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1. INTRODUCTION

This paper presents existence results for semipositone discrete higher-order problems. In partic-
ular, we discuss the (n,p), n > 2, discrete boundary value problem

Atyk—n+1)+pfkyk) =0, ke,
- A'y(0) =0, 0<i<n—-2, (1.1)
APy(T+n-—-p)=0, 1<p<n—-1 (pisfixed),

where p >0, T €{1,2,...}, Ju.i={n—-1,n,...,T4+n—-1},and y: [, = {0,...,T+n} - R.
We look for nonnegative solutions to (1.1) in C(I,,). Recall C(I,,) denotes the class of maps w
continuous on [,, (discrete topology) with norm |w|p = maxker, |w(k)|. We note that throughout
this paper our nonlinearity f may take negative values. Problems of this type are referred
to as semipositone problems in the literature. The literature on positive solutions to higher-
order difference equations (see [1-6] and the references therein) is almost totally devoted to the
positone problem, i.e., to the problem when the nonlinearity takes only nonnegative values. To
our knowledge only one paper [7] has partially discussed the semipositone problem in the discrete
case.

The technique we supply in this paper will enable the reader to see that other boundary data,
for example conjugate, focal, Sturm-Liouville, could also be discussed. To illustrate this point we
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will in addition consider in this paper the n*h-order discrete conjugate boundary value problem

(-1)""P A y(k—p) = puflky(k), ke,
At y(0) =0, 0<i<p-1,
A'y(T+n—1) =0, 0<i<n-p-1,
where p>0,T€{1,2,...}, b ={p,p+1,....T+p},1<p<n-1l,andy: I, - R.

Existence in this paper will be established using Krasnoselskii’s fixed-point theorem in a cone,
which we state here for the convenience of the reader.

THEOREM 1.1. Let F = (E, || .||) be a Banach space and let K C E be a cone in E. Assume
and Q are open subsets of E with 0 € Q; and Q; C Q, and let A: KN (Q2\Q;) = K be
continuous and completely continuous. In addition, suppose either

lAu| € ||u|l, forue KnoQy, and Ayl > |u|, forue KnNoQy,

or

([Au|l > |lull, forue KnoQy, and lAull < |u|, forue KnNoQ,,
hold. Then A has a fixed point in K N ({3 \ Q1) '

2. SEMIPOSITONE PROBLEMS

In this section, we first discuss the discrete (n,p) boundary value problem

A y(k - n+1)+uf(ky( D=0, kedus,
ty(0) = 0<i<n-2, (2.1)
AP (T+n p)= 1<p<n-1 (pisfixed),

where p >0, T € {1,2,...}, Joo1 ={n—-1,n,...,T+n—1},and y: I, ={0,...,T+n} - R.
Of physical interest is the existence of solutions which are positive on J,_;.

Before we prove our main result, we first recall two well-known results from the literature which
will be used in our proof. The first lemma can be found in [2] and the second in [1, p. 773;2].

LEMMA 2.1. Suppose y: I, — R satisfies

AMylk~n+1)<0, k&,
Aty(0) =0, 0<i<n-2
AP y(T+n—-p)=0, 1<p<n-1.

Then
JCESY

y(k) > T oD lylo,  fork € I;

here |ylo = sup;¢y, |y()l-
LeEMMA 2.2. The boundary value problem

AMylk—n+1)+1=0, k€ Jnoy,
A'y(0) =0, 0<i<n-2,
APy(T+n—p)=0, 1<p<n-1,

has a solution w with

(T + 1) k(n~1)

A ey gy

fork € J,_1,
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and A T +1)
n- +1 n—1
< for k € I;
o)< oy [ ] ke
here r r
i EPD (T4+1) k—n+1
G(k Gi(k,j) = [ - }
)= 2, Gl =2, Gk =y ()

for k € I,,, where G(k,j) = G1(k,5 —n + 1) and G, is the Green’s function for (see [2] for an
explicit representation)

"yk)=0, kely={0,1,...,T},
iy0)=0, 0<i<n-—2
AP (T+n-) 0, 1<p<n-1

We now use Lemmas 2.1 and 2.2 and Krasnoselskii’s fixed-point theorem to establish our main
result.

THEOREM 2.3. Suppose the following conditions are satisfied:
f 1 Jaz1 x [0,00) — R is continuous and there
exists a constant M >0 with f(i,u})+ M >0 (2.2)
for (i,u) € Jp—1 X [0, 00),
fli,w)+ M < ¢(u) on Jo_1 % [0,00) with
1 : [0,00) — [0, 00) continuous and nondecreasing (2.3)
and P(u) > 0, for u >0,

n— T4n-1
3r2MA%Zj?% U[zf;+”;1], mm¢4)>”$mjz;1GwJL (2.4)
there exists a continuous, nondecreasing function g : (0, 00) — (0, ), (25)
with f(i,u) + M > g(u), for (i,u) € Jn_1 x (0,00),
and
R T4+n-1
IR >, with TR (n = 0D [T+ m)eD) <u Z G(o,7); (2.6)

j=n-1

here € > 0 is any constant (choose and fix it) so that

pM (T +n)=D [T 41]

L= Rm-p =©

(note, € exists since R > r > (uM (T +n)"~Y/(n — 1)) ([T +1]/(n — p))), and o € I, is such
that

Tin-1 T4+n—1
Z G(a,7) = max Z G(3, 7).
j=n-1 j=n-1

Then (2.1) has a solution y € C(I,) with y(i) >0 for i € Jp,—1.
Proor. To show (2.1) has a nonnegative solution, we will look at the boundary value problem
Atylk—n+1) +ufr(kyk)—¢(k)) =0, k& Jo,
Aty(0) =0, 0Li<n-2, (2.7)
APy(T+n-p)=0, 1<p<n-1,
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where ¢(i) = p M w(i) (w is as in Lemma 2.2) and

fli,v)+ M, v>0,

CL { F,0)+ M, v<o.

We will show, using Theorem 1.1, that there exists a solution y; to (2.7) with y;(¢) > ¢(i) for
i € I, (note, ¢(i) > 0 for i € J,_;). If this is true, then u(i) = y,(¢) — #(3) is a nonnegative
solution (positive on J,_1) of (2.1), since, for k € J,_1, we have

Atulk—n+1)=A"y(k—n+1)+uM = —p f*(k,yk) — o(k)) + uM
= —plf(ky(k) — 8(k) + M)+ u M = —p f(k, u(k)).

As a result, we will concentrate our study on (2.7). Let E = (C(I,), |.|o) and

k(n—1)

K= {ue C(I,) : u(k) > m

[u|o, for k € In} .

Clearly, K is a cone of E. Let
M ={uel(l,): |ujo<r} and Qo ={ueC(l,): |ul < R}.

Next let A: KN (Q2\ Q) — C(I,,) be defined by

T+n-1

Ay(ky=u Y G(k,5) f*(,u() — $())-
1

j=n-—

First, we show A: KN (Q\ Q1) = K. Ifu € KN (Q\ Q1), then (2.2) and the known sign of G
(see [1,2]) guarantees that

A" Aulk—n+1) <0, ke da_1,
A*Au(0)=0, 0<i<n-—2,
APAu(T +n—p)=0, 1<p<n-1,

and so Lemma 2.1 implies Au(k) > (k"~U /(T 4+ n)*=DY}|Au|y for k € I,. Consequently,
Aue Kso A: KN (Q2\ Q) — K. It is well known [2] that A : K n(€2\ ) — K is continuous
and compact. :

We now show

|[Aylo < lylo,  fory € KNoQy. (2.8)

To see this let y € K N80y, so |ylo = r and y(k) > (k™D /(T + n)*=Y) 7 for k € I,,. Now, for
k € I,, we have

T4+n—1 .
Ay(ky=p > G(k,j5) f*(,v() — 6(5))

j=n—1
T+n-1 i

<u D Glk)YEG)
J—n_ T4+n-1

<udlyl) D Glkj)

]_;+n—1
Sup(r) sup 3 G(k,d),

j=n—1
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since for j € J,,_, we have (note, y(k) > 0 for k € I,)

F5,90G) — ¢(1)) + M < ¥(y(5) — ¢(4)) < ¥(w(H), if y(7) —¢(4) 20,
£(3:0) + M < 4(0) < 9(y()), ify(4) — ¢(j) <O
)-

This together

G,90) — 803)) = {

in fact, one can show y(j) — #(j) > 0 for j € J,—1 (see the argument below
with (2.4) yields

T4+n—1
|Aylo < ui(r) sup 3" Glk,d) <7 =1ylo,
" j=n-1
so (2.8) holds.
Next, we show
|Aylo > |ylo, for y € K N 6Qs. (2.9)

To see this, let y € K N 085 so |ylo = R and y(k) > (k™D /(T +n)"~VYR for k € I,. Let € be
as in the statement of Theorem 2.3. For j € J,_1, we have from Lemma 2.2 that

n—1)
y() - 6(3) = ¥(3) — 1 M w(3) > y(4) - ‘—“((anl;.)(n lp)
, uM(@T+1) (T +n)D
2 y) [1 “-Dim-p R
(n—1) (n— 1)(n—1)
@ e B2 T

>ey(j) > e

Now with ¢ as in the statement of Theorem 2.3, we have

T+n—1

Aylo)=p Y Glo,5) f*(Gy() - o))
j=n—1
T+n-1

=u Y G(o,)[f(Gy(5) - ¢()) + M]

j=n—-1

n—1 (n—1) T4+n-1 .
Zlig( ((T—l-—_ﬁ))("_‘l)) Z G(o,7),

j=n—1
since for j € J,_; we have from (2.5) that

n—1)n-1)
F0) = 90 + M 2 0(u) —60) 2 9 (RIS,
This together with (2.6) yields

— T+n-1
(n— 1)1
(T n n)("‘l) Z G U, > R= 1yIOa

j=n-1

Aylo) > pyg (eR

so (2.9) holds.

Now Theorem 1.1 implies A has a fixed point y; € KN(Q2\ (1), 1., 7 < |yi1lo < Rand (k) >
(k=D /(T +n)» D) r for k € I,. To finish the proof, we need to show y; (k) > ¢(k) for k € I,.
This is immediate since Lemma 2.2 with the fact that » > (u M (T +n)*=Y/(n — D)) (T +
1)/(n — p} + (n — 1)/n] implies for k € I, that

v (k) >

A k=Y u M [T+1

n—1
T+ rz n—1) n_p+ - ]?-#M’w(k)=¢(k)- |
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REMARK 2.1. In (2.4), it is possible to replace

(n-1) —
TZ/.LM(T—Fn) T+1+n 1

- (n—=1)! n—p n
with ,

s puM(T +n)~D(T+1)

- (n-(n-p)
see the ideas in the last few lines in the proof of Theorem 2.6.
EXAMPLE. Consider (2.1) with

(n—1)! 1
T+n)o=0 [(T+1)/(n—p)+(n—1)/n]]

Then {2.1) has a solution y with y(i) > 0 for i € J,_;1.

To see this, we will apply Theorem 2.3 with (here R > 1 will be chosen later; in fact we
will choose R so that € = 1/2 works, i.e., we choose R so that 1 — u(T +n)™=D(T +1)/
(n—1)!R(n-p)>1/2)

flk,u) =u™ -1, m > 1, and uE (0,(

M=1, P(u) = g(u) = ™, and €=y

Clearly (2.2), (2.3), and (2.5) hold. In addition, we know [1, p. 773] that

T+n-1
k(n—1) [(T+1) k—n+1
su E G(k,j) =p su -
P 2 CRI=EE G (- W }

(T+n)-D [(T+1) n-1
S ] [m—p> n ]

so (2.4) is true with » =1 since

(n—1) _
pM(T +n) (T+1)+n 1 <1=r
(n—1)! (n-p)  n
and -
tn- n—1)
. (T +n)! [(T+1) n—l] r
su G(k,7) < <1l= .
bowp 2 G ST [asy )
Finally, notice (2.6) is satisfied for R large since
R = ! — 0, as R — oo.

g (eR (n _ 1)(n—1)/(T + n)(n—l)) (6 ('n — 1)(n—1)/(T + ,n)(n—1))m Rm~—1

Thus, all the conditions of Theorem 2.3 are satisfied so existence is guaranteed.

Next, we discuss the discrete conjugate boundary value problem

(-1)*PA"y(k —p) = p f(k,y(k), k€,

At y(0) =0, 0<i<p-1 (ie,y0)=---=y(p-—1)=0), 2.10)
A'Y(T +n—1i) =0, 0<i<n-p-1 :

where u>0,T €{1,2,...}, J, = {p,p+1,...,T+p}, 1<p<n-1l,andy:I, - R.
First, we recall two known results from the literature. The first lemma can be found in (3] and
the second in [1, p. 773].
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LEMMA 2.4. Suppose y : I,, — R satisfies

(~1)"PA”y(k—p) 20, ke,
Aty(0)=0, 0<i<p-1,
A'y(T +n—1)=0, 0<i<n-p-1.

Then
y(k) > 8 ylo, for k € Jp;

here 0 < 8 < 1 is such that 6 = min{b(p), b(p + 1)} with

)= min{g(z,p), 9(z,T + p)}
min{g(z, [6()]), 9(z, [6(z) +1]), 9(z,p), 9(z,T + p)}

and
z-1DT+(z-2)n+=z

9@, k) = kED (T 4n— k), f(z) = —

and [.] is the greatest integer function.

LeMMA 2.5. The boundary value problem

(_1)n—p A" y(k_p) = 1’ ke ']p»
A'y(0) =0, 0<i<p-—1,
A'y(T +n—1i) =0, 0<i<n—-p-1,

has a solution w with

w(k) < ni (T +P)(p) (T+n- )("—p), for k € Jp,

and 1
w(k) < = (T+ (T +n)" P forkely,;
herew(0) =---=w(p—1)=w(T +p+1) =---w(T +n) =0 with
w(k)=%+:p( 1" P K(k, j) =ZT: )P K (k g):ik@) (T +n— k)P
pnd = n! -

for k € I, where K(k,j) = K1(k,j —p) and K, is the Green’s function for (see [3] for an explicit
representation)

Aty(k)y=0, kelh={0,1,...,T},
A'y(0)=0, 0<i<p-—1,
NyT+n—i)=0, 0<i<n-p-1.

We are now in a position to prove our main result for (2.10).
THEOREM 2.6. Suppose the following conditions are satisfied:

f:Jp x [0,00) > R is continuous and there

2.
exists a constant M > 0, with f(i,u) + M >0, for (¢,u) € Jp x [0,00), (211)
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fi,u) + M < ¢(u) on J, x [0,00) with
% : [0,00) — [0,00) continuous and nondecreasing (2.12)
and ¢¥(u) >0, foru>0,

M (T + p)® (T 4 1 — p)(n—) &
> M (T+pP(T+n-p) with — >u supz " P K(k,j), (2.13)

B n!d ’ "!’ kel,
there exists a continuous, nondecreasing function g : (0, oo) — (0, 00),
with f(i,u) + M > g(u), for (i,u) € J, x (0,00), (2.14)
and
T+p
dR>r, With RH _uz Y* 7P K(o, j); (2.15)

here € > 0 is any constant (choose and fix it) so that

pM (T +p) (T +n—p)"?

— >
1 n!R# =€
and o € I,, is such that
T+p T+p
> (~)" P K(e,0) = max > (—1)" P K (i, ).
j=p " j=p

Then (2.10) has a solution y € C(I,) with y(i) > 0 for i € Jp.

Proor. To show (2.1) has a nonnegative solution, we will look at the boundary value problem

(D" P A"y(k —p) = uf*(k,y(k) - ¢(k)), k€ Jp
Aty(0) =0, 0<i<p-1, (2.16)
A y(T+n—1i) =0, 0<i<n-p-1,
where ¢(i) = p M w(i) (w is as in Lemma 2.5) and f* is as in Theorem 2.3. It is enough to show

that there exists a solution y; to (2.16) with y,(i) > ¢(4) for i € I, (note, #(¢) > 0 for i € Jp).
Let E = (C(I,), |.]o) and

K={ueC{y,):u(i) >0, for i€ I, and u(k) > 6 |ulo, for k € Jp}.

Also, let
QG ={uelC(l,):|uo<r} and ={u e C(l,): |ulo < R}
and let A: KN (Qz \ 1) — C(I,.) be defined by

T+p
Ay(k) = p Y (1" P K(k, 5) f*(G,y(5) — $(5)-

j=p

Essentially the same reasoning as in Theorem 2.3 guarantees that A : KN (Q2\ Q1) — K is
continuous and compact with

[Aylo < |ylo, forye KNo;. (2.17)

Next, we show
|Aylo > |ylo, for y € K N 0SQs. ) (2.18)
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To see this, let y € KNy so |ylo = Rand y(k) >R for k € J, and y(k) >0 for k € I,. Let e
be as in the statement of Theorem 2.6. For j € J, we have from Lemma 2.5 that

pM(T +p)® (T +n—p)n?

y(4) — () = y(4) — M w(j) > y(j) -

n!
. pM (T +p)P(T +n—p)nP)
2y0) [l - n6R
>ey(j) > e R
Now with ¢ as in the statement of Theorem 2.6, we have
T+p
=p Z )P K(0,5) [f(4,9(4) = $(5)) + M]
T+p
> ug(e0R) Y (-1 " K(0,5)
j=p
R= |y|07

from (2.15). Thus, (2.18) holds.

Now Theorem 1.1 implies A has a fixed point y; € KN(Q2\Qy), i.e.,7 < |y1lo < Rand y;(k) > 0
for k € I, and y;(k) > @r for k € J,. To finish the proof, we need to show y1(k) > ¢(k) for
k € I,. First, if k € I,, \ Jp, then since y;(j) > 0 for j € I,, and ¢(j) = 0 for j € I, \ Jp, we
have y1(k) > 0 = ¢(k) for k € I, \ Jp. It remains to consider the case k € J,. If k € J,, then
r>puM (T +p)® (T +n—p)» P /nl and Lemma 2.5 implies

pM(T +p)® (T +n—p)»
n!
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