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ABSTRACT

Recently the study of completely positive maps has become important to the
results of Brown, Douglas, and Fillmore on Ext(&), € a C*-algebra. Attempts to solve
questions related to Ext have often turned into questions about the matrix algebras
M,,. In this paper we wish to discuss a notion of C*-convexity related to completely
positive linear maps, to state some facts about C*-convexity, and to ask some
questions about C*-convexity. To a large degree, the tone of this paper is expository.

Recently the study of completely positive maps has become important to
the results of Brown, Douglas, and Fillmore on Ext(@), @ a C*-algebra.
Attempts to solve questions related to Ext have often turned into questions
about the matrix algebras M,,. In this paper we wish to discuss a notion of
C*-convexity related to completely positive linear maps, to state some facts
about C*-convexity, and to ask some questions about C*-convexity. To a
large degree, the tone of this paper is expository.

We shall let £(J() denote the algebra of bounded linear operators on a
(separable) Hilbert space JC, and let M,, denote the algebra of complex nxn
matrices. Our general references are [8] and [14].
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64 RICHARD I. LOEBL AND VERN I. PAULSEN

DerintTioN 1. A set HCL(IC) is C*-convex if {x,,...,x,} CK, and
{AL,..., A} CE(IC) with Z7_,A%A,=1 implies that Z]_ | Atx;A,€%.

Let us give some examples of C*-convex sets, Notice that {x} is C*-convex
if and only if x=A1 for some scalar A.

Exampre 1. Let P={T:0<T<1}; then & is C*-convex, for clearly
OKIAIT,A;,,but T,<1 = AIT,A,;<A¥A,, 50 ZATT,A,<ZATA,=1

ExampLE 2. Let K be the set of TEL(I() such that the numerical
radius w(T) < r, for r>0. Then for z€J(, || z|| =1, we have [(C AT Az, z )|
<Z[KAIT Az, 20 [=ZKTAz, Az )| <rZ|| Az || 2 =r.

ExampLE 3. Let Bz={T:||T||<R}; then on £(J()®M,,, we have

At A" T, 0 A,
. : 0
0 nxXn 0 Tﬂ nxn Aﬂ nXxn
DAY TA, 0
0 e 0
AT - AL T A,
< ' 0
0 T A
D A%A, 0
<R =R
0 0

Before the next example, we remind the reader that a linear map ¢
between C*-algebras @ and B is said to be completely positive if for all n,
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the map ¢, =9p®id ,: EQOM,>BRM , is positive. A well-known theorem of
Stinespring characterizes completely positive maps.

Tueorem 2 [16]). The linear map @:@—%B [CL(I)] is completely
positive if and only if there is a *-representation w of @ on £(H), for some
Hilbert space K., and a map V: X~ such that p(A)=V*7(A)V for all
AEQ.

ExampLE 4. In [2,3], Arveson defined the nth matrix range of an
operator T, denoted W, (T), as W,(T)={¢(T): ¢ is a completely positive
map from C*(T)—M,, with ¢(1)=1}. We claim that U (T) is C*-convex; for
if @;,..., @, are completely positive maps as above, and ZATA,; =1, then
o(A) = ZAtp,(A)A; is another such completely positive map. By
Stinespring’s theorem it is evident that each summand A}g, A, is completely
positive, and it is easy to see that the sum of completely positive maps is
completely positive. By Stinespring’s theorem each ¢, = V*,V,, and ¢,(1)=1
implies V*V,=1; but then o(1)=3AIV*V,A,=3A}(1)A;=1. Thus if
Ty,..., T, €W,(T), then T, =g¢,(T), where ¢, are as above, and TAIT,A, =
o(T)EWL(T).

We remark that Examples 1, 2, and 3 are all special cases of Example 4
[2,13].

Remarx 1. If K is C*-convex, then K is convex in the usual sense.

Remark 2. If K is C*-convex and KEX, then {V*KV:V*V=1}CH
and {VKV*:VV*=1} CH.In particular, if His C*-convex, KEX, and L is
unitarily equivalent to K, then LeX.

Remark 3. From Remark 2, it is easy to see that the segment [0, A]=

{T:0< T<A} is not in general C*-convex, although the segment is convex in
the usual sense [10]. For example, if

then

is unitarily equivalent to A, but B€ A (and also A € B).



66 RICHARD I. LOEBL AND VERN 1. PAULSEN

Remark 4. The notion of C*-convexity is unchanged by translation by a
fixed scalar, that is, +al is C*-convex if and only if K is. Thus if al €%,
then for purposes of C*-convexity we can assume 0€ %K. However, transla-
tion by scalars is apparently the only allowable translation in the study of
C*-convexity, in contrast with the usual study of convexity [10].

DerFinition 3. If S CE(I(), let MCL(S) denote the smallest norm-closed
C*-convex set containing S.

Remark 5. It is easy to see that MCL(&)= M X, the intersection taken
over all norm-closed C*-convex sets X2$&. Note also that MCL(S—A)=
MCL(S)—A, and that MCL($*)=MCL(S)*.

Lemma 4. If K is C*-convex, so is its norm closure.
Proof. Let T,,...,T, €K, and let A,,..., A, be such that SAIA, =1.

Then for each i, A¥A, <1, so||A,[| < 1. Let ¢ >0, and for each i, let S, be an
element of K with ||T; —S,|| <e/n. Then by hypothesis we have SA*S,A, €

X, and furthermore ||ZAIT,A,~SAIS Al =|ZANT,— S)A;| <
S AT, —S)A, 1 <SIATIIT, Sl A, | < Se/n=rc. Hence SAITA, €%,
as was to be proved. ]

Let co S denote the (usual) closed convex hull of S.
LemMa 5. MCL(8)=MCL(coS), for SCL().

Proof. Clearly SCMCL(3); but MCL(S) is closed by definition, and
convex by Remark 1 above. Thus co SCMCL(5), and hence MCL(coS)C
MCL(S). On the other hand, $ Cco S; therefore MCL(S)CMCL(coS). m

The following results are consequences of the deep theory concerning
Ext [4], but are readily obtainable from first principles.

Lemma 6. Let SCLE(I0), where I is infinite dimensional. If & contains
a compact operator, then 0 EMCL(S).

Proof. Let K be a compact operator in &, and let U denote a unilateral
shift. We have that U™*KU"EMCL(S) for all positive integers n, while
JU™*KU™||—0 as n— + oo. Thus, 0 EMCL(S) by closure. ]

We recall that if A E0,,(T'), then there exists an orthonormal sequence of
vectors {x,} such that ||(T—~A)x, ||>0 as n—+ oo.
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Lemma 7. If TEL(K), I infinite dimensional, and A€o, (T), then
AEMCL(T).

Proof. Let {x,} be an orthonormal sequence with ||(T—A)x, | <1/2",
let {e,} be an orthonormal basis for J(, and let V be an isometry such that
Ve,=x,. We have that V*(T—A)VEMCL(T—A), and we claim that V¥(T
—A)V is compact. Indeed, if P,, denotes the projection onto the span of
{e),...,e,}, then V¥(T—A)VP,, is finite rank and ||V¥*(T—-A)V—-V*T-A)
VP, ||>0 as m— + oo, since ||[V¥T—A)V(I1—P, ) E2 a;¢)| <|(T—A)
VER 12, | = IZ5meral T-Nx, || < S lag [(T-N)x, || <

t=m+l|a l )1/2(21—m+l”(T }\) s” )1/2<”2(’>o=1a’e'”/3x4m. Thus, we
have that MCL(T—A) contains a compact operator. Hence, by Lemma 6,
0EMCL(T—A) and so A& MCL(T) by Remark 5. [ ]

We recall that the essential spectrum of T, o,(T), satisfies 0,(T)=

0,(T)ua, (T*) [8]

Lemma 8. If TER(I(), I separable and infinite dimensional, and
AEg,(T), then A\ E MCL(T).

Proof. If A€a,,(T), we are done by Lemma 7. Otherwise, AEa, (T*),
and so by Lemma 7, A EMCL(T*)=MCL(T)* and we are done. [}

Lemma 9. If TEM, and A€o(T), then \E MCL(T).

Proof. There exists a unitary U such that the (1,1) entry of U*TU is A.
If E,. denote the usual matrix units, then we have that A= 2;’_1
Jord ,U*TUEI | EMCL(T). ™

We shall show in Remark 11 that for JC separable and infinite dimen-
sional and T€£(J(), it is possible for AE€g(T), while A&MCL(T).

The importance of Lemmas 8 and 9 is that any closed C*-convex set
necessarily contains a scalar. Note also that in the finite dimensional case any
C*-convex set contains a scalar.

DeriniTION 10.  For S, TEL(J(), the C*-segment connecting S and T,
denoted S(S, T'), is defined to be the set { A*SA+B*TB: A*A+B*B=1}.
Examples show that S(S, T') is not, in general, C*-convex. Thus let

1 O)
S= T=0.
(0 or
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Then S(S,T) consists entirely of rank-1 matrices; yet it contains S and

0 , whose midpoint is rank-2; so it is not even convex. However, we

shall show (Theorems 15 and 16) that, as in ordinary convexity, if a set
contains the C*-segments joining each pair of elements in the set, then the
set is C*-convex,

DeFintTION 11, For S, TEL (), the C*-convex segment connecting S
and T, denoted MS(S,T), is defined to be the set {Z7. A*SA,
+27.BTB;: 2,ATA;+ 2B} B;=1}.

LemMma 12, For S, TELR(H), MS(S, T) is C*-convex and contains both S
and T.

Proof. Clearly S and T belong to MS(S, T). Let x,,...x, EMS(S, T), so
each x, = 7%, AFSAN + 3o BO'TBY). 1f S7_ UM, =1, then
Se_,Ukx, U, =3, Uk (2”’* A<’°> SA 4 2"* BM'TBX) U, = 3, =, Ut
AP'SAPU, + 5,37, IU“‘B,“‘)'TB“‘)Uk But lookmg at the coefficients, we
have 3,37 U*A(")'A MU, + 2,27 U BVBOU, = S,UF (ST, AR AP +
Tk B(k)'B(k))Uk EkU*(l)Uk—l completmg the proof. n

Lemma 13, If T>0, then {S:0<S<T}CS(,T).

Proof. 1t suffices to show that if 0<S< T, then there is an operator A
with S=A*TA and A*A<1, ie, S=A*TA+VI1—-A*A OVI-A*A
€MS(0, T). However, since 0< S< T, then 0< VS < VT . By a theorem of
Douglas [7] there is an operator A with ||A||<1 such that VS =VT A.
Then S=(VS)*VS =(A*VT)VT A)=A*TA, and ||A||<1 implies
A*AL L n

Remark 6. From Remark 3, we see that the inclusion in Lemma 13 is,
in general, strict. Furthermore, it is easy to see that $(0,1)=MS(0,1)=% as
given in Example 1.

CoroLLary 14, Let X be C*-convex, and suppose 0€K. Then for
0< TEX, we have {S:0<S<T}CHK.

Remark 7. If K is C*-convex and 0K, then for all XK and
IA] <1, we have A*XAEK, for A* XA=A*XA+V]I—-A*A OVI—A*A .
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This means that we can write A*XA =] A|U*XU| A|, where A=U| A| is the
polar decomposition of A, so A*XA=|A|Y|A|, where YEX.

THEOREM 15. Let XCM,,. Then H is C*-convex if and only if S(S,T)C
K for all S and T in K.

Proof. If His C*-convex, then clearly K contains S(S, T) for all Sand T
in K.

To prove the converse, note that by Lemma 9 K contains a scalar, and
since all of the above properties are preserved by translation by scalars, we
may assume that 0€ XK.

To show that ¥ is C*-convex, we need to show that if {X,,..., X,}CK
and 7_ A*A;=1, then I7_,ATX;A, is in . We shall prove by induction
that if K contains every sum with n—1 terms, then K contains every sum
with n terms (n > 3). We note that ¥ contains every sum with 1 or 2 terms
by hypothesis.

Given {X,,..., X,}CH and Z}_,A*A,=1, write A;=U, P, in canonical
polar decomposition, so that 27_, P*=1. Furthermore, if Y;=U*X,U,, then
by Remark 7, Y,EX.

Let P=(1—P2)"/2, so that 372} P?=P? and hence for 1 <i<n, PZ< P2,
We recall Douglas’ factorization [7]; for any v€JI(, || P,v|| < || Po||, and so by
setting B;(Pv)=F,v, we can define a contraction on the range of P which can
be extended by continuity to the closure of the range. The orthocomplement
of the range of P is the kernel of P, which is contained in the kernel of P,
and for v in the kernel of P we set Bjv=v/Vn—1. Thus B;P=P,, and so
P, =PB}. For any vector of the form Pv, + v, whereu, is in the kernel of P,
since P,v, =0 for 1<i<n, we have that

n—1 n—1
( > B¥B,(Pv,+v,), Pvl+vz)=( > B,(Po,+v,), B,.(Pvl+vz))

i=1 i=1

n—1 1 1

= 2 (Pioi+ Uy, P+ 02)
i=1 n—1 Vn—1
n—1

= ((Pizvl’ vy)+ n—ii(vz’ 02))

i=1

= (P2, v;)+ (g, 0g) =P, + 05| %
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Since the vectors of the form Pv,+wv, are dense in I, we have that
2P IB*B,=1.

Finally, we may write 7.,AIX,A,=30,BY,P,=P(SI- BIY,B,]
P+P)Y, P,, where the term in brackets belongs to ¥ by the inductive
hypothesis. Thus, since P2+P"2= 1, we have written a sum with n terms as
something which lies on the matricial segment connecting two members of

X, and thus it is in K. This completes the proof. .

We remark that the above proof works for closed subsets of £(J(), since
by Lemma 9 they also contain scalars. However, the hypothesis of closure is
unnecessary. This fact was pointed out to us by the referee, to whom the
following is due:

THEOREM 16. Let X CL(I(), infinite dimensional. Then K is C*-convex
if and only if S(S, T)CK for all S and T in K.

Proof. Tt will be sufficient to show that if S(S, T)C X for all S, TEX,
then K is C*-convex, since the other implication is clear.

We begin by observing that if U: 3(~3C®I( is unitary, then X=U*(S®
T)U is in S(S, T). For if A;=(1®0)U, A,=(0D1)U, then A, A,€L(C),
A%A +A2A,=1, and X=ASA, +A%TA,.

Thus, if S(S,T)CK for all S and T in K, then by induction for any
{X4,-.., X} CK and unitary U: H>HD--- ®I, we have U*(X,
@--- ®X, ) UeK. Thus, given {A,,..., A, }CE(H) with Z7_,A*A,=1,
and {Xj,..., X, }CHK, let U: H>3HD--- DK be unitary, and set X=
UXX, @ ®X,UEK and A=U*A,@ - BA,)EL(H). We have

T1ATX,A,;=A*XA€EX, since A*A=1. This completes the proof of the
Theorem. N

We have been unable to find one proof which works in both the infinite-
and the finite-dimensional case.

Remark 8. If K is C*-convex with 0EH, and T=A1X, A, +A3X, 4,
where X, X, €X and A%A,+A%A, =1, we can write T=|A,|Y;|A,|+
[Ag|Y,[Ay| where Y, Y, €EX. But since |[A,|%2+|A,|%=1, it follows that
[A;[| commutes with |A,|. That is to say, T can be written using commuting
positive coefficients.

The next lemma shows that for C*-convex sets, two coefficients usually
suffice.

Lemma 17.  Let K be a closed C*-convex set. Let {X )32, be a bounded

subset of H, and let TTA*A;=1 (in norm). Suppose ZTA*X,A,=TeX.
Then T=A*X, A+ B*YB, where YEK and A*A+B*B=1.
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Proof. LetZ=3;A%A,; then1—Z2> 3, so1—Z is positive and invertible;
hence V1—Z is also positive and invertible. Now let B,=1 A (VI—Z)~!
and for j>2 let B;=A,(V1—-Z)"'. Then SYB}B,=(V1-Z )7'(; A1A,+
SPATA,)(VIZZ ) = (VI=Z ) 7'(} ATA,+1-AIA)VI-Z) =
(VI=Z) Y1—Z)V1=Z ) '=1. Then if Y=3B}X,B,, a simple norm
estimate shows that YEX. Thus, we have that T=(; A\)*X,( A,)+
V1-Z YV1-2Z, as desired. |

We remark that the closure of K is not needed for finite sums, and if
% 1ATA;=1 in the strong operator topology, we can take K to be strongly
closed.

Remark 9. In view of the above results it is somewhat surprising that
the sets {Z2,A¥TA;:ZA¥A,;=1} where the infinite sums are taken to
converge either in norm, strongly, or weakly, while C*-convex, are not
necessarily equal to MCL(T). To see this one need only consider a positive
operator T with trivial kernel and 0€0,(T). By Lemma 8, 0&MCI(T),
while all of the elements of the above sets necessarily have trivial kernels.

However, this problem does not occur in finite dimensions, as the
following shows:

Lemma 18. Let H={X,,..., X,} CM;. Then MCL(¥)=
{E2,ATX;,A 22 ATA=1 (in norm), X ;€N }.

Proof. Let @=M,®--- ®M; (n times); then & is a C*-algebra with
|1 X;D--- BX,||=max| X;||. Hence for X=X,b--- X, €@, the set
Ux(X) is compact and C*-convex, and HC U, (X). Thus, MCL(E}C) C"llf W X).
It is easy to see that any representation 7 of & is of the form 7=7,®--- &7,
with each 7(X,)=X;®14. [14]. Since every completely positive map from
C*(X) to M, can be extended to one from @ to M,, by Stinespring’s theorem
we conclude that UWy(X)={ATX;A;:ZATA, =1, strongly and X €X}.
Thus, W, (X) is contained in the strongly closed C*-convex set generated by
X. But by the finite-dimensionality of M,, all closures coincide, so U, (X)=
MCL(%), which concludes the proof.

Remark 10. This argument really shows that for bounded sets X,
{ZTATX,A;:ZATA,;=1 strongly, X,€X for all i} lies in every weakly
(strongly) closed C*-convex set containing X.
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Lemma 19. Let K be a closed C*-convex set contained in M,,, and let
TeX. If U, (T) denotes Arveson’s nth matrix range of T (as in Example 4),
then U, (T)CK.

Proof. let o: M,—M, be a completely positive map with ¢(1,)=1,.
Then by Stinespring’s theorem, ¢ =V*7V, where 7 is a *-representation of
M, and V*V=1. But this forces #(T)=T®]1,. and VE=(V£,...,V,§,...),
where V,EM, and ZIV*V,=1, (in norm) [14]. Then ¢(T)=V*n(T)V
=3IV*TVEX. [}

CoroLraRy 20. For TEM,,, W, (T)=MCL(T)={SV*TV,: SV*V,=1}.

Proof. We have that T€W(T), since id: M,—M,, is completely posi-
tive, and by Lemma 19, U (T) CMCL(T). However, %,(T) is compact [2],
hence closed and C*-convex (Example 3), so MCL(T)C W, (T). The last
inclusion was shown in the proof of Lemma 19. | |

By a result of [3] it follows that if S, T are in M,, and are irreducible, then
S is unitarily equivalent to T if and only if MCL(S)=MCIL(T).

Remark 11. In view of Corollary 20 and Remark 9, it is perhaps
reasonable to conjecture that for JC separable and infinite dimensional,
MCL(T)D {2 ,A¥TA,: SA*A =1 strongly}. This however is false, as the
following example shows.

Let T be the compact diagonal operator T=(t, ;) with ¢; ,=A, ¢, ;=0
otherwise. Then, if E; ; denote the usual matrix units, we have 272, E} JE, ;
=1 strongly, and 372 | EY ;TE, ; =\ strongly. However, since T is compact,
every element of MCL(T') will be compact. This example shows that one can
have AEg(T), but A&MCL(T), and also A€W (T) (the closed numerical

range), while A&MCL(T).

We now introduce a notion of extreme points in C*-convex sets.

DerFINtTION 21, Z is a proper matrix combination of {X,,..., X} if
Z=3T7A*X,A, where Z}ATA,;=1 and each A, is invertible.

DerFiNtTiON 22. Suppose K is a C*-convex set. Then ZE€X is a C*-
extreme point of K if whenever Z is a proper matricial combination of
{X,,..., X, } CH, then each X, is unitarily equivalent to Z.

It is easy to see that for A, scalars, Definition 22 reduces to the usual
definition of an extreme point of a convex set, up to unitary equivalence.
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Notice that by Lemma 17, we need only check sums with two terms for
C*-extremeness. Furthermore, since each A, is invertible, this means that in
the polar decomposition A ;= U, P,, U, will be unitary. Thus, Z is a C*-extreme
point of K if and only if whenever Z is a proper matricial combination of
{X,, X,} CK with positive, invertible coefficients, then each X is unitarily
equivalent to Z. Note also that necessarily the positive coefficients commute.

Remark 12. If Z is an element in the C*-convex set K, then for any
unitary U, W=U*ZU€E€¥X; so we can write Z=(3U)W(GU )*+(; U)W(s U)*,
that is Z is a proper matrix combination of W. This phenomenon explams the
unitary equivalence statement in the definition of C*-extreme point. Only in
the trivial case = {A,1} is the unitary equivalence unnecessary.

Remark 13. Further, it follows that if Z is a C*-extreme point of the
C*-convex set X, then for any W unitarily equivalent to Z, we have that W
is also a C*-extreme point of J. Similarly, —Z and Z* will also be
C*-extreme, in —H and J0*, respectively.

ProrosiTion 23.  If T is a C*-extreme point of a C*-convex subset N of
M, then T is a linear extreme point of K.

Proof. Suppose not; then T=tX+(1—-¢)Y, where 0<t<1, X+ T, and
Y#T. By the C*-extremity of T, X and Y are unitarily equivalent to T.
Thus, T is written as a proper linear combination of points in its unitary
orbit. By [9], every operator in M,, is linearly extreme in its unitary orbit.
This contradiction completes the proof. a

ProposiTioN 24. Let B, = {T:||T|| < 1) CEL(I); then the unitaries are
C*-extreme points of B,.

<1, P,>0 for i=1,2 and P+ P2=1. Note that
that Py Py

P, P\(X, P, -P,
-P, PJ\0 X,/\P P,
—P,X,P,+P,X,P, )

( PXP1+P1X P, *

Proof. Let U be unitary and suppose U=P X, P, +P, X, P,, with || X,||
j is unitary and
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Since U is unitary and the norm of the product is not greater than 1, we have
that 0= — P, X,P,+ P, X, P, = -—P2X1P1+P,X2P2. From the first expression
we soe that X, =P 'P,X,P,P;', and from the second that X,=P; P, X,
P, P; . Thus, we obtain X,P2P; ® —P2 2P{‘"X 2. Since P1 and P, oommute, we
see that X, commutes w1th ) g —P2(1 PH 'l=—14+(1-P2)) " !=
—1+P; 2. Hence X, commutes w1th P;?, and so by the spectral theorem
with P, and P;.

This shows that X, =Py 'P, X, P, P; '=X,, and hence that U=P, X, P, +
P,X,P,=X,=X,. Thus U is C*-extreme. [ ]

CoroLrarY 25. If B, CM,,, then the C*-extreme points of B, are the
unitaries.

Proof. Since the linear extreme points of B, are the unitaries, we are
done by Propositions 23 and 24. [ ]

ProrosrTioN 26. Let P={T:0< T<1}CL (), I separable; then the
projections are C*-extreme in &.

Proof. Let P be a projection, and suppose P=P,X,P,+ P, X, P,, with
P,>0, 0<X,<1, and P2+P2=1. If z€PI, then (X, Pz, P;z)+
(XyPyz, Poz) ={(PyX,Py+ Py X, Py)z, 2) =( Pz, 2) =(z,2) ={(P{ +F5)
2,2)={Pyz, P,z) +{Pyz, Pyz>», and since 0<X,<1, {X,;Pz, Pz>=
{P,z, P,z for i=1,2. Thus, X;=1 on P,PJ(. A similar calculation shows
that X;=0 on P,(PJ()*, and so P,PINP,(PI)* =(0).

Since each P, is mvertlble, P,P3Cand P,(PI()" are closed subspaces with
dim(P¥)= dlm(P(P‘JC)) and dlm((P‘JC) )=dim(P(PIC)*); further IH=
P(PI)+P(PI)*. Thus for each i, I=IM, +I;, where I, is a closed
subspace with X, =1, 9, is a closed subspace with X;=0, and 9\1, NI, =(0).
Since each X, > 0 it follows that each X is an orthogonal projection, and the
dimensions then imply that each X is unitarily equivalent to P. ]

ProposITION 27.  Let 5={T: —1<T<1}CL(I(). Then S is C*-convex,
and the C*-extreme points of & belong to {2E—1: E> 0 is a projection}.

Proof. Since matrix combinations are scalar-order preserving, it is easy
to see that & is C*-convex. For any TES, we can write T=T,0 T, where
T,>0; let }=3C,DI(, be the corresponding decomposition of I and P,, P,
the corresponding projections. Let Y=2T, —2T,+ P,— P|; then YES. Fur-
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ther, T=\/§‘ Y\/é— +\/;(P1—-P2)\/%l. If T is C*-extreme in 5, then T is
unitarily equivalent to P, —P,=2P, ~1, so T=2E—1 where E>0 is a
projection. |

ProrosiTioN 28. Let P={T:0<T<1}CE(I). If Q is a C*-extreme
point of &P, then Q is a projection.

Proof. We claim that if Q is C*-extreme in ¥, then T=2Q-1 is
C*-extreme in &. For suppose we write T=P,X,P,+P,X,P, as a proper
matrix combination of {X;, X,} C8, where some X is not unitarily equiva-
lent to T; let ¥;=(1+X,)/2. Then Q=P,Y, P +P2Y2P2 is a representation of
Q as a proper matrix combmatlon of elements of &, but since X, is not
unitarily equivalent to T, Y, is not unitarily equivalent to Q. This con-
tradicts the C*-extremity of Q, and hence T is indeed C*-extreme in &. But
then by Proposition 27, 2Q—~1=T=2E—1, where E > 0 is a projection, and
hence Q is a projection. [ ]

CoRoLLARY 29. Q is C*-extreme in P if and only if Q is a projection.

Remark 14. Corollary 29 shows that the C*-extreme points of & are
identical with the usual extreme points [14]. Because of the unitary equiva-
lence built into the definition of C*-extreme points, the C*-extreme points of
% are completely specified by giving the dimension and codimension of the
projection; for finite dimensions, only the dimension is needed, so in M,
there are basically only n+1 C*-extreme points. Notice also that in M,
every element of ¥ is a matricial combination of at most two C*-extreme
points, namely 0 and 1, for if 0<T<1, then T=VT1VT +VI1-T
OV1-T; as a linearly convex combination of extreme points, such an
element T will generally require many more than two extreme points.

QuesTION 1. When are X and Y C*-extreme points of MS(X, Y)? The
case {X,Y}={0,1} shows that there may be many others. The same
difficulty occurs when {X,Y}={-1,1}.

Remark 15. Since a C*-convex set is linearly convex, and since being
linearly extreme is a unitary invariant, one expects that every C*-extreme
point is linearly extreme (see Proposition 23).
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Remark 16. In %, = {x:|jx || <1}, a C*-extreme point must have norm
1, for if 0<{jx|| <1, we can write

xﬂ/nxnn x \/||x||+1 +\/1—”x“ —x1/1—||xn
2 x|l 2 2 x| 2

Hence x will be extreme only if ||x | =1. Proposition 24 establishes much
more,

We now wish to make some comments about the matrix ranges U,(T).
We have previously observed that U, (T) is a compact C*-convex subset of
M,. Let P, be the linear map from C"—C"*! given by P,([x,,...,x,])
=[x,,...,x,,0].

ProposiTioN 30. The matrix ranges of an operator T satisfy U (T)
=B, (T)E,.

Proof. Let @: C*(T)—>M,,, be a completely positive map with ¢(1)=
1,41 By Stinespring’s theorem, ¢ =V*7V, where 7 is a *-representation of
C*(T) on £(¥) and V:C""'IC with V*V=I,,,. Then ¢=P*¢P,=
P¥(V*nV)P,=(VP,)*w(VP,) is a completely positive map from C*(T)—
M, ,and ¢(1)=P*o(1)P, =P}, P,=I,. This shows that P*°U, , (T)P,C
W.(T).

Conversely, let ¢: C*(T)—>M,, be completely positive with ¢(1)=1. Then
¢=P,pP} is a completely positive map from C*(T)—M,, , , with ¢(1)=F, P},
which is a projection of rank n. Let ¢ be a state on C*(T); then 6: x—
o(x)(I,,, —P,P¥) is a positive linear map of C*(T) to an abelian C*-algebra,
and hence completely positive [1]. Then ¥=¢+6 is a completely positive
map from C*(T)->M,,, with ¥(1)=¢(1)+6(1)=PF,P} +(I,,,—F,P})
=1, Then it is easy to see that P¥VP =P*(§+6)P, =P} (PoP)F,
+P:[U(In+1—PnPn*)]Pn=q)and SO%n -C—P:%n+lpn‘ .

The proof of the following result was pointed out to us by Norberto
Salinas.

ProposiTioN 31. A set XCM, satisfies H=CW (T) for some separably
acting T if and only if K is compact and C*-convex.

Proof. If H=CU,(T), then K is compact and C*-convex [3]. Conversely,
if XCM,, is compact and C*-convex, then K is hypoconvex in the sense of
Salinas [15). Hence, there is a separably acting operator T with R*(T)=X,
and W (T)="HK. |
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CommenTs. Recently, Hopenwasser, Moore, and the author have shown
that the C*-extreme points of B, C£(J() coincide with the linear extreme
points.

In several papers, Salinas has introduced sets of nXn matrices associated
with an operator, for example the essential matricial spectrum. Furthermore,
these sets are, in general, C*-convex. One of the useful results of Arveson is
{1, 3.1.2], which states that for an operator T, a point in the spectrum of T
which lies on the boundary of the numerical range corresponds to a
character (complex homomorphism) of C*(T'). There is reason to believe that
a similar result holds for C*-extreme points, which would be extremely
useful. We refer the reader to the work of Salinas for elaboration on this
subject. Notice also that it is the finite-dimensional case which is of greatest
interest,

Also, suppose A, BEM,, are irreducible, i.e., C*(A)=C*(B)=M,,. Then

Arveson has shown that A is unitarily equivalent to B if and only if
UW,(A)=°W, (B) [2,3]. Furthermore, since by Propcsition 31 any C*-convex
subset of M, is the matrix range of some operator, we feel that the study of
C*-convex sets would sharpen and/or make computationally feasible the
results of Arveson on unitary equivalence of irreducible compact operators
{3}
Let O(X)={U*XU:U is unitary}. It is not known if X is a proper
matricial combination of points of O(X). We have heard that A. M. Davie
has done some work on this question. See [9] for some results on the linear
extreme points of O(X).

We should also remark that Davis [6] mentions C*-convexity, without the
name and in another context; see p. 195.

It is our feeling that for compact C*-convex sets a form of Krein-Milman-
type theorem should hold. At present we do not know how to establish this
result. If T is normal, then the linear structure of U, (T') provides sufficient
information to recapture much important information about T', but if T is not
normal complications arise. It is to resolve these complications that our
interest in C*-convexity arose. Furthermore, it is hoped that the set MCL(T)
will serve as a useful notion of an “operator-valued spectrum” in the spirit of
the papers of Hadwin [17)]. In a forthcoming paper we study MCL(T') in this
context. ‘

Finally, we would like to remark that most of this work carries over when
£(JC) is replaced by a more general C*-algebra. For example, the set {X}
would be C*-convex in the C*-algebra ( if and only if X is an element of the
center of &.

We wish to thank the referee and Norberto Salinas for their many
contributions to this paper. In particular, Remark 9 and Theorem 16 are due
to the referee, and Norberto Salinas suggested Propositions 24 and 31.



78

RICHARD I. LOEBL AND VERN 1. PAULSEN

REFERENCES

[ ]

10

11

12

13

14
15

16

17

William B. Arveson, Subalgebras of C*-algebras, Acta Math. 123:141-224
(1969).

______, Subalgebras of C*-algebras II, Acta Math. 128:217-308 (1972).

, Unitary invariants for compact operators, Bull. Amer. Math. Soc.
76:88-91 (1970).

L. Brown, R. Douglas, and P. Fillmore, Unitary Invariance Modulo the Compact
Operators and Extensions of C*-Algebras, Lecture Notes in Math., Vol. 345,
Springer, New York, 1973, pp. 58-128.

John Bunce and N. Salinas, Completely positive maps on C*-algebras and the
left matricial spectra of an operator, Duke Math. J. 43:747-774 (1976).
Chandler Davis, Notions generalizing convexity for functions defined on spaces
of matrices, in Proceedings of the Symposium on Pure Mathematics, Vol. VII,
Amer. Math. Soc., Providence, 1963, pp. 187-201.

R. G. Douglas, On majorization, factorization and range inclusion of operators
on Hilbert space, Proc. Amer. Math. Soc. 17:413-415 (1966).

P. R. Halmos, A Hilbert Space Problem Book, Van Nostrand, Princeton, 1967.
R. 1. Loebl, A remark on unitary orbits, Acta Math. Sinica, 7:401-407 (1979).
F. J. Narcowich, On the extreme point of the interval between two operators,
Proc. Amer. Math. Soc. 67:84—86 (1977).

C. Pearcy and N. Salinas, Finite dimensional representations of C*-algebras and
the reducing matricial spectra of an operator, Rev. Roumaine Math. Pures Appl.
20:567-598 (1975).

, The reducing essential matricial spectra of an operator, Duke Math. J.
49:423- 434 (1975).

F. Pollack, Properties of the matrix range of an operator, Indiana Univ. Math. J.
22:419-427 (1972).

S. Sakai, C*-algebras and W*-algebras, Springer, Berlin, 1971.

Norberto Salinas, Extensions of C*-algebras and essential n-normal operators,
Bull. Amer. Math. Soc. 82:143—146 (1976).

W. F. Stinespring, Positive functions on C*-algebras, Proc. Amer. Math. Soc.
6:211-216 (1955).

Donald W. Hadwin, An operator-valued spectrum, Indiana Univ. Math. ].
26:329-340 (1977).

Received May 1979; revised 18 July 1979



