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The length of a cycle basis of a graph G is the sum of the lengths of its cycles. Let ¢, ¢* be
the lengths of the minimal and maximal cycle basis, respectively. Then G has the cycle basis
interpolation property (cbip) if for all integers ¢, ¢~ <c=c", there exists a cycle basis of
length c. We construct two families of graphs with the cbip, namely snake-graphs and
kite-graphs.

1. Introduction

Let G be a simple, undirected and connected graph with p vertices and g edges.
All cycles, the disjoint unions of cycles in G and an empty set form a vector space
over the field of integers modulo 2, where the addition corresponds to the
symmetric difference of edge sets. A basis of this cycle space is called a cycle
basis. It is well known that when G is connected, the dimension m = m(G) of the
cycle space of G satisfies m=q —p + 1.

The length of a cycle C is the number of edges in it and is denoted by /(C). The
length of a cycle basis € ={C,, Cs, ..., C,} is the sum of the lengths of its
cycles:

I(c) = gmll(ci).

Let ¢ =¢(G) and ¢"=c¢*(G) be the minimum and maximum length,
respectively, of a cycle basis of G. Then G has the cycle basis interpolation
property (cbip) if for all integers ¢, ¢c” <c=<c", G has a cycle basis of length c.

For the symmetric difference of cycles we use the notation C,®D C,, L C.
Terminology not given here can be found in [1].

Some elementary properties of cycle bases relevant for studying graphs with the
cbip can be found in [2]. Two families of graphs with the cbip are known, namely
complete graphs K, and wheels W, ([2]). We prove that snake-graphs and
kite-graphs also satisfy the cbip. The proofs are based on the following lemma:

Lemma 1.1 [2]. If m cycles €' = {C;, C3, ..., C,} generate all cycles of some
cycle basis € ={C,, Cy, ..., C,}, then €' is also a cycle basis.
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2. Snake-graphs

It is clear that graphs K, and W, have a triangular cycle basis. Studying the cbip
of these and some other graphs, the authors of [2] conjecture that:

Conjecture 1. Every biconnected graph which has a triangular cycle basis has the
cbip.

The snake graphs described in this section form one more family of graphs
having a triangular cycle basis and satisfying the cbip.

Definition. Snake-graph S,,, m =2, is a maximal outerplanar graph whose cycle
graph Gg_ is a path of m vertices (Fig. 1).
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Fig. 1. The snake-graphs S, and their cycle graphs 45 form =2, 3, 4.

It is clear that every S, has a triangular cycle basis as the minimal basis. To
identify a cycle basis of the particular length ¢, we first characterize m cycles of
the total length ¢ and then show that they generate a triangular cycle basis of S,
(Lemma 1.1) (Fig. 2).

Fig. 2. The snake-graph S, with its cycle graph §; (the path (x;, x5, . . ., x,,))-

Let us denote by ¢; a triangle of §,, corresponding to the vertex x; in Gs ,
i=1,2,3,...,m
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These triangles form the minimal cycle basis %, of the graph S,,
Bn={t1, ..., tx} and UB,)=3m.

Define C*? =4, @4, D+ ®Dt,, 1<sk<p=m. C* is a cycle of the length
p—k+3:1(C*")=p—k+3.
Consider a set of cycles

%:1 — {Cl,m, C2,m, R C[m/2'|,m’ Cl, [m/2]’ Cl, [m/2]+1, e, Cl,m——l}‘
B consists of m cycles, which generate 3,

Cclm @ ckrim k=1,2,...,[m/2] -1
=9 CH* 1@ CH* k=[m/2]+1,...,m 1)
Cl,m @ C[m/z],m fas) Cl, [m/2] k= |’m/2‘| .

Hence 3, is a cycle basis (Lemma 1.1).

Let us denote e; =the common edge of #,_, and ¢, i=2,3,...,m; e;=an
edge of ¢, different from e,; e,,., = an edge of ¢, different from e,,.

%, is a maximal cycle basis, because it can be constructed by the Stepanec—
Zykov method with the set of edges e, ¢,, . . ., e,, ([3]).

Enumerate the elements of %,, as following:

L= Cl,m
C —CZ”" l(C1)=m+2
s HCI=UC) =t
3=
C,=C>m
C‘ _ i (C)=1U(Cs)=m
s =
C2i — .C*H-l,m .
H(Cy)=L(Coip)=m+2—i )

Coipy =CH™!

For m odd we obtain

Cm—l — C[m/Z],m

C. =ctim2l C,-)=UC,)=(m+ 5)/2

and for m even:

C .= C[m/2],m — Cm/2,m
C L= Cl,[m/2]+1 - Cl,m/2+1

C — Cl,m/2
m

l(Cm—Z) = I(Cm—l) = (m + 6)/2
I(C,) = (m + 4)/2.
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Note that
C1®C2=t1 C1®C3=tm
Cz@ C4=t2 C3@ C5=tm_1
C4®C6=t3 C5®C7=tm_2
Cpu,®Cy=t; for Coi1® Cpiis=t,_,; for 3)
i=1,2,...,[m/2] i=0,1,..., [m/2] -2.
It is easy to see that the set of cycles Cy, C,, .. ., C; (k = 3) generates triangles
t,t ..., t[k/2j and Loy b1y « » « » tm—(l'k/2]——2)

Theorem 1. The snake-graphs S,,, m =2 have the cbip.

Proof. &B,,={t1,...,t,} is a minimal cycle basis of S,,; hence ¢~ = I(%;,) = 3m.

By ={C,, Cy, ..., C,}, described previously, is a maximal cycle basis of S,,.

= U B) = {(3m2 +8m +1)/4 m-odd
mQ@3m + 8)/4 m-even.

Let ¢ be an integer between ¢~ and c*, and let k be the maximum number of
consecutive cycles Cy, C,, ..., C, from 9B, that can occur in a cycle basis of
length c:

i
k = max {j:E I(C)+3(m —j)sc}.
1=j<m i=1

The cycle basis % of length ¢ that we construct consists of k cycles
Cy, Cs, ..., Cifrom B, m — k — 1 triangles from %, and a cycle C* of length ],
where I=c— Y5, I(C)—3(m—k—1) and 3<[<[(C,,,). We proceed with
regard to the values of m, k, and L
Case A. k=0.
B={C* ty,t5,...,t,), where C*=C"2
It is easy to check that /(C*) =1/ and 3 generates %;,.
Case B. k is odd. There are two possibilities:
(i) If k=1, then
B={Cy, C*, ts, ts, ..., tn}, where C*=C>"1,
Of course, I(C*) =1 and 9B generates %,,. Namely,
t, = c* ®t3®t4® st @t[_l
t1=C1®C*®t/€BtH1@- * '@tm-



Graphs satisfying the cycle basis interpolation property 43

(i) If 3<k <m, then
B={Cy1, Cy, ..., Ci, C*, tiknysas Lk 43s - - - » tm—rkm)+1} Where

C* = C[k/2]+1,1+ {k/2]1-2

C* is the sum of / — 2 triangles; hence I/(C*) = L
% generates the elements of the minimal cycle basis %4, as follows:

C, Cyy ..., Cgenerate ty, by, ..., tupy and by, by q, . . ., b — (k2] +2¢
Triangles tii21 42, L2143 + + - » tm—[kr2]+1 Delong to B.

tirl 1= C* Dt 42 Pt 43D - - @ N P 4)
ti) = (en)+1) = C1OHD -+ - Bt —1 Ot 41 D - - - D,

Note that I</(Cyy))=m+2—(k+1)/2=m +2— [k/2]. Hence I + [k/2] —
2=<m and all triangles in (4) either belong to & or can be generated by elements
of B.

Case C. k is even.
(i) k=2.
B={Cy, Cy, ts, t4, ..., t,,_1, C*}, where C* = C™!*+3m
Triangles ¢,, ¢, and ¢, are generated by %:
t,=C*®t,_, . :Dt,_ 1., D - -Dt,_,
L=C,Dt;Dt,D---D1,,
L=C,®DC,.
(i) d<sk<m.
B={C1,Cy, ..., Co, C*, tipps1, terzszs - - » bm—1-kr2}, Where

C* = Cm +3—ki2—l,m—k/2

One can easily check that /[(C*)=[. We shall show how to generate ¢,,_,,, and
Ln—kn+1. Other cycles of %, either belong to B or are generated by
C,C,, ..., C.

bnin=C*®t,Dt,, 1D - Dt, 1, wWherep=m+3-k/2-1
bnkns1=C1 @D -+ - DBt 1Dty D - D,

The theorem is proved. O

All known families of graphs with the cbip have a triangular cycle basis. The
triangles seem to play an important role in the cbip of graphs.

The graphs on the left side of Fig. 3 do not satisfy the cbip. But if we “add” to
them some more triangles, we obtain graphs (B) with the cbip. The graphs on the
right side of Fig. 3 form a family of the kite-graphs.
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Fig. 3. Some graphs without (A) and with (B) the cbip.
3. Kite-graphs

Observe that every snake-graph has exactly two vertices of degree 2. By
removing any such vertex from §,,, we obtain the graph S,,_;. The triangles of S,,
with vertices of degree 2 will call free-triangles (they correspond to the end
vertices of the cycle graph of S,,).

Definition. The kite-graph G,, is a graph obtained from the snake-graph S,,_, by
replacing one of its free-triangles by the cycle C of length m.

Fig. 4. The kite-graph G,,,.

It is clear that the minimal cycle basis 8~ of the kite-graph G,, consists of the
cycle C and n — 3 triangles. Its length is equal to ¢c™ =m +3(m — 3)=4m — 9.

Let us denote by ¢ the triangle of G, induced by edges e;,_; and e,
i=1,2,...,m-3.

The maximal cycle basis 8% of G,, can be obtained by the Stepanec—Zykov
method with the set of edges eg, €, ..., €,,_3:

%+={{C0) Cl) CZ: vy Cm—}}x where C0=C,
C=CO,®---®r, i=1,2,...,m—3.
C)=m+i, i=0,1,...,m~3
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c+='§3(m+i)=m(m—2)+”§:3i=m(m—2)+(m—3)(m—2)/2

0
¢t =3(m—1)(m —-2)/2.
Let ¢~ <c<c* and k = maXgejam—3 {j: Lo I(C)) +3(m —j —3) <c}.

We now describe the construction of a cycle basis of length c¢. The basis %
consists of the k + 1 longest cycles of B (namely C,, 3, Cp_4,--., Cpi_s_3),
m—k—4 triangles of B~ and a cycle C* of length [, where [I=c—
Y ol (Cros_) —3(m—k—4)and 3<I<(C,_,_s)=2m—k — 4.

Consider two cases with regard to the value of /.

Case A. m=<l<2m—k-4.

B={Cr-3, Cety -+ s Copei—3, C*, b1, by o ooy b_s_a}s
where C*=Cy bt ®,®--- Dy,

It is easy to see that /(C*) = /. Furthermore,
Co=C*D1,D---Dt_,,
teB, i=12,... m—k—4
L=CBC, i=m—-k-2, m—k—-1,..., m-3
bn3=Crii3Dt;®- - - Dt,_4_4

Case B. 3<l<m.
B={Crn=3,Crocay -+ Coaepo—3, C*, ta, t3, . . . , byy_r_3},
where C* =1, D6, D--- Dy _,.
P generates all elements of B~ , namely:
t,=Ci1+C;, i=m—-k-2, m—k-1,..., m-3
Lte®B i=2,3,..., m—k-3
L=C*"®L,DLD ---Dt_,
Co=Cik Dt D,D-- - D,

In both cases {(C*) =1, I(B) =c and as B generates the cycles of the minimal
cycle basis 87, & is also a cycle basis. Thus we have proved the following
theorem:

Theorem. The kite-graphs have the cbip.

The kite-graphs do not have a triangular cycle basis, but still have many
triangles. It would be interesting to find a family of (2-connected) graphs with a
small number of triangles or without any triangle at all.
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