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Abstract

We study the dynamical behavior of D-dimensional linear cellular automata over Z,. We
provide easy-to-check necessary and sufficient conditions for a D-dimensional linear cellular au-
tomata over Zn to be sensitive to initial conditions, positively expansive, strongly transitive, and
equicontinuous. As a consequence of our results, we have a complete and efficiently computable
topological classification of D-dimensional linear cellular automata over Z, according to the
most important dynamical properties studied in the theory of discrete time dynamical systems.
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1. Introduction

Cellular automata (CA) are dynamical systems consisting of a regular lattice of vari-
ables which can take a finite number of discrete values. The global state of the CA,
specified by the values of all the variables at a given time, evolves in synchronous
discrete-time steps according to a given Jlocal rule which acts on the value of each sin-
gle variable. CA have been widely studied in a number of disciplines (e.g., computer
science, physics, mathematics, biology, chemistry) with different purposes (e.g., sim-
ulation of natural phenomena, pseudo-random number generation, image processing,
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Property Characterization Reference
Surjectivity ged(m, Ay,..., ) =1 [10]
Injectivity VpeP)34i): plii [10]
Ergodicity ged(m, Ao, ..., 25) =1 [15]
Transitivity ged(m, A, ..., As) =1 [2]
Regularity ged(mya—y,...,a,)=1 [2]
Expansivity ged(m,a_p,...,a_y,a,...,a,)=1 [13]
Sensitivity (3peP): pleed(a,..., A) This paper
Pos. expansivity ged(m,ay,...,ar)=ged(m,a_,...,a_,)=1 This paper
Equicontinuity (Yp € 2P) plged(4a, ..., As) This paper
Strong trans. Vp €PY3hi, ) pfAi A pl A; This paper

Fig. 1. Characterization of set theoretic and topological properties of linecar CA over Z,, in terms of the
coefficients 4;’s (for D-dimensional CA) or a;’s (for one-dimensional CA). # denotes the set of prime
factors of m.

analysis of universal model of computations, cryptography). CA can display a rich
and complex temporal evolution whose exact determination is in general very hard, if
not impossible. In particular, some properties of the temporal evolution of general CA
are undecidable [4, 5, 11]. For an introduction to the CA theory and an extensive and
up-to-date bibliography see [8].

In this paper we restrict our attention to the class of linear CA (CA based on a linear
local rule defined over the ring Z,, ). Despite of their apparent simplicity, linear CA may
exhibit complex features and have found many applications (see [3]). Several important
properties of linear CA have been studied during the last few years [1,2,9, 10, 12-15]
and in some cases exact characterizations have been obtained (see Fig. 1).

We investigate the topological behavior of linear D-dimensional CA over Z,.
We focus our attention on a number of topological properties which are widely recog-
nized as fundamental in the determination of the qualitative behavior of any discrete-
time dynamical system, namely sensitivity to initial conditions, positive expansivity,
equicontinuity, and strong transitivity. The main contribution of this paper consists in
efficiently computable criteria for deciding whether a linear CA satisfies one of the
above four properties. Our criteria are reported in Fig. 1 and are given in terms of the
coefficients of the linear local map associated to the CA. Note that, using our criteria,
one can easily construct a linear CA which satisfies any combination of the above
properties. The criteria we propose require only gcd computations and can be checked
in polynomial time in log m and in the number of coefficients of the local rule. The
dimension of the lattice does not explicitly affect the computational cost of our criteria.
The results of this paper hold for every dimension D1 and for every m>2. Our
results show that linear CA over Z,, have dynamical aspects that linear CA over finite
fields, such as Z, with p prime, cannot have. Fig. 2 illustrates the differences between
possible topological behaviors of linear CA over Z,, for m composite and m prime.

Since many definitions of chaotic dynamical system are based on topological prop-
erties such as transitivity and sensitivity to initial conditions [6], the diagram of Fig. 2
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Fig. 2. Diagram of properties of D-dimensional linear CA over Z, for m composite (left) and m prime
(right). All inclusions are proper. Note that the classes of positively expansive CA and expansive CA are
empty in any dimension greater than 1.

St. Trans
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can be interpreted as a hierarchical definition of chaos. We have five classes of in-
creasing degrees of chaoticity, namely equicontinuous CA, sensitive but not transitive
CA, transitive but not strongly transitive CA, strongly transitive but not positively ex-
pansive CA, and, finally, positively expansive CA. Some of the inclusions of Fig. 2
hold also for general CA. Unfortunately, in the general case the problem of deciding
whether a given CA satisfies one of the above-mentioned topological properties is not
even known to be decidable.

The rest of this paper is organized as follows. In Section 2 we give basic definitions
and notations. In Section 3 we state our results. Section 4 contains the proofs of
the main theorems. Section 5 contains some concluding remarks. The proof of some
technical lemmas have been confined to the appendix.

2. Basic definitions

For m = 2, let Z,, denote the ring of integers modulo m. We consider the space of
configurations

G2 ={c|c:Z° - Z,},

which consists of all functions from Z2 into Z,,. Each element of ¢2 can be visualized
as an infinite D-dimensional lattice in which each cell contains an element of Z,,.

Let s = 1. A neighborhood frame of size s is an ordered set of distinct vectors
uy,uy,...,u; € Z°. Given any function f: Zy — Z,, a D-dimensional CA based on the
local rule f is the pair (¥2,F), where F:%2 — 4P, is the global transition map
defined as follows. For every c € %2 the configuration F(c) is such that for every
veZz?

[F(O)(v) = flc(v+up),...,c(v + us)). (1)

In other words, the content of cell v in the configuration F(c¢) is a function of the
content of the cells v +uy,...,v+ u; in the configuration ¢. Note that the local rule f
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and the neighborhood frame completely determine F. In this paper we consider mainly
linear CA, that is, CA with a local rule of the form

f(xl,...,xs):i:]i,-x,-modm, (2)
i
with 4y,..., 4 € Z,. Note that for a linear D-dimensional CA, | becomes

[F(o)(v)= il Aic(v + u;) mod m. 3)
We define the radius of the linear CA (42, F) as

pF)= max |||, 4)

where the maximum is restricted to the indices i such that A; % 0(mod m). As usual,
|[v]|cc denotes the maximum of the absolute value of the components of .

Example 1. A simple two-dimensional linear CA over the alphabet {0,1} is the one
in which the new value of each cell is the sum modulo 2 of its north, south, east, and
west neighbors. Using our notation we have D=2, m=2, s=4, and

u; =(1,0), w={(-1,0), uw; ={0,1), us=(0,—1).
The local rule f is given by

S(x1,x2,x3,%4) = (%1 + X2 + X3 + x4) mod 2.
The global transition map F has radius one and is defined by

[F(O)]G )= fleli + 1,7),¢(i — 1,/),¢(i,j + 1), ¢(i,j — 1)) mod 2.
=c(i+1,j)+ci—1,7)+c(i,j+ 1) +c(i,j — 1)mod 2.

For linear one-dimensional CA we use a simplified notation. A local rule of radius
r is written as

SG_pox,)= Zr: a;x; mod m, (5)

i=—r

where at least one between a_, and a, is nonzero. Using this notation, the global map
F of a one-dimensional CA with p(F)=r becomes
r

[F(0I()= 3 aje(i+ j)modm, c€%,, icZ

Jj==r

Example 2. The local rule

S(x—2,x_1,%0,%1,X2) =x_1 —x; + 2x, mod 4
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defines a one-dimensional CA over Z; whose global transition map F has radius
p(F)=2 and is given by

[F(e)]()=c(i — 1) — c(i + 1) + 2¢(i + 2)mod 4.

The topological properties of CA are usually defined with respect to the metric
topology induced by the Tychonoff distance. Let A:Z,, x Z,, —{0,1} given by

[0 ifi=)
A(”J)‘{l if i),

For any pair a,b € %2 the Tychonoff distance d(a,b) is defined by

A(a(v), b))

d(a.b)= 3>, ——

veZP

(6)

It is easy to verify that d is a metric on 2 and that the topology induced by d
coincides with the product topology induced by the discrete topology on Z,. With this
topology, €2 is a compact and totally disconnected space and every CA is a uniformly
continuous map.

Given two configurations a,b€ %2 we define their sum a + b by the rule (a +
b)(v)=a(v) + b(v)modm for every ve ZP. Note that, with respect to this sum, the
Tychonoff distance is translation invariant, that is, d(a,b)=d(a+c,b+c). In addition,
if F is linear we have F(a + b)=F(a) + F(b). A special configuration is the null
configuration 0 which has the property that 0(v)=0 for all ve zb.

Throughout the paper, F(c) will denote the result of the application of the map F to
the configuration ¢, and ¢(v) will denote the value assumed by ¢ in v. We recursively
define F"(c) by F*(c)=F(F""'(c)), where F(c)=c.

2.1. Topological properties

In this section we recall the definitions of some topological properties which are used
to study the qualitative behavior of discrete time dynamical systems. Here, we assume
we are given a space of configurations X equipped with a distance d, and a map F
continuous on X according to the topology induced by d (for CA, Tychonoff distance
satisfies this property). We denote by %(x,¢) the (open) set {y € X:d(x, y)<s}.

Definition 2.1 (Sensitivity). A dynamical system (X, F') is sensitive to initial conditions
if and only if there exists 6>0 such that for any x€X and for any ¢>0, there
exist y € #(x,¢) and n > 0, such that d(F"(x),F"(y))>0d. The value ¢ is called the
sensitivity constant.

Intuitively, a map is sensitive to initial conditions, or simply sensitive, if there exist
points arbitrarily close to x which eventually separate from x by at least é under
iteration of F. Note that not all points near x need eventually separate from x under
iteration, but there must be at least one such point in every neighborhood of x.
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A property stronger than sensitivity is positive expansivity. Positive expansivity dif-
fers from sensitivity in that all nearby points must eventually separate by at least §. It
is easy to verify that positively expansive CA are sensitive to initial conditions.

Definition 2.2 (Positive expansivity). A dynamical system (X,F) is positively expan-
sive if and only if there exists >0 such that for every x,y € X, x# y, there exists
n 2= 0 such that d(F"(x),F"(y))>J. The value 6 is called the expansivity constant.

For invertible maps the above definition can be generalized as follows. We say that
an invertible map F' is expansive if and only if there exists §>0 such that for every
x,y€X, x#y, there exists n € Z such that d(F"(x),F"(y))>d. Here, F* with n<0
denotes F~! iterated |n| times. In [13] the authors give a formula for the inverse of
linear CA and use it to characterize expansive linear CA in terms of the coefficients
of the associated local rule.

It is known (see [7, 16]), that there are no expansive or positively expansive CA
(62,F) for D>1.

Definition 2.3 (Equicontinuity at x). A dynamical system (X,F) is equicontinuous at
x€X if and only if for any d>0 there exists £>0 such that for any y € %(x,¢) and
n = 0 we have d(F"(x),F"(y))<d.

Definition 2.4 (Equicontinuity). A dynamical system (X,F) is equicontinuous if and
only if it is equicontinuous at every x € X.

The notions of sensitivity and equicontinuity (also known as szability) are related.
In fact, by comparing the definitions one can easily see that

F is not sensitive < dx: F is equicontinuous at x. 7N

Definition 2.5 (Strong transitivity). A dynamical system (X, F) is strongly transitive
if and only if for all nonempty open set U CX we have U:jg FrU)=X.

A strongly transitive map F has points which, under iteration of F, move from one
arbitrarily small neighborhood to all the space of configurations X. A weaker notion
is transitivity: a map F is transitive if and only if for every nonempty open set U the
set U::Og F"(U) is a dense subset of X. Clearly, strongly transitive maps are transitive.
If F is a linear strongly transitive CA in view of [2, Theorem 3.2] is also ergodic with
respect to the normalized Haar measure.

3. Statement of the new results

In this section we state the main results of this paper. The same results are summa-
rized in Figs. 1 and 2.
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Theorem 3.1. Let F denote the global transition map of a linear D-dimensional CA
over Z,, defined by

[F(c))(v) = 3 Aic(v + ;) mod m. )
i=1

Assume u, =0, that is, A, is the coefficient associated to the null displacement. The
global transition map F is sensitive if and only if there exists a prime p such that

plm and pj[ged(iz,ds,...,A). 9

In other words, F is sensitive unless every prime which divides m divides also all the
coefficients ;s with i# 1.

Note that we can check the above condition without knowing the factorization of m.
In fact, (9) holds if and only if gcd(/4,, 43, ..., 4;) does not contain all the prime factors
of m. Since each prime appears in m with a power at most |log, m], F is sensitive if
and only if [ged(J2, 43, ..., A)]Ho% ™ £ 0 (mod m).

Theorem 3.2. Let F denote the global transition map of a linear one-dimensional CA
over Z,, with local rule f(x_,,....x,)= Z::_r a;x;mod m. The global transition map
F is positively expansive if and only if

ged(m,a_,,...,a_1)=1 and ged(m,ay,...,a.)=1. (10)

Since positively expansive CA do not exist in any dimension D >2, the above the-
orem completely characterizes the class of linear positively expansive CA.

Theorem 3.3. Let F denote the global transition map of the linear D-dimensional
CA over Z,, defined by (8). The following statements are equivalent.
(i) F is equicontinuous in at least one point,
(ii) F is equicontinuous at every point,
(iii) for each prime p such that p|m we have p|gcd(2,43,-..,4s).

By Theorem 3.3 and (7), we get that a linear CA is either sensitive or equicontinuous.
Hence, F is equicontinuous if and only if [ged(42, 43,...,4)] llog; m} = 0 (mod m). As
a corollary to Theorem 3.3 we have the following result which will be proven in
Section 4.3.

Corollary 3.4. Let F denote the global transition map of any surjective and equicon-
tinuous linear D-dimensional CA over Z,. Then F is injective.

Since injective CA are surjective, Corollary 3.4 implies that, for equicontinuous CA,
injectivity is equivalent to surjectivity.

Theorem 3.5. Let F denote the global transition map of a linear D-dimensional CA
over Zy defined by (8). The global transition map F is strongly transitive if and only
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if for each prime p such that p|m, there exist at least two coefficients A;, A; such
that p|A; and pfa;.

Note that we can check whether F is strongly transitive without knowing the fac-
torization of m. In fact, the above condition is equivalent to

ged(m, Ay, A3, ..., As) =ged(m, Ay, A3, .., Ag) = - =ged(m, Ay, Az, .oy Asm1 ) = 1.

4. Proof of the main theorems

We now prove the results stated in Section 3. In our proofs we make use of the
Jormal power series (fps) representation of the configuration space %5 (see
[10, Section. 3] for details). For D=1, to each configuration ¢ € %} we associate
the fps

P(X)=3c(DHX'.
i€z
The advantage of this representation is that the computation of a linear map is equiv-
alent to power series multiplication. Let F: %), — €., be a linear map with local rule
S&rsex)= 301 a;x;. We associate to F the finite fps Aq(X)= S aX
Then, for any c € €. we have

Pre)(X) =F(X )Ar(X) mod m.

Note that each coefficient of Pr()(X) is well defined since A(X) has only finitely
many nonzero coefficients. Note also that the finite fps associated to F" is A7 (X).
More in general, to each configuration ¢ € 42 we associate the formal power series

P(X1,.... Xp)= Y c(ity. . ip)X - X2,
ity iD€EZ
The computation of a linear map F over ¥2 is equivalent to the multiplication by
a finite fps A(Xj,...,Xp) which can be easily obtained by the local rule f and the
neighborhood frame u, ..., ;. The finite fps associated to the map F defined by (8) is

N
AX,. . Xp) =3 A x D L x D),
=1
where u;(j) denotes the jth component of vector u;.
Example 3. The finite fps associated to the map F defined in Example 1 is A(X,Y)=

X+ X'+ Y+ Y. The finite fps associated to the one-dimensional defined in
Example 2 is A(X)=2X"2-Xx"1 4+ Xx.

Throughout the paper, given a fps H(X) and i € Z, we use (H(X)); to denote the
coefficient of X' in H(X).
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4.1. Sensitivity

In this section we characterize sensitive linear CA. We prove our results only in the
two-dimensional case, since the proofs for the other dimensions are similar.

Let F : 42 — %2 denote the global transition map of a two-dimensional CA. For any
integer k>0, let ¥ denote the set of configurations c € %> such that c(v)=0 for
|l9]|oo <k. It is straightforward to verify that F is sensitive if and only if there exists
d>0 such that for any configuration ¢ € 42 we have

Vk>0, 3 € d(F"(c+),F"(c))>6 for some n = 0. (11)

In fact, (11) implies that we can find a configuration, arbitrarily close to ¢, whose
distance from ¢ exceeds § after a sufficiently large number of iterations.
If F is linear we can get rid of the particular configuration c. We have

d(F"(c+¢'),F"(c))=d(F"(c) + F"('),F"(c))=d(F"(c'), 0).
Hence, F is sensitive if and only if there exists >0 such that
Vk>0, 3’ ev?: dF"(),0)>5 for some n = 0. (12)

This observation leads to the following lemma.

Lemma 4.1. Let F denote the global transition map of a linear D-dimensional CA
over Z,. F is sensitive if and only if

lim sup p(F") = oo, (13)

n-—=+00

the radius p of a CA being defined by (4).

Proof. We prove the result for D=2. If (13) does not hold, there exists M such
that p(F")<M for all n. Thus, if £>M, for all cE“//k2 we have F"(c)E"VkZ_M.
Elementary calculus shows that ¢ € ¥,2 = d(c,0) < 8(¢ + 2)/2'. Hence, for any 6, if &
is large enough c € ¥;? implies d(F"(c),0) < 6 for all n, and F cannot be sensitive.

Assume now (13) holds. Then, for every k¥ we can find »n such that p(F")=z>k.
Let A, u(™ denote the coefficients and the displacements of the local map associ-
ated to F". p(F")=z implies that there exists j, such that l;”;éo and ||llj(~")||oo =z.
Let ¢ be such that c(—u{”)=1, and c(v)=0 for v+ —u". Clearly, c€ ¥ and
[F7(c)}(0)= A" # 0 which implies (12) for any §, 0<d<1. O

Proof of Theorem 3.1. Let F denote the global transition map of a linear two-
dimensional CA, and let
AXY)= Y a ;XY

v<isw
ysj<z

denote the finite fps associated to F. Assume (9) holds. Then, there exist a prime p
and a coefficient a;, such that p|m, pla,, and at least one between s and u is nonzero.
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We now prove that, as a consequence, lim sup p(F")=oco. Without loss of generality,
we can assume s# 0, and that for i <s we have pla;;. Let AX,Y)=A(X, Y)mod p.
By our assumptions, A(X,Y) can be written as X’ G(Y) + >, X'H(Y), with
G(Y)#0. Hence,

s<igw

A"(X,Y)modp) =X V)" =X"G"(Y)+ ¥ X'H(Y).
ns<i<nw
Since Z, is an integral domain, we have G"(Y)# 0 which implies p(F") > ns|.
Assume now p|m=- p|4; for all i# 1 and every prime p. Let m= p’f‘ -+ pk denote
the factorization of m, and let £ = max; ;. We prove that p(F") < p(F)(k — 1). Let
b;; denote the coeflicients of the fps associated to F*. We have
bij= Y @@ i, (14)
e
Dt =i
If max(|i},|j|)>p(F)(k — 1), each term a;, j a;, j, - - - a;, ;, must contain at least k co-
efficients a;, ;, with max([is],|jx|) # 0. Hence, p|m=> p*|(a;, j, - - a;, ;,), and each term
in the sum (14) is a multiple of m. Hence, p(F") < p(F)(k — 1) and by Lemma 4.1
F is not sensitive. [J

4.2. Positive expansivity

In this section we characterize positively expansive linear CA. Since positively ex-
pansive CA do not exist in any dimension D>2 we can restrict ourselves to the
one-dimensional case.

Let F:%) — %] denote the global transition map of a one-dimensional CA. It is
straightforward to verify that F is positively expansive if and only if there exists >0
such that for any configuration ¢ € ¢} we have

V'€, ¢#£0, In=0. dF"c+),F'c))>0.

Reasoning as in Section 4.1, if F is linear we can get rid of the particular configura-
tion c¢. We have

d(F"(c + ), F"(c))=d(F"(c)+ F"(c'), F"(c))=d(F"(c"),0).

Hence, F is positively expansive if and only if for any ¢’ £0 we have d(F"(c’'),0)> ¢
for a sufficiently large n. Clearly, this is equivalent to assuming that there exists M >0
such that

Vo', ' #£0, Inz=0: [F'(c"))(i)#0 for some i with [i| <M.

For any integer k>0, let #7; denote the set of configurations ¢ € %! such that c(i)=0
for |i| <k and at least one between c(k) and c(—k) is different from zero. Since & can
be chosen arbitrarily, we have that F is positively expansive if and only if 3k such
that for all k> k

Yee Wy, dnz0: [F'(c)(i)#0 for some i with |i|<M. (15)
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If we visualize each configuration as a biinfinite array, 15 tells us that the essential
feature of positively expansive CA is that any pattern of nonzero values can “propagate”
from positions arbitrarily away from 0 up to a position i with |i| <M. Informally, we
say that any nonzero pattern can propagate for an arbitrarily large distance. For a
comparison, sensitive one-dimensional linear CA can be seen as those CA in which
for each ¢>0 there exists a nonzero pattern which propagates by at least ¢ positions.

The following lemma shows a relationship between the coefficients a@;’s of the local
rule (5) and the propagation of one-sided nonzero patterns.

Lemma 4.2, Let m:p'f‘ -o-pﬁ”, and let c € %) such that c(v)#0 and c(i)=0 for
i>v If ged(m,a_y,...,a_,)=1, then there exists n such that [F"(c)](i)#0 for some
i with |i] <r(max;_1,.., py(k; — 1)!).

Proof. Let C(X)=} . _ c:X ! be the fps associated to c. Since m|c,, there exists a
prime p and an integer k such that p*|m and p*/c,. Since ged(m,a_,...,a_,)=1,
we can find ¢, 0 <t < r, such that

pla_, and pla_;, foret<i<r. (16)

Let A(X)=>".__,a_;X" denote the finite fps associated to F. We prove the lemma

i=—r

by showing that if n is a positive multiple of p*(k — 1)! then
[F7(e))(v + nt) = (CX)A"(X))vne # 0 (mod m),

since this implies that we can have a nonzero in every position v’ such that v > v and
v =v(mod tp*(k — 1) .

Let A(X)=A(X)mod p*. By (16) we know that A(X) satisfies the hypothesis of
Lemma A.4 in the appendix. Hence, if n is a multiple of p*(k — 1)!, we have 4"(X)=
S aX" with ged(d,, p*)=1. We have

i=—nr

[F"(e))(v + nt) = (A"(X)CX)) v+ (mod p*)

= << fj a,-x") (ZC,X">> (mod p*)
i=—nr i<v v+nt

= d,,c, (mod pk).

Since by hypothesis p*fc, and p)dn,, [F*(c)](v + nt) is not a multiple of p*.
We conclude that [F"(¢)}(v + nt) is nonzero modulo m as claimed. O

Lemma 4.2 proves that if ged(m,a_,,...,a_,)=1 any left-sided nonzero pattern can
propagate arbitrarily far away to the right. Similarly, gcd(m,ay,...,a,)=1 implies that
any right-sided nonzero, pattern can propagate arbitrarily far away to the left. Having
established these two facts we are now able to prove Theorem 3.2.

Proof of Theorem 3.2. Let m= p'l“ e p’,‘,“, and assume (10) holds. We show that F is
positively expansive by proving that (15) holds with M = k =1 + r[max; pf"(k,» — .
For any k> k let ce . If c(i)=0 for i>—k, or ¢(i)=0 for i <k the thesis follows
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by Lemma 4.2 and the observation following it. For the general case in which ¢
assumes nonzero values both for i<—k and i>k, we write c=cp + cg, where ¢
(resp. cr) is such that ¢; (i) =0 for i>—k (resp. cg(i)=0 for i <k). By linearity we
have F"(c)=F"(cL) + F"(cr). Hence, for a suitable n we must have [F*(c)](i)#0
for some i with |i| <M, unless the nonzero patterns generated by F"(c.) and F"(cg)
cancel each other for |i| <M. However, since F has radius » and M > 1 + 2r, the
nonzero patterns generated by F"(c.) and F"(cgr) cannot cancel each other unless at
least one of them has already reached the region with |i| <M. This proves that (15)
holds for any ¢ € #; and the map F is positively expansive as claimed.

Finally, we prove that (10) is a necessary condition for positive expansivity. Assume
for example gecd(ay,...,a,)=¢q), >1, and let g, = m/q,. For any integer k>0 let ¢, € %},
denote the configuration defined by ¢ (i)=¢; if i=k and c;(i)=0 otherwise. We
show that for every n>0 and i<k we have [F"(c;)](i) =0 which implies that F is
not positively expansive. Since the fps associated to c; is g, X*, we have

[F" (1) = (@2X A" (X)i = g2 {d" (X Y)i—s- (17)

By hypothesis, for j <0, (4(X)); is a multiple of ¢;. One can easily verify that also
for A"(X) we have that j<O implies g,|(4"(X));. By (17) we get that, for i<k,
[F™"(c)](()=0(mod m) as claimed. [J

4.3. Equicontinuity
In this section we characterize equicontinuous linear CA. Our result relies on the fact

that linear CA are either equicontinuous at every point or sensitive to initial conditions.

Lemma 4.3. Let x be any configuration. A linear map F is equicontinuous at x if
and only if F is equicontinuous at 0.

Proof. Assume F is equicontinuous at 0. Then, for any 0 >0 there exists &5 >0 such
that for any configuration y € %(0,¢s5) and for any n = 0

d(F™(0),F"(y))=d(0,F"(y))<é. (18)

Assume by contradiction that F' is not equicontinuous at x. Then, there exist §>0,
a configuration y € #(x,¢;), and an integer n = 0 such that d(F"(x),F"(y)) = 6. Let
¥ =(y — x)modm. Since d is translation invariant we have )’ € 2(0,¢s). For the
linearity of F' we get

d(0,F"(y") =d(F"(x),F"(x) + F"(y')) =d(F"(x),F"()) > é. (19)

Comparing (18) and (19) we get a contradiction. In a similar way, one can prove that
F equicontinuous at x implies F equicontinuous at 0. O

Proof of Theorem 3.3. Obviously (ii)=>(i). By Lemma 4.3 we have that for linear
CA (i) = (ii). To prove that (i)« (iii) we simply note that by (7) to get a character-
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ization for equicontinuous maps it suffices to negate the characterization for sensitive
maps. [J

Proof of Corollary 3.4. We use the characterization of injective and surjective CA
proven in [10] and shown in Fig. 1. Let F be a surjective map defined by (8), and
let 4; be the coefficient associated to the null displacement. Let p be any prime which
divides m. Since F is equicontinuous then

plA; for2<j<s.

In addition, since F is surjective p[ ;. Hence, there exists a unique coefficient 4; such
that p/4; and the map F is injective. ([

4.4. Strong transitivity

In this section we prove the characterization of strongly transitive linear CA. The
proof is quite complex and we will need some preliminary lemmas. To simplify the
notation we first give the proof for the one-dimensional case. The extension for D> 1
is given in Section 4.4.1.

Let ¥! ={x€ %} | x(i)=0 for |i|<k}. For any x € € let

D k)=x+ vV ={ycElly=x+z zcv}}

Since we are considering the topology induced by d, for any nonempty open subset
UcC ‘6,,1,, we can find x € (6,}, and £>0 such that #(x,&) C U. Elementary calculus shows
that

P(x,3 + [log(1/e)]) € #(x,e) C U,

hence F is strongly transitive if and only if

+00
Vxeg, Vk>0, | F(2(x,k)=%.. (20)
n=0
We are now ready to establish a simple condition which, for linear maps, implies
strong transitivity.

Lemma 4.4. Let F be a linear one-dimensional map over Z,. If, for all k, there exists
ny such that F™(¥;))=%), then F is strongly transitive.

Proof. For all x€ %) and k>0 we have

+oc0
FYD(, k) DF™(x+ ¥ )=F™x)+ F*(¥;)=¢'. O
0

n=

3

To prove the “if” part of Theorem 3.5 we use Lemma 4.4 and the power series
representation of CA. Lemma 4.5 establishes the result for the special case in which
m is a prime power, while Lemma 4.6 proves the result in the general case.
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Lemma 4.5. Let AX)= 3 i<, @i X' denote a finite fps over Z,x (p prime). Sup-
pose there exist two coefficients a;,a; such that ged(p,a;)=ged(p,a;)=1, and let n
be any multiple of p*(k—1)!. Then, for each fps C(X') we can find B(X)=Y,c7 biX’
such that

BX)E ) and BX)A"(X)=C(X)(mod ). 1)
Proof. Let
s = min{i| ged(a;, p) =1}, t= max{i|ged(a;, p)=1}.

Let # be any multiple of p*(k —1)!. By Lemmas A.3 and A.4 in the appendix we
know that A"(X) has the form

A"(X)= {: a' X' (mod p*)

i=ns

with ged(ay,, p) = ged(ay, p)=1.
Let C(X)=> e, ¢ X', and z=|n/2). By Lemma A.l there exists B, (X)=
>, biX" such that

B.(X)A"X)= Y. c:X'(modp").

izz+ns

b’ X" such that

i<z+ns—nt 7l

Similarly, by Lemma A.2 there exists B_(X)= 3

B_(X)A"X)= ¥ ¢ X' (modp®).

i<z4ns

Let B(X)=B_(X)+ B, (X). Clearly, B(X)4"(X)= C(X)(mod p*), and bz yns—n =
—b,,=0. Since z+ns —nt < |n/2] —n < — |n/2] we have that B(X) satisfies (21)
and the lemma follows. [

Lemma 4.6. Let A(X)=3_,<i<, a, X! denote a finite fps over Z,,. Suppose that for
each prime p which divides m there exist two coefficients a;,a; such that ged(p,a;)=
ged(p,a;)=1. Then, for any integer g>0 there exists n such that for each fps
C(X)= Y, c: X' we can find a fps B(X)= iz bi X' such that

B(X)e¥;' and B(X)A"(X)=C(X)(modm). (22)

Proof. Let m= pl p2 . ph , and k= max,k Let n denote a multiple of m(k — 1)!
such that n>2gq. Clearly, n is a multiple of p, (k;—1)! for i=1,...,h. By Lemma 4.5

we know that given C(X) we can find Bi{(X)= > jez bj’)Xf such that

b(l)

B p== b, = b =0 and Bi(X)4"(X)=C(X)(modp;'):
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We now use the Chinese Remainder theorem. Since gede( pf",m/ pf.“'): 1, we can find
f; such that B;(m/ pf")z 1 (mod pf-"'). Let

%)B,-(X).

h
BX)=3_ B (
i=1 Pi

Fori=1,...,h, we have B(X)= B{(X)(mod I)ik’). Hence, B(X)AM(X) = C(X)(modpik')
for all i, which implies 22. [

Proof of Theorem 3.5 (Case D=1). The “if” part follows directly from Lemmas 4.4
and 4.6. To prove the “only if” part let A(X)=>__,; < @X i denote the finite fps
associated to the map F. Assume there exist a prime p and an index j such that
p|m and p|a; for all is#j. Let a§"), —rn<i<rn, denote the coefficients of A"(X).
It is straightforward to verify that, for i# jn, we have that p|a§"). Consider now
any configuration b€ ¥;'. The corresponding fps B(X)= Yiez DX " is such that
b(0)=0. We have

[F"(5))(nj) = (A"COBUX) = 3 ab(nj —i).
Since 5(0) =0, all terms in the summation are multiple of p and p|[F"(b)](n/). Hence,
the configuration ¢ such that ¢(i)=1 for all i € Z clearly does not belong to F"(¥}'),
and by (20) F cannot be strongly transitive. [J

4.4.1. Extension to the D-dimensional case

We now show how the results of the previous section can be extended to character-
ize D-dimensional strongly transitive linear CA. As usual, we consider only the case
D=2, since the general case is analogous. As for the one-dimensional case we, define
the set

V2 ={x€ 63| x(v)=0 for ||v||o <k}.

It is straightforward to verify that a result analogous to Lemma 4.4 holds also for
D=2. That is, if, for all k, there exists n; such that F"(¥}*)=%2, then F is strongly
transitive. In view of this, to prove the “if” part of Theorem 3.5 we need results
analogous to Lemmas 4.5 and 4.6. We only state and prove the result for m = p*.
The extension to the general case follows using the Chinese Remainder theorem as in
Lemma 4.6.

Lemma 4.7. Let

AXY)= ¥ a X'V,
vsisw
X€jy
denote a finite fps over Znx (p prime). Suppose there exist two coefficients as, and
a,; such that ged(p,asn)=ged(p,a,;)=1, and let n be a multiple of p*(k — 1.
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Then, for each fps C(X,Y) we can find BX,Y)= 3, ;b ; XY/ such that
BX,Y)EVp) and B(X,Y)A"(X,Y)=C(X,Y)(mod p*). 23)

Proof. By interchanging, if necessary, the role of X and Y we can assume that s <¢.
Moreover, reasoning as in the proof of Lemma 4.5, we can assume that p|a; j fori<s
and i>¢. By Lemma A.7 and the observation following it, we know that, if n is a
multiple of p*(k — 1)!, 4"(X,Y) has the form

AXY)= Y d XY/ (mod p*)
ns<i<nt
msjsny
and there exist ja, A, such that ged(a, ;, p)=ged(a,, , , p)=1.
Let CLX,Y)= 3, iz ¢;;X'Y/, and z= |n/2]. By Lemmas A.5 and A.6, we know
that there exist
B.(X,Y)= Y biX'Y, B.(XY)= > b X'y

izz jeZ i<ztns—nt, jEZ
such that

BN Y)= Y ¢ XY (mod p*),

izz+tns, jEZ

B_(X,A"XY)= Y ¢ ;[ X'V (mod p).
i<z+ns, jEZ
The fps B(X,Y)=B_(X,Y)+ B, (X, Y) clearly satisfies (23) and the lemma follows.
O

Proof of Theorem 3.5 (Case D =2). The “if” part follows from the observations at the
beginning of this subsection and by Lemma 4.7. To prove the “only if” part, assume
there exist a prime p and an index j such that p/m and p|4; for all i+ j. Reasoning
as in the case D=1, we can see that the configuration ¢ such that ¢(v)=1 for all
v Z? does not belong to F"(#7) for any n>0, and, as a consequence, F cannot be
strongly transitive. [J

5. Conclusions

One of the most interesting and at the same time challenging problem in CA theory
is to make explicit the connection between the global behavior of a given CA and the
local rule on which it is based. In particular, it is of great importance to understand
which properties of the local rule influence the qualitative behavior of the entire CA.
The qualitative behavior of any dynamical system can be suitably characterized accord-
ing to the topological properties it satisfies. Among them are the positive expansivity,
sensitivity to initial conditions, strong transitivity, and equicontinuity. In this paper we
have provided necessary and sufficient conditions on the local rule in order to satisfy
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the above properties. Finally, by merging set theoretic (injectivity and surjectivity) and
topological characterizations we have obtained a complete picture of the relationships
between some of the most important CA properties.

Appendix A: Formal power series over Z,

In order to simplify the main proofs of the paper, we introduce the following lemmas
which prove some properties of fps over Z,« (p prime).

It is well known that ged(a,m)=1 implies that there exists a unique integer b,
1<b<m, such that ab=1(modm). In the following we use [a],! to denote such
integer.

Lemma A.l. Let AX)= 3, ., aX' denote a finite fps over Zy (p prime). If
ged(p*,a,)=1, then, given a fps of the form C(X)=3, pciX', there exists a fps
B(X)= 3,5 p_p biX’ such that

B(X)A(X)=C(X)(mod p").
Proof. First note that we can restrict ourselves to the case R=0, the general case

being analogous. Let f= [au];); B exists since ged(a,, p*)= 1. Consider the finite fps
D(X)=pX"". We have

DINAX) =1+ 3 eX! (mod pb).

i=1

We show that there exists a sequence of values dg,d;,... such that B(X)=
Y sodiX ID(X) has the desired properties. We set do =co, and for i>0

di=c¢; — < (f dejD(X)> A(X)> :
Jj=0 ;

A straightforward induction shows that, for i >0,
i , i : oo
( D defD(X>> AX) =Y X + Y 2% (mod p¥),
=0 j=0 j>i

which implies that B(X )A(X )= C(X)(mod p*) as claimed. [
With a similar proof we get the following lemma.

Lemma A.2. Let A(X)= 3, ., aX' denote a finite fps over Zy (p prime). If
ged(pt,a,) =1, then, given a fps of the form C(X)= 3, gciX’, there exists a fps
B(X)= Y, g, X' such that

B(X)A(X)=C(X)(mod p*).
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The hypotheses of Lemmas A.l1 and A.2 are rather strong. The following results
show that a weaker assumption on A(X) ensures that we can apply Lemmas A.1 or
A2 to A"(X) when n is a multiple of p*(k — 1)!.

Lemma A.3. Let A(X)= ngiSWa,-X" denote a finite fps over Zy (p prime). Sup-
pose there exists an index s such that p|a,, and p|a; for i<s. If n is a multiple of
pX(k — 1)! then A"(X) has the form

nw

A"X)=Y aXx'

i=ns
with ged(a,, p*)=1.
Proof. We rewrite A(X) as A(X)=G(X) + pH(X), where G(X) contains all terms

a;X' such that pJa;. Note that by our hypothesis, a,.X* is the term with the lowest
degree in G(X). Let n be a multiple of p*(k — 1)!. We have

A"(X)=(G(X) + pH(X))’

=G"()+ % ( ! ) PH(X)G"(X)

—G"(X)+ ( > ( ! > p"H"(X)G"—"(X)>

i=

w0t (S (]) o)

i=k
=G"X)+pt (Z (f) p"—"H"(X)G"—"(X)) :
i=k

where the last equality holds since, being n a multiple of p*(k — 1)1, for i<k, (%) is
a multiple of p*. Hence, A"(X)= G"(X)(mod p*) and the lemma follows. O

Analogously, we can prove the following lemma.

Lemma A4. Let A(X)= ZUSiSwaiXi denote a finite fps over Z,x (p prime). Sup-
pose there exists an index t such that pla,, and pla; for i>t. If n is a multiple of
pX(k — 1)! then 4"(X) has the form

nt

A4"X)=> dx’

I=nt

with ged(al,, p*)=1.

A.l. Extension to formal power series in two variables

The following results generalize Lemmas A.1-A.4 to finite fps in two variables.
We make use of the following notation. Given the fps H(X,Y) and i€ Z, (H(X,Y)),
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denotes the coefficient of X’ within H(X,Y). Note that (H(X,Y)); is a fps in the
variable Y.

Lemma A.5. Let

AXY)= Y ayX'Y
r<isw
ssj<t

denote a finite fps over Zy (p prime). If there exists j such that ged(ay,;, PH=1,
then for each fps C(X,Y) of the form

CX,Y)= 3 ¢ X'V,
i=R, jeZ

there exists a fps BX,Y)= 3" r , jez bi;X'Y’ such that

B(X,Y)A(X,Y)=C(X,Y)(mod p*).

Proof. We repeat almost verbatim the proof of Lemma A.l. Again, we can restrict
ourselves to the case R=0. Let a(Y)={4(X,Y)},. By hypothesis 3j such that
ged(ay, j, p¥)=1. Hence, the CA associated to the finite fps «(Y) is surjective
[10, Theorem 1], and there exists a finite fps S(Y) such that a(¥)B(Y)=1(mod o).
Let D(X,Y)=X""B(Y). We have

DX, V)AX, Y)=1+ W'Z_:UX"Ei(Y),
i=1

where E(Y),Ex(Y),...,E,_,(Y) are finite fps . As in Lemma A.1 we get the desired
fps B(X,Y) in the form B(X,Y)=3_,., 3:(YYX'D(X,Y), where do(Y),0:(Y),... are
defined by the following recurrence. Let do(Y )= (C(X,Y )), and for i>0

5i(Y)=(CX Y)Y — < <'§ 5, (VX DX, Y)) A, Y)> .
Jj=0 .

H

A straightforward induction shows that for every A

( S 8:(Y)X'D(X, Y)) AXY)= Y e XY+ 2 XY (mod pt)
i=0 0<i<h, j€Z i>h jez

and the lemma follows. {J
With an analogous proof we get the following result.

Lemma A.6. Let

A(/Y,Y): E Cl,"inYj
S EY
sEj<t
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denote a finite fps over Zy (p prime). If there exists j such that ged(a,, > pPH=1,
then for each fps C(X,Y) of the form

CX. )= Y ¢ X'Y,
i<R, jcz

there exists a fps BX,Y)= 3", p_, ez bi;X'Y/ such that
B(X, Y)A(X,Y)=C(X,Y)(mod p*).
The following result generalizes Lemma A.3 to finite fps in two variables.

Lemma A.7. Let

AXY)= Y a X'V
r<isw
y<j<z
denote a finite fps over Zy (p prime). Suppose there exists a,, such that p|a,,
and i <s implies pla;;. Then, if n is a multiple of p*(k — 1)!, A"(X) has the form

A"X,Y)= a XY (24
l,_]
ns<i<nw
ny<j<nz

and 3j such that ged(ay, ;, p*)=1.

Proof. As in the proof of Lemma A.3 we write A(X,Y)=G(X,Y)+ pH(X,Y) where
G(X,Y) contains all terms a;;X'Y’/ such that pfa;;. As in Lemma A.3, if n is a
multiple of p*(k — 1)!, we have 4"(X,Y)=G"(X,Y)(mod P*). Let u= min{ | ged
(as,j, p)=1}. Since a;, is invertible in Z,«, we can find g(X,Y) such that G(X,Y)=
a5, X*Y*(1 + g(X,Y)). In addition, our hypotheses on s and u imply that in g(X,Y)
the variables X and Y appear with degree > 1. Hence,

ANX) = [a0, XY (1 + g YN =a X™Y™(1 + ¢ (X, Y)),

where ¢'(X,Y)= ", (1)g'(X, ) still has the property that the variables X, Y appear
with degree >1.
This completes the proof. [J

Note that the previous lemma can be generalized to get a result analogous to
Lemma A.4. That is, if Ja,, such that pfa,, and i>t = p|a;;, then

A= Y a4 XY
no<i<at
ny<j<nz

and 3; such that ged(ay, ;, p*)=1.
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