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It was recently pointed out in [1] that AdSg solutions in IIB theory enjoy an extended symmetry structure
and the consistent truncation to D = 4 internal space leads to a nonlinear sigma model with target
SL(3,R)/S0O(2,1). We continue to study the purely bosonic D = 4 effective action, and elucidate how
the addition of scalar potential term still allows Killing spinor equations in the absence of gauge fields.
In particular, the potential turns out to be a single diagonal component of the coset representative.

Furthermore, we perform a general analysis of the integrability conditions of Killing spinor equations
and establish that the effective action can be in fact generalized to arbitrary sizes and signatures, e.g.
with target SL(n,R)/SO(p,n— p) and the scalar potential expressible by a single diagonal component of
the coset representative. We also comment on a similar construction and its generalizations of effective
D =5 purely bosonic non-linear sigma model action related to AdSe in M-theory.
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1. Introduction

Ever since the AdS/CFT correspondence was proposed in [2], the
supersymmetric AdS solutions of supergravity theory have been
extensively studied as the gravity duals to the superconformal
field theories formulated on the boundaries of AdS space. How-
ever, for the case of AdSg, which would be the gravity dual of
five-dimensional SCFT, there is a relatively small number of solu-
tions known in the literature. The first one was found in massive
type IIA supergravity by Brandhuber and Oz [3], which is a warped
product of AdSs space and a half of S Two other solutions
were obtained by abelian/non-abelian T-dual transformations of
the Brandhuber-0z solution [4,5]. The systematic searches for AdSg
solutions also have been done. It was proved that the Brandhuber-
Oz solution is the unique one in massive IIA theory [6]. In type
[IB supergravity, Apruzzi et al. studied the most general supersym-
metric conditions and obtained a set of BPS equations, which are
coupled partial differential equations [7]. They also showed that
AdSg solution dose not exist in M-theory. In [1], we revisited the
IIB solutions and studied D = 4 effective theory obtained by a di-
mensional reduction on AdSg space to get more insight on the
AdSg solutions and their properties. We discovered that the un-
expected symmetry SL(3,R)/S0(2,1) came out in a dimensional

* Corresponding author.
E-mail addresses: h.kim@khu.ac.kr (H. Kim), nkim@khu.ac.kr (N. Kim).

http://dx.doi.org/10.1016/j.physletb.2016.07.070

reduction. In this note we continue to study the hidden symmetry
structure of AdSg solutions in type IIB supergravity theory.
We consider general AdSg and the metric is written as follows,

ds%0 =e?Y [2ds? (AdSg) + e %Y ds® (M) . (11)

Here the warp factor U is a function on My, and L is a book-
keeping parameter and sets the curvature radius scale of AdSg.
We rescale the four-dimensional space by e~%U to obtain an Ein-
stein frame action in the dimensionally reduced theory. Among the
fields of IIB theory the five-form flux Fs is set to be zero and the
complexified three-form flux G will be dualized to two real scalars
f and g in My. In addition, there is axio-dilaton field C + ie~®.
After all there are five scalars on My.

Since all the fields should be independent of coordinates of
AdSg, we can dimensionally reduce the D = 10 equations down
to D =4 on My. The equations are summarized by a non-linear
sigma model of five scalar fields interacting with gravity. In [1], we
pointed out that the target space is in fact coset SL(3,R)/S0 (2, 1).
More concretely, the Lagrangian is

1 1
L= VE[R—2800) ~ S 09) ~ 22 (10
1 1
n 58_12U_¢(3f)2 + §6_12U+¢(8g + anf)Z

30
- e 8“], (12)
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Our notations and conventions for the coset construction can be
found in the Appendix A. Note also the scalar potential, which
originates from the non-vanishing curvature of the AdSg space.
This scalar potential depends on only one scalar field U and breaks
the global symmetry SL(3,R) into a certain sub-algebra which is
so-called As 40 =sl(2,R) x R? according to the classification in [8].

The scalar U is what we usually call “breathing-mode” in
Kaluza-Klein reduction analysis. In general, the breathing mode
resides in a massive multiplet and does not appear in the su-
persymmetric truncation. Our approach here is to cover all AdSg
solutions in a consistent way, so we keep U since it is a singlet of
AdSg isometry group.

We should emphasize that our four-dimensional theory above is
not a supersymmetric theory on its own. Of course as it stands it
is purely bosonic, but even if we include all fermionic fields which
are singlets with respect to AdSg, the action cannot be made su-
persymmetric. One way of seeing it is that the number of scalar
fields is odd, so they cannot parametrize a Kdhler manifold. How-
ever the action is equipped with the Killing spinor equations which
are inherited from the ten-dimensional supergravity transforma-
tion rules. Any solution of the equations from action (1.3) gives rise
to an exact D = 10 solution, supersymmetric or otherwise. And as
usual, if the solution admits a non-trivial solution to the associated
Killing spinor equations, the uplifted D = 10 solution is supersym-
metric.

Superficially the action (1.3) is similar to the bosonic sector of
gauged supergravity which can be obtained through Kaluza-Klein
reduction on curved internal spaces. The scalar fields parametrize
a coset, and the curvature L=2 plays a role of coupling constant
for the scalar potential. But it is rather puzzling that there are no
gauge fields here in (1.3). Usually in extended supergravity models
there are a number of vector fields, which through the gauging
process become non-abelian gauge fields and at the same time
scalar potential terms are introduced to the action. Gauging pro-
cess induces new terms in the supersymmetry transformation rule,
and also changes the integrability conditions which should be con-
sistent with the Einstein and matter field equations. We recall that,
in gauged supergravity, a covariant derivative acting on the dilatino
variation rule leads to gauge field equations as well as the scalar
field equations.! And in the gauge field equations, the derivative
of a certain scalar potential term plays a role of composite current
which source the gauge field. Naively, we expect to have a prob-
lem since with (1.3) we have scalar potential but no vector field.
This line of thought motivated us to check the integrability condi-
tions of Killing spinor equations for (1.3) carefully. In that process,
as a by-product we confirm that (1.3) can be in fact generalized to
arbitrarily larger cosets with general signature, SL(n,R)/SO (p, q)
with p+q=n.

The main purpose of this paper is thus to clarify carefully
the hidden symmetry structure and requirement of AdSe solu-
tions of type IIB supergravity. We focus on the scalar potential
of (1.3), and first rewrite the associated Killing spinor equations in
a SL(3,R)/S0(2, 1)-covariant way. By examining the integrability
conditions of the Killing spinor equations, we identify the covari-
ant form of the scalar potential and the unbroken symmetry of the
theory. This study might shed new light on the understanding of
the geometric structure of AdSg solutions in IIB supergravity.

Based on this, we generalize this analysis to more general
cosets and classify the four-dimensional theories admitting Killing

1 A classic example of such a computation can be found e.g. in the appendix B of
[9], for D =7 maximal supergravity.

spinor equations. It enables us to investigate a class of non-
supersymmetric D = 4 gravity theory, coupled to a non-linear
sigma model with a non-trivial scalar potential, using BPS equa-
tions.

We expect that the similar constructions might be possible in
a similar setup, for example, for gravity solutions containing d + 1
dimensional AdS or Minkowski space. Then, the coset G/H may
emerge as a symmetry of the solution space in dimensional re-
duction of the theory. From the view point of a lower dimensional
theory, we would like to emphasize again that it is not included in
gauged supergravity theory due to the presence of the breathing
mode and the absence of the gauge fields. Even though the theory
is purely bosonic, it is interesting that there is a set of associated
Killing spinor equations which enjoy the coset symmetry and are
compatible with the field equations. Hence, it is desirable to study
the various examples to have a concrete understanding and this
paper may serve as a starting point for further investigations.

This paper is organized as follows. In section 2, we study the
hidden symmetry structure of IIB AdSg solutions. Section 3 dis-
cusses the classification by the generalized Killing spinor equa-
tions. The technical details are relegated to the appendices. In Ap-
pendix D, we present a similar construction and analysis for AdSg
solutions in D = 11 supergravity.

2. Coset non-linear sigma model
2.1. Scalar potential

We start by illustrating the symmetry structure of the scalar
potential of our theory, which was not manifest in the form of
Lagrangian written as (1.3). The basic building block of the non-
linear sigma model is the coset representative ). Hence, our goal
is to express the scalar potential in terms of V. We first rewrite the
Killing spinor equations of our system (B.2) into a covariant form,
which respect SL(3,R)/S0(2,1). Then we study the integrability
conditions of these Killing spinor equations. They yield the equa-
tions of motion and enable us to identify the scalar potential in
terms of the coset representative.

With appropriate linear combinations and rescalings, which are
explained in detail in the Appendix B, the Killing spinor equations
can be re-phrased in a more covariant way. The first set of Killing
spinor equations, which we call “gravitino variation”, can be writ-
ten as

() =(sn B30) (&) @
89— SYu Du §&- )7
and the second set, which we call “dilatino variation”, can be writ-
ten as
5)\i+ — Mul:] ) P,u])/”ﬁ §+ (2 2)
Shi— )\ PyjyHrd My &) ’
where

1 y _ 1
Dp=Vu+7Qul™.  Du=Vu+ 7 Quyl™,

r =% ¢!, —it?), =2 1l,it?),

_( 51+
S = (§2i>'

Here V,, is an ordinary covariant derivative and 7t are Pauli matri-
ces. We have two different representations of gamma matrices I'!
and I''. A scalar S and a matrix M;; are

(2.3)

3i 4 20 4y
=Ze , M,-,-:Te diag(1,1, 2).

S (2.4)
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Their presence is of course due to the non-trivial scalar poten-
tial in our theory, and we may regard them as an analogue of the
T-tensor or its combinations in ordinary gauged supergravity the-
ories.

Now let us turn to the integrability conditions of the Killing
spinor equations (2.1) and (2.2). We encounter two types of the
integrability conditions. The first one is the gravitino-gravitino
integrability condition (C.2) and the second one is the dilatino-
gravitino condition (C.4). To uncover the symmetry structure of the
scalar potential, we examine the integrability conditions with gen-
eral, arbitrary S and M;;. The detailed calculation is given in the
Appendix C. These integrability conditions give rise to the Einstein
equation and the scalar equation of motion as

1 i1 .
Ry — iRg;w - (P,uijpul] - gguvppijpp”>
2, 1 ij
+8guv | —12S +§MUM =0,

1
D, P"; — 4SMijj — 28 (KMK);; + > MifTr (MKn) =0.

From the Einstein equation, one can easily read off the scalar po-
tential as

V = —245% + M;MY. (2.6)
Here S and M;; are solutions to the following equations
1 ij
oS+ ZM,’]PM =0,
1
9uMij + (QunM — MnQu),; + ETr(P,LKn) M;j
+2S5Puij — 25 (KPuK);; =0,
1

SQu—KSQuK+ 2 (PunM — MnP,)

11<(P M —MnP,)K =0

4 ,U,n n 1 -
PunM — MnP, + K (PunM — MnP,) K =0,
MK — KM =0. (2.7)

These five equations appear in the integrability conditions (C.2)
and (C4) and are required for compatibility with the field equa-
tions. We have found a solution to (2.7)
o .
S=-—, M;j = —diag(1, 1, 2). (2.8)
V33
Here « is an integration constant and Vj; is an (i, i)-component of
the coset representative V. The scalar potential V at hand turns
out to be related to (3, 3)-component of V through (2.6) and (2.8).
Now we rephrase the main result of this subsection. Let us sup-
pose that we are given the Killing spinor equations (2.1) and (2.2),
which can be written in terms of the SL(3,R)/S0 (2, 1) coset rep-
resentative V. A scalar S and a matrix M;; are given by (2.8),
which implies that the global SL(3,R) symmetry is broken to
sl(2, R) x R? due to a non-trivial scalar potential as we will show
in the next subsection. Then, we can construct a four-dimensional
theory admitted by the Killing spinor equations as

g

L=Jg (R — P PHI — (MijMij - 2452) ) (2.9

If we substitute the specific solution (2.4), the Lagrangian (2.9) re-
duce to our starting point Lagrangian (1.3), whose equations of
motion is (2.5).

2.2. Group action

We have shown that the scalar potential depends only on the
(3, 3)-component of the coset representative. As a consequence,
the global SL(3,R) symmetry of the target space is broken to a
non-trivial sub-algebra, under which Vi3 is invariant. In this sec-
tion, we directly apply the group transformations on the coset rep-
resentative and elucidate unbroken symmetry which is preserved
by the whole theory.

The coset representative V' transforms as

Y — KVG, (2.10)

under global G and local K transformations. Infinitesimally, it trans-
forms as

V—>V+a<<l>’> kKV+Vg 211)

where g’s and k’s are generators of G and K, respectively. «’s are
compensators and functions of ®!, which are the coordinates of
coset space G/K.

Now we study group actions on an SL(3,R)/SO(2,1) coset
representative ) in the Borel gauge (A.1). Under the action of
Cartan generators hq, h, and positive root generators ei, e;, €3
of SL(3,R), the coset representative remains in the Borel gauge.
Hence there is no need for compensators. On the other hand, when
we transform )} with negative root generators f1, f2, f3, we need
the non-trivial compensators to restore the Borel gauge. The trans-
formations with appropriate compensators are written explicitly in
the table below

| %
fi ek V+VHf
fa —eSUH2 |V + YV fy
f3 | (67 fky +e8Ute/2Cky —eSU=22k3)V + V f3

where k1, ky, k3 are SO (2, 1) generators. The scalar kinetic terms
are invariant under the action of all the generators of SL(3,R).
However, the scalar potential (2.6), i.e. V33 is invariant under only
some of the generators. Explicit computations show that our the-
ory is invariant under the action of generators hi, eq, ez, e3 and
f1 only.

Now let us focus on these five generators. Under the action of
e1, h1, f1, ea, e3, each scalar field transforms as

| se? sC Sf sg
e 1 —2f
hi | V2e?  —V2C  1/V2f —1/42g
fi]2Ce? e 2_C2 -—1/2g
e 1
e3 2

The first three transformations under the action of the generators
e1, h1 and f; exactly correspond to SL(2,R) transformations of
type 1IB supergravity, which transform?

T_)Pf+q’ Cy R P q Cy 7
rT+s B, r.s B;

where T =C+ie~? and ps—qr =1, with the transformation ma-
trices

(2.12)

a
0

(1 a) 1_3 (1 0)
0o 1) 0 1+i ’ a 1)’

V2

(2.13)

2 The definition of 2-from potential C; and B can be found in (A.6).
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respectively. Here a is a transformation parameter. The last two
transformations are constant shift in f and g.

This result is consistent to the previous analysis. In [1], we
showed that the scalar potential is invariant under the action of
five Killing vectors K', K3, K4, K% and K®, which generate a non-
trivial algebra As 49 =5l(2,R) x R2. Using the following relations

suV =ay' (@) kv + Ve,
—KyV (2.14)

where Ky, M=1,---, 8 are the Killing vectors (E.1) in [1], we can
identify the eight Killing vectors with generators of SL(3, R) as

K' K2 K3 K4 K> K® K7 KB
—2fi 2fs les fr e

1
h] —h2 —561

More precisely, the five Killing vectors (K1, K3, K4, K, K8) cor-
respond to the generators (hq, —%61, -2f1, %63,62). Therefore, it
is the SL(2,R) symmetry of type IIB supergravity and the trivial
gauge transformations of the dualized scalars that account for the
appearance of the non-trivial algebra As 49 in [1].

2.3. Examples

We have shown how to make the symmetry SL(3,R)/S0(2,1)
manifest in AdSg solutions of type IIB supergravity. In this section,
we identify the SL(3,R)/S0(2,1) symmetry of the known solu-
tions.

The first AdSg solution in type IIB supergravity was obtained
by taking abelian T-dual transformation of the Brandhuber and Oz
solution [4,10]. The solution is given by (see eq. (A.1) in [10])

1
ds® = 3 w?? <9ds2 (AdSe) + 4d0o?
6
.2 2, 2 2 2

+ sin“ 60 (d‘f’] + sin“ ¢4 dq&z) + 7‘/‘/4 5 520 d¢3),
B = —cos ¢y dey A dgs,

5
F3 = 3 4 (rncos@)]/3 sin’ 9 sing dO Adp1 Adea,

F1=mdé¢s,
4

e = ,
312 (mcosf)2/3 siné

(2.15)

where W = (mcos9)~1/6 and m is the Romans’ mass in the origi-

nal massive IIA theory. We rewrite the metric in the Einstein frame

3
ds? = % L3 (sing) /2 (9d$2(AdS6) +4do?

+sin?0 (d¢12 + sin? ¢y d¢§)

16
4+ ———F—d 2), (2.16)
W4 L6 sin®0 %
and identify the warp factor as
93
e?l = Tf L (sin6)'/?. (217)

The axion C and the dilaton e? are given by solution where F; =
dC. We can easily obtain the dualized scalars f and g by using
(A.6). By substituting solutions, i.e. these five scalar fields U, ¢, C,
f and g into the coset representative (A.1), we obtain

16 csch
2712 (mcos6)1/3

16m¢3 csco 27
2712 (mcoso)1/3 12812

2
80m¢p,“ csch
2714 cotg - —3
(mcos(-))l/3
= 405
V —E¢3 (mc056)1/3
243 12 sino
64

4
0 §(m C050)1/3
0 0

(2.18)

This coset representative shows the SL(3,R)/S0(2,1) symmetry
manifestly and have all the informations to reconstruct the abelian
T-dual AdSg solution (2.15). Here we record the explicit expression
for Py,

1 1
cotd — —tand 0 -
3 1 sind
Py = 0 3 tano 0 ,
1
- 0 cotd (2.19)
sinf
2m (m cos@)~2/3 0 1 0
P¢3 = —W 1 0 5(:059
sin 0 5cos6 0

The second AdSg solution in type IIB supergravity is a non-
abelian T-dual solution obtained by [5]. Similarly, we can easily
read off the five scalar fields and identify the coset representative.
However, the explicit expression is not so illuminating. We do not
present it here.

3. Generalization to SL(n, R)/SO(p, q)

In section 2.1, we have shown that the Killing spinor equa-
tions (2.1) and (2.2) consist of two parts. The diagonal com-
ponents of the gravitino variation equation and the off-diagonal
components of the dilatino variation equation enjoy the coset
SL(3,R)/S0(2,1) symmetry. On the other hand, the remaining
part of the Killing spinor equations show that the symmetry is
broken to si(2, R) x R2. Based on this symmetry structure, we have
constructed a four-dimensional theory (2.9).

In this section, we formally generalize this construction to re-
spect the coset symmetry SL(n,R)/SO (p,q) with arbitrary n and
signature. Since our construction is covariant to the coset sym-
metry, the form of the main equations is basically same. First,
the construction of the SL(n,R)/SO(p,q) coset representative V),
which is now an n x n matrix, is very straightforward. We also de-
fine the invariant metric of SO(p, q) as
n =diag(l,---,1,—-1---,=1), (3.1)

— —
p q

where p 4+ q =n, and introduce a matrix K

K'; =diag(1,--- . 1,-1), (3.2)
—_—
n—1
such that I = K. T/ where i =1, ---,n. Then, we have the gen-

eralized version of the Killing spinor equations (2.1) and (2.2).
Examining the integrability conditions give rise to the generalized
equations of motion (2.5). Finally, we find solutions to eq. (2.7),
which are now written in terms of n x n matrices, as

n o o ~
S=-—, Mij=—M*n,, 3.3
v ij Vo Nkj (3.3)
where
M/ =diag(1,---,1,—(n—1)). (3.4)
——

n—1
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As a result, we can obtain new four-dimensional theories by plug-
ging the solutions (3.3) into the Lagrangian (2.9). This generaliza-
tion implies that we can classify and construct the theories admit-
ting the generalized Killing spinor equations (2.1) and (2.2). More
precisely, we can construct four-dimensional gravity theory cou-
pled to a non-linear sigma model of (n? +n — 2)/2 scalar fields
with a certain class of scalar potential. The non-linear sigma model
parametrize the coset space SL(n,R)/SO(p,q) and the scalar po-
tential is determined by (n, n)-component of the coset representa-
tive V. The SL(n,R) global symmetry is broken to a sub-algebra
sl(n — 1, R) x R which preserve this component.

Let us consider the simplest example, which is SL(2,R)/
S0(1,1). The Lagrangian can be written as follows,
c =¢g_4[R _ %(8A)2 + %e_ZA(aB)Z +4q? e‘A]. (3.5)
At first sight, this Lagrangian looks very different from (1.2). It has
only two scalar fields. Furthermore, this theory does not have any
higher dimensional origin, in contrast to (1.2). However, these two
theories can be classified into one category. They share the key
property that they can be constructed by the Killing spinor equa-
tions of the same type.

To summarize, if we are given a coset representative V),
which respect SL(n,R)/SO(p,q) symmetry, we can compute
Pij, Quij, S and Mjj by (A.3) and (3.3). Then, we can easily
write down the generalized Killing spinor equations (2.1), (2.2)
and construct the compatible four-dimensional theories (2.9). The
important feature of our theories is that they have Killing spinor
equations although the theory is not a supergravity theory itself.?
With these Killing spinor equations, one may study a BPS sector of
theory and search for the bosonic BPS equations.

4. Discussions

In this note we have studied the appearance of SL(3,R)/
S0(2,1) in AdSg solutions of type IIB supergravity [1]. We man-
aged to rewrite the associated Killing spinor equations also in a
form compatible with the symmetry of the coset. Studying their
integrability conditions enabled us to understand the scalar poten-
tial in terms of the (3, 3)-component of the coset representative V.
As a consequence, the theory is invariant under the action of the
some generators, which leave the (3, 3)-component of the coset
representative fixed. We have shown that they satisfy a non-trivial
algebra sl(2,R) x R?, which exactly corresponds to the SL(2,R)
symmetry of type IIB supergravity and trivial gauge transforma-
tions of the dualized scalar fields, respectively.

Based on these analyses, we have rewritten the two known IIB
AdSg solutions according to the symmetry structure. Given the so-
lutions which respect the coset symmetry, it is well known that a
new solution may be generated by the action of the group trans-
formations on the coset representative of a known solution (see,
for example, [13,14]). Original motivation of this work was in fact
to find new solutions, employing such “solution generating tech-
nique”. But unfortunately we were not able to do it, since the
scalar potential breaks SL(3,R) to SL(2,RR), which is just the fa-
miliar S-duality of the type IIB supergravity theory.

We also have constructed a class of four-dimensional gravity
theories coupled to scalar fields. Their kinetic terms are described
by the coset SL(n,R)/SO(p,n — p) non-linear sigma model and
scalar potential is determined by (n,n)-component of the coset
representative. These non-supersymmetric theories have nice prop-
erties that they are endowed with the Killing spinor equations.

3 The non-supersymmetric theories admitted by the Killing spinor equations were
referred to as “fake supergravity” [11] and “pseudo-supersymmetry” [12].

As opposed to ordinary gauged supergravity theories, our model
does not have any gauge fields to promote the global symmetry to
local ones. However, by introducing the analogues of T-tensor in
ordinary gauged supergravity, the global symmetry is broken to its
sub-algebra and the scalar potential can be generated. More specif-
ically, we have introduced a scalar S and a matrix M;;, which
can be determined in terms of the coset representative as (3.3),
such that the scalar potential becomes (2.6). In the Appendix D,
a similar analysis was done via a dimensional reduction of D =11
supergravity on AdSg. In that case, two vectors S; and T; are intro-
duced instead. With a specific solution (D.20), the scalar potential
becomes (D.17). In each case, the analogues of T-tensor and the
explicit expressions of the scalar potentials are different. However,
their dependences on the coset representative and the unbroken
symmetries are same. In other words, the scalar potentials can
be completely determined by using only one-component of the
diagonal elements of the coset representatives. Hence, the global
symmetry SL(n,RR) is broken to si(n — 1,R) x R"™"! algebra in
both cases. One may ask whether this choice of a sub-algebra is
unique or not. At present, we do not fully understand the mecha-
nism of the global symmetry breaking beyond the examples which
we have presented in this paper. For this reason, it will be in-
teresting to examine all the possible subgroups which generate
consistent theories with the non-trivial scalar potential. We hope
to study this process in other examples and find a general, system-
atic method in a near future.
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Appendix A. SL(3,R)/S0(2, 1) coset representative

The coset representative in the Borel gauge is obtained by ex-
ponentiating the Cartan generators and the positive root genera-
tors. The explicit form of SL(3,R)/S0 (2, 1) coset representative in
terms of the five scalar fields is

1
Vet ¢h1e—2«/€theCelef62e%g637

e—2U+¢/2 e—2U+¢/2(¢ %e—2U+¢/2 (g +2Cf)
— 0 e—2U—¢/2 e—2U—¢/2f
0 0 etV

(A1)

Here hq,h, are Cartan generators and e;’s are positive root gen-
erators of SL(3,R). In addition, three negative root generators are
fi= el.T. The explicit form of the generators are given by eq. (E.2)
in [1]. The generators of SO (2, 1) are defined by

ki=e1— f1, ka=ex+ fa, ks=e3+ f3. (A2)
We introduce a Lie algebra-valued one-form as
V; "0u (VD g = Pt + Quiist (A3)

Here P,;; is an orthogonal complement of so(2, 1) in sI(3,R) and
Qij behaves as a composite SO (2, 1) gauge field

DMPvij = V;LPvij + [Qu,y Pv]ij' (A-4)

The definition of P, and Q, (A.3) give the following integrability
relations
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D, Py =0,
ViuQuy+ PP+ QuQu =0.

The two real scalars g and f can be obtained by dualizing the
complex three-form flux G.* Here we also write down the con-
ventions for real three-form fluxes and two-form potentials. Their
relations are useful when we study the SL(2, R) symmetry of type
[IB supergravity in 2.2 and the abelian T-dual AdSe solution in 2.3.

(A.5)

*ReG = %e‘“”ﬂ’/z (dg +2Cdf) =e ?/? x H3
=—e %2 4dB,,

«ImG = e 12U—9/2qf — _e?/2 4 F3
=e?/2 (C xdBy — %dCy) .

(A.6)

Appendix B. Killing spinor equations
In this section, we reorganize the four-dimensional Killing
spinor equations (2.2)-(2.7) in [1]| into a covariant form with

respect to SL(3,R)/S0(2,1) symmetry. By rescaling the four di-
mensional metric and spinor & as

Emn —> 376Ugmns §—> 373/2U%—, (B.1)

the Killing spinor equations in terms of five scalar fields become®
—28hs = (—9up — ie?3,C) yHére
1
+ (Ze—f‘”+¢/2(aﬂg +2Ca,f)
I _eu—
L4 Yyt
—26h1 = (—du¢ +1e?3,C) y &1

1
+ (Ze*‘i”“?/z(aﬂg +2C3,f)

_ ée—6u—¢/23ﬂf>yuy5§2¢,
4e3Usx. = %674%& +40,Uy" &1
+ (%e—6”+¢/2<aﬂg+ 2Co, f)
+ %e‘GU—WZBMf))/“VSSZq:,
4e3Usx, = %674%& +40,Uy" &5

1
+ (Ze—6”+¢/2(aﬂg +2C3,f)

i
- ie_w_wzauf))/ul/s%'l;,

- 3 i
Ot = Vubre — S 0UYLy Ers + Ze“’a,tcm

3/1
-3 (Ze—ﬁ”“””(avg +2Cdy f)

4 Hodge dual is taken with respect to the rescaled four-dimensional space.
5 We call Killing spinor equations (2.2)-(2.7) in [1] as 61/},&, 817/;&, [y y e
Shz, SAz.

+

€76U*¢/23uf> Yuy ' Vsbax

+

1
(Ze—5U+¢/2(aMg +2C3,f)

1
+

N

e_GU_Wzauf) Vséat,
. 3 ) i,
Yt =Vyubox — EauUVuV & — ¢ 0,.C&2

3/1
-3 (Ze_GUJ“”/Z(BVg +2Cd, f)

i
- —€_6U_¢/23uf> Yuy yséi+

[\

1(1
+3 (Ze*6”+¢/2(aﬂg +2C3,f)

1

- 5976U*¢/23uf>)’5§1i- (B.2)

The scalar derivative terms in eq. (B.2) can be replaced with the
components of P, and Q. Then, we define 8X;+, §y,+ with the
following combinations,

Sha _3u  8X+
She=12|— ~ 2e N ,
1+ [ (Ski ) + e

5
B
8t —3u (8
Shor=T1! z 2
e [ (Mi)+ e (2

pe
X , B.3
X:i:):| (B.3)
and
8V, i) 3. _su (5)?
SYpr= M )+ Syue ), B.4
R o - Rl (B.4)
where we devised the form of Ay to satisfy the condition
"§xiy =61~ = 0. Now we can write down the Killing spinor

equations in a covariant form as (2.1) and (2.2).
Appendix C. Integrability conditions

We study the integrability conditions of Killing spinor equations
(2.1) and (2.2) with general S and M;;. Let us denote D, as

_( Pu Syu
DM=<SVM Du>' (D

We study the gravitino-gravitino integrability condition and com-
pute ¥, * [Dy, D, ]. From the first row, we have

—EM]F )/M(S}\.H_‘}‘EPU]]/ r )/M(S)\.i_

1 ij 1 pij
+{ R — ERguv — | PpijPy’ — Eglwppijp
1 y

+ 8uv <_1252 + EMijMU))VvEJr
1 i) ,v
—4 avS+ZMijPU yué-',
1
- SQvij-i-E(Pv??M)ij
K!(s L punmy ) KX iy
—K; Qvlk‘i‘z( v M)y j Y k-

1 ..
) ((P,mM)U + (KPMUMK)U) re_, (C2)
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where we define K

K'; =diag(1,1, -1),° (C.3)

such that T = Kij ['4. The first line vanishes if we impose the
Killing spinor equations, i.e. §;1+ = 0. The second line yields the
Einstein equation. To cancel the third, the fourth and the fifth lines,
we have three equations which S and M;; should satisfy.

The dilatino-gravitino integrability condition is
)/MDM SAi_

= Ppijy v H T84 + Mijy T8y, + 25K, 84

1 .
— EMUF] Fkﬁk]H_ (C4)

+ (DMP“ij — 4SMj; — 25 (KMK);j
1 .
+ 5MijTr(MKn)) e,
. 1 .
+ Mij (MK)yq (n”"r” + 5Ff“) £
1
+ (a,LM,'j +(QunM — MnQy);; + iTr(PMKn) M;;

+ 2SPij — 28 (1<PMK)ij)yﬂrJg,,

where we used

(Qu = KQuK +2PuK);, =0. (C5)
Similarly, the first line vanishes by the Killing spinor equations
8¢+ = 6+ = 0. The second line gives the scalar equations of
motion. We have two equations for S and M;j, which eliminate
the third and the fourth lines.

Appendix D. AdSg in M-theory

In [7], the authors showed that supersymmetric AdSg x M5 so-
lutions do not exist in D = 11 supergravity. However, regardless of
the existence of the solution, the hidden symmetry structure can
be also found in studying AdSe solutions in M-theory. The analysis
is exactly parallel to the IIB AdSg case. We take a D = 11 metric as
a warped product of AdSg space and a five-dimensional space as

2 2U 4.2 —4U 4.2
ds{y = e dspgs, +e7 7 dss. (D.1)
Here we rescale a five-dimensional metric for later convenience.
The four-form flux G can be dualized to a real scalar f’

x5G = —6e 12U df. (D.2)

By dimensional reduction on AdSg space, we obtain a five-
dimensional effective Lagrangian as

L=Jg5 (R —18 (AU +18e7 12V (3 f)2 — 30e—6”) . (D3)

In two-dimensional target space, we have found three Killing vec-
tors

6 K is independent of the choice of the metric signature.
7 Hodge dual is taken with respect to the rescaled five-dimensional metric.

V2
1
K :?(aujuﬁfaf),
1
K2=fay+ (Ee”” +3f2> dr,
5 1
K= =2y (D.4)

These Killing vectors generate sl(2, R) algebra and correspond to
a Cartan generator h, a positive root generator e; and a nega-
tive root generator f, respectively. The coset representative in the
Borel gauge is constructed by exponentiating a Cartan and a posi-
tive root generator as
Y =e3V2Uhe6fer (D.5)
This target space parametrize the coset SL(2,R)/S0(1, 1).

The non-trivial scalar potential breaks the global SL(2, R) sym-
metry. The Killing spinor equations are given by eq. (B.7) in [7].
With rescaling Dirac spinor 7 as

n—eYn (D.6)

and the following combinations of the Killing spinor equations®

sy = (Pr TV
P\ —e s )

57 (D.7)
—ie,—2U [ OX+
Sx =ibe (8)2_ ) s
the Killing spinor equations can be written covariantly
Yy = (DM +S; r VIL) n,

. ) (D.8)
Sxi= (P;u'j yHr)+ 1,1 Fi) 1,
where

1 .
Duzvu‘*‘sz‘jF”, 7)=<n+>,
- (D.9)

ri= (rz, —i7:1).
Here two vectors S; and T; are introduced as
si=ie V1,0, Ti=i3e3Y(1,0. (D.10)

The integrability conditions are examined with the general vec-
tors S; and T;. The gravitino-gravitino integrability condition is

Yu'” [Pv. Dy
1 ; . o

=5 (Pvlj y ' —T;T' FJ) YudXi
+ Rp,v—ERg;w_ Pui; P, _Eguvppijp
+ Zuv (T,-Ti —245; S"))y” n

6(0Si+Q, S5+ 2P, 1)yt T D11
—6|hSi+Q, its3hi i)y, (D.11)
where D;, = D, +S; I'' y,,. The gravitino-dilatino integrability con-

dition is

8 We call the Killing spinor equations (B.7) in [7] as 8 X+ and 61]/,&.
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VMD;USXi
= Pyijy YV TI 8y, + T;TI T y* 8y,
+30S78x;—3T;S 8
+ (D P+ 5T S iy = 5Ty, = 5T;51) Ty
— TS Tyt (9 Ti+ Q' T +3P, 55) v

+(au Tj+QM"Tk+3PM"5k) IRV (D.12)
In both integrability conditions, the first lines vanish by Killing
spinor equations 8, =& x; = 0. The second lines give the Einstein
equation and the scalar equations of motion, respectively. Finally
the rest give the equations for S; and T;, which should be satisfied
to yield conventional integrability conditions. We find a solution to
these equations as

T;=35i=(,0),

where o is an integration constant.

As in the case of AdSg in IIB supergravity, we generalize this
construction to larger coset space SL(n,R)/SO(p, q). First, we have
to modify the dilatino variation (D.8) as

t=a Vi, (D.13)

. . n—2 .
8)(1-:(ijy“l“f+le"]Fi+—TjFiFf> n, (D.14)
n
to satisfy I‘i8)(,- = 0 condition. Here i =1,---,n and T; is a
n-component vector. After a tedious calculation, the gravitino-
gravitino integrability condition reduces to

vu'” [Dv.Dp]n
-2 -
= (rhsof (D.11)) — %Tj DTy 8 xi

n—22_ .
—=T;T'yYn.

n ity n
There are two additional contributions to (D.11). The first term
vanishes due to Killing spinor equations. The second term give the
extra contribution to the scalar potential in the Einstein equation.
As a result, we have the Einstein equation

— 8uv (D.15)

1 i 1 iy
Ryv — ERgu.v - (P,u,ij Pt - Eguv P pij sz])

n__; m=272_ ;
where the scalar potential is
. n—2 2 . .
V:nT,-T’—!T,-T'—%S,-S'. (D7)
n
The gravitino-dilatino integrability condition is more involved.
YD wdXi
= (rh.sof (D.12))

_2 ‘ ‘
+== - [y 1imird sy, —3ri 8T8y,

+ (au Tj+Q,; T +3P,f sk) YETi T g

+ 4TI S i+ (4TS5 +2T;Si = 8T oy ) IV}

n—2\2 ;
+3< - ) [ =17 sk Ty

+ (=TiS;+ Ty i+ TieSkny ) T . (D.18)
Similarly, the only non-trivial contribution appears in the scalar
equations of motion as

DMPMU-‘FST](SI{T}U—5Ti5j—5TjSi

n—2
+

(47is;+27; 5~ 8TeS* ny)

n—2\2
+3( - ) (=TiS;+T; i+ TiS*ny) =o. (D.19)

Even though we have examined the integrability conditions with
the modified dilatino variation, the equations for S; and T;, which
should be satisfied and eliminated in the integrability conditions,
are not changed except they are now n-component equations. They
are easily solved by

Ti=35;=(,0,---,0), t=aVi, (D.20)

which is the most simple generalization of (D.13). The scalar po-
tential is determined by (1, 1)-component of the coset representa-
tive V.
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