B' = By, o and § are in the same block of 8+ if and only if they are in the same
block of B; and they have the same neighbors in I'g,. By the definition of 8,44, the latter condition is satisfied if and only if
o and § are in the same block of By ;. It follows that 8! = B, ;. Therefore, the statement of the theorem holds for [ 4+ 1
and hence by induction for all integers [ > 1. O

For any o € V(I"), Arq((I'g, o) is a set of l-arcs starting from B(c). When | = 1, it is an (r, 1)-star of I'gs. However,
things may be different when [ > 2. The following lemma gives a sufficient and necessary condition for Arc;(I'g, o) to be an
(r, )-star of I'g forany [ > 1.

Lemma 4.3. Let I” be a finite X-symmetric graph, B an X-invariant partition of V(I") withb > 1,0 avertexof " and | > 1
an integer. Then Arc;(I'g, o) is an (r, I)-star of I'g ifand only if d = d;_;.

Proof. The statement is trivial for | = 1. Suppose it holds for some [ > 1. Then Arc.11(I'g, o) is an (r, | + 1)-star of I'g if
and only if forany t € I'(0) and any § € I"' (o) N B(t), both of the following conditions hold:

(i) Arq(I'g, 8) = Arc(I'g, T).

(ii) Arq(I'g, T)isan (r, I)-star of I'g.

According to Theorem 4.2 and the definition of B/, (i) holds if and only if 8 € B;(t). By the arbitrariness of € I'(¢) and
8 € I'(0) N B(t), this happens if and only if I"(6)) N B(t) = I'(0) N Bi(z), thatis, d = d|.

By the induction hypothesis, (ii) holds if and only if d = d;_;. Note d;|d;—; and d;_1|d, so the lemma holds for  + 1 and
hence foralll > 1. O

The following theorem allows us to reconstruct I'g, from I'g and some (r, [)-double-stars of I's.

Theorem 4.4. Let (I', X, B) € 4 be such that d = d;_. Then
0" = {(Ara(I'g, 0), Arci(I's, ) {0, T} € E(I")}
is a set of self-paired (X, 1)-rank-transitive (r, )-double-stars of I'g such that I'g, = I1(I's, oh.
Proof. For any two adjacent vertices o and t of I", by Lemma 4.3, both Arc;(I'g, o) and Arc;(I'g, T) are (r, [)-stars of I'g as

d = di_1. One can check that @' is a self-paired set of (X, 1)-rank-transitive (r, )-double-stars of I'g. By Theorem 4.2, the
mapping B(8) > Arc(I's, 8), for § € V(I'), is a bijection between I'g, and IT(I'g, ©').So 'y, = [1(I'g, ®)). O

The following theorem will be needed in the proof of Theorem 2.2.

Theorem 4.5. Let (I', X, 8) € §, (o, t) anarcof I" and | > m an integer. Then Xare(rg,0) N Xpx) = Xarg(rg,r) N Xpo) if and
onlyif d = dp,.

Proof. Let x be any element of X, () N Xp(r). Then 0* € By11(0) is adjacent to ™ € B(t). By the definition of B 1,
there exists some y € By,(7) adjacent to o*. So t* & B, (1), that is, x & Xp, (r) N Xp(s) if and only if d # dy,. This means that
d= dm if and only ifXBm+1(a) N XB(t) c XBm(r) N XB(a)- By Theorem 4.1, £m+1 = Bn. Note XBm(a) N XB(r) and XBm(t) N XB(a)
are conjugate under z € X which reverses (o, t), so we have d = d, if and only if Xg, (o) N Xgr) = Xp,r) N Xp(o)- BY
Theorems 4.1 and 4.2, the theorem follows. O
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5. Proof of Theorem 2.2

Let X be a finite X-symmetric graph of valency b > 2. Suppose there exists a self-paired (X, s)-rank-transitive set @
of (¥, )-double-stars of X' such that Xs N Xc,.(ry = Xr N Xcy(s) for some (S, T) € ©, wherel > s > 1 andb > F > 1.
Let I' :== [1(X, ®),and B := 4§, where 4 is defined in Lemma 3.3. Then by Lemma 3.3 and Theorem 3.4, the first part of
Theorem 2.2 holds.

Now we show the second part. Let (I", X, B) € § withd = 1 such that I" is (X, s)-arc-transitive. Let | = max{m, s}.
Then by Theorem 4.1, d;_;|d and so d;_; = d = 1. And by Theorem 4.4, ® := ©'is a set of self-paired (X, 1)-rank-transitive
(r, )-double-stars of I'g.

Forany arc (o, t) of I, let S := Ar¢i(I'g, o) and T := Arci(I'g, ). Then (5, T) € ©, Cr;(S) = B(o) and Cr, (T) = B(7).
By Theorem 4.5, we have Xs N XCrS @ =XrN XcrS (S)-

Let (B(o), B(01), ..., B(os)) and (B(o), B(81), ..., B(85)) be two s-arcs of S(s), where (o, 01, ..., 05) and (o, 61, ..., s)
are two s-arcs of I'. As I is (X, s)-arc-transitive, there exists some x € X, < Xp, (») suchthat§f =o;fori=1,...,s,and
hence (B(0), B(0y1), ..., B(0s)) = (B(0), B(81), ..., B(8:))*. By Theorem 4.1, B;(0) = B;(6) as m < L By the analysis in
and above Theorem 4.2, Xp ;) = Xs. S0 x € X5 and hence @ is (X, s)-rank-transitive.

6. Examples

In this section, we give several examples to show the construction of an imprimitive (X, s)-arc-transitive graph I7T from
stars and double-stars of an X-symmetric graph X' such that /7 has a quotient graph isomorphic to X but is not a multicover
of that quotient, where s is a positive integer.

For any integern > 1,let [n] := {1, 2, ..., n}. Let V; = {oj]i € [n]} and V, = {7;]i € [n]} be two disjoint sets of vertices.

The first example shows that a finite (X, 3)-arc-transitive graph may admit an (X, 2)-arc-transitive quotient that is not
(X, 3)-arc-transitive. Note the stars defined below do not have the tree-like structure as they contain cycles.

Example 6.1. For any integer n > 3, denote by K;, the complete graph of vertex set V; U V,. Let X = Aut(Ky,) = Sym([2n]).
Then K3, is (X, 2)-arc-transitive but not (X, 3)-arc-transitive. Let

S={(o1, @i, 05, wli € [n],j € [n]\ {1}, k € [n] \ {i}},

T ={(t1,01, 5, 00)li € [n],j € [n]\ {1}, k € [n] \ {i}}
and ® = {(S, T)*|x € X}.Then @ is a self-paired set of (X, 3)-rank-transitive (n, 3)-double-stars of K. Let IT = IT(K3,, ®),
B = {S*|x € X,,}and B = {B*|x € X}.Then (I1, X, B) € §withm = land (v, k, r, b, d) = ((2”_1) , (2"_2> ,n,2n—1, 1).

n n—1

n

Moreover IT = % (2") Kn.n is (X, 3)-arc-transitive of order 2n (2””_1 )

For any integer n > 3and 1 < m < n, let [n]™ be the set of m-subsets of [n]. Then the odd graph O, (see [1]) is defined
to have vertex set [2n — 1] such that two vertices are adjacent if and only if the corresponding subsets are disjoint.

For any connected (X, 3)-arc-transitive graph X' of valency no less than three, it has been given in Corollary 4.8 of [10]
that X' is a quotient of at least one connected X-symmetric but not (X, 2)-arc-transitive graph. Now the following example
will show that X' may also be a quotient of an (X, 2)-arc-transitive graph.

Example 6.2. Let X = A; < Aut(04). Then Q4 is (X, 3)-arc-transitive (see [6]). For the sake of convenience, we use {ijk} to
denote the subset {i, j, k} of {1, 2, ..., 7}. Set

({123}, {456}, {127}) ({456}, {123}, {457})
({123}, {456}, {137}) ({456}, {123}, {567})
g.— J(123},{457), {126 | . .. J (1456}, {127}, {345})
) ({123}, {457}, {136}) [ ° ] ({456}, {127}, {356})
({123}, {567}, {124}) ({456}, {137}, {245})
({123}, {567}, {134}) ({456}, {137}, {256})

Let ® = {(S, T)*|x € X}. Then @ is a self-paired (X, 2)-rank-transitive orbit of (3, 2)-double-stars of O4. Let IT = I1(04, ®),
B = {S*|x € X3} and 8 = {B*|x € X}. Then (/T,X,8) € ¢ withm = 2, (v,k,r,b,d) = (12,9,3,4,1) and
(v1, ky, 11, b1, d7) = (3,1, 3,9, 1). Moreover, IT is (X, 2)-arc-transitive of order 420.

_ For any finite group X and any x € X, denote by x the right regular representation of x. For any subgroup G of X, let
G={glgelCl=X

Example 6.3. For any prime p > 11 such that p = +1 (mod 8), let X = PSL(2, p), and H the subgroup of X isomorphic to
Sym([4]). By Li et al. [8], there exists an involution z € X \ H such that Nx(P) = P x (z), where P = H N H* = Sym([3]). Let
Y = Cos(X, H, HzH). Then X is a finite (X, 2)-arc-transitive graph of valency 4. Let [H : P] = {Phg, Phy, Ph;, Ph3}, where
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ho = 1.Then Q; := P N P" fori = 1,2, 3 are the only three subgroups of P isomorphic to Z,. Since z € Nx(P), z fixes
{Q1, Q2, Q3} set-wise by conjugation. Note z is an involution, so z belongs to at least one of Nx (Q;), fori = 1, 2, 3. Without
loss of generality, suppose Q = Qs. Let

S = {(H, Hzh;, Hzhjzh))|i € {0, 1, 2},j € {1, 2}}.

Then ® = {(S, SH*|x e X} is a self-paired (X, 2)-rank-transitive orbit of (3, 2)-double-stars of X. Let [T = [1(X, ),
B = {S"|h € H} and 8 = {B*|x € X}. Then (I1,X, 8) € § withm = 1and (v, k, r, b, d) = (4, 3, 3, 4, 1). Moreover, IT is
(X, 2)-arc-transitive.
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