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Abstract

We extend the classical theory of Taylor series to a first-order differential-difference operator A on the
real line which includes as a particular case the Dunkl operator associated with the reflection group Z, on
R. More precisely, we establish first a generalized Taylor formula with integral remainder, and then specify
sufficient conditions for a function on R to be expanded as a generalized Taylor series. Moreover, we provide
a criterion of analyticity for functions on R involving the differential-difference operator A.
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0. Introduction

In this paper we consider the first-order differential-difference operator on R

_df A (fx) = f(=x)
=45 A(x) < 2 > 1
where
Ax) = [x*7'B(x), o> -1, (2)

1

B being a positive C* even function on R. In the case A(x) = |x[**™!, a > — 3

differential-difference operator

df 1 /() = f(=x)
ax ( * 2) —

we regain the

D,f = (3)
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which is known as the Dunkl operator of index o + % associated with the reflection group Z, on
R. Dunkl operators are parameterized first-order differential-difference operators on some Euclidean
space that are related to finite reflection groups. They are introduced in [4,5] in connection with a
generalization of the classical theory of spherical harmonics. For the mathematical and physical ap-
plications of such operators we refer to the literature cited in [11]. For instance, the one-dimensional
Dunkl operator D, plays a major role in the study of quantum harmonic oscillators governed by
Wigner’s commutation rules [6,9].

A quite new commutative harmonic analysis on the real line related to the differential-difference
operator / was initiated in [7,8] in which several analytic structures on R were generalized. Through
this paper, the classical Taylor series theory on R is extended to the differential-difference operator
A. More explicitly, we establish in Section 1 the following generalized Taylor formula with integral
remainder:

" ]
T f(0) = by(1A”f(x) + /_ T T A @) d 4)

=0 ¥l

where 7%, x €R, stand for the generalized translation operators tied to the differential-difference
operator A; {W,} and {b,}, p=0,1,2,..., being two sequences of functions constructed inductively
from the function A. In analogy to the classical setting, we determine sufficient conditions under
which a C* function f on R may be expanded as a generalized Taylor series in a neighborhood
of an arbitrary point x € R; that is, conditions which ensure that for |y| small enough, the integral
remainder in (4) tends to 0 as n — oo. Moreover, it turns out that, except for the Dunkl operator
case, the generalized Taylor series as discussed here are not power series. In other words, the
b,,p=1,2,3,..., are in general not polynomials. Nevertheless, we provide in Section 2 a criterion
of analyticity on R involving the differential-difference operator A; that is, a criterion characterizing
an analytic function f on R by means of the sequence {A”f}, p=0,1,2,... . The chief device in
the proof of this criterion will be results from the theory of hypo-analytic operators (see [1]).

The notion of Taylor series was first extended in [2] to the Bessel differential operator L,=d?/dx?>+
(Qa+1)/x)d/dx, o = — % Such an extension was essentially aimed to allow a formal introduction
of a generalized translation operation on the half line tied to the Bessel operator L,. Later, Triméche
[12] extended the theory of Delsarte to more general second-order differential operators of the form

_ & AW 4

Cdx? T A(x) dx’
It is pointed out that all the results obtained in [12] emerge as easy consequences of those stated in
the present article.

(5)

N—

1. Generalized Taylor series

In the first part of this section we look for a Taylor formula with integral remainder, in which
the differential-difference operator A replaces the usual first derivative operator d/dx. Naturally, the
construction of such a formula will require a number of preliminary results.

Notation. Let 4 be the subset of R? defined by % = {(x,y)eR?: 0 < |y| < |x|}.
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Define on % two sequences of functions {u,(x,»)},{v,(x,»)}, p=0,1,2,..., via the following
recursive integral formulae:

_ sen(x) ) s(y)

= 6

uO(xa y) 2A(X) 5 UO(xay 2A(y) ) ( )

d sen(z) [
uerl(x’ y) = UP(X,Z) dZa vp+1(xa y) = A up(X,Z)A(Z)dZ. (7)

v ) Iy

This pair of families of functions enjoys the following properties.
Lemma 1. (i) u,,v,€ C(%) for all p=0,1,2,..., and satisfy for 0 < |y| < |x| the relations

Axup+1(x9 y): up(xa y)7 Ayup+1(xn y): _Up(xz y)a (8)
Axvp+1(xa )’): Up(x7 y)’ Ayvp+1(x9 y) = _up(x9 y) (9)

(ii) The sequences {u,(x, y)} and {v,(x,y)} may also be computed recursively for p=2,3,4,...,
by the formulae

lx| lx|
) =2 [ A A, 1) =2 / s A b (10
|y |y
Proof. An induction argument gives assertion (i). Assertion (ii) follows easily by combining iden-
tities (7). O
Remark 1. Appealing to (10), we show inductively that for any p = 0,1,2,...,u5,(-,y) is odd,
uzp1(-5 y) is even, [uap(x, y)| = uzp(|x[, ¥), and uzp11(x, y) = 0.

Notation. For x €R put 5(x) = inf|,| <), B(y),0(x) = sup | gMB(y), and w(x) = a(x)/n(x).

We shall need the following estimates.

Lemma 2. We have

P72 — e~

) if o#0,
0<u(xy) < o "
los(b/bD 44—
20(x) ’
2 p
|tz p(x, )| < <;aw4(rx2)> “1(;”)/) Jor p=1,2,3,..., (12)
) p
0 <uzpri(x,y) < <;ocw—i(-x2)> ui(x,y) for p=0,1,2,... . o
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Proof. Inequalities (11) follow readily from (6) and (7). Let us check (12). By (10) we have

|x| |x|
muyﬂzzﬁﬂwmww@mmamviiﬂﬂm@ymwms
1 Jx|
< A(x)/o A(s)ds ui(x, y) < ‘;lw_ixz)ul(x,y). (14)

This implies that (12) holds for p = 1. Moreover, using (10) and (14) we find

I x|
|ua(x, ) =2/| |2 (x, 8)|ur (s, y)A(s) ds <2u1(x,y)/| |uz(x, 5)|A(s) ds
¥ y

xx) M
a+1 J

< up(x, y) uy(x,s)A(s) ds.

But by (11),
x2w(x)
8(x+1)

for any o > — % Therefore, (12) is true for p=2, and the full result follows by induction. Similarly,
the majorization (13) is proved inductively by use of (10) and (15). O

|x|
o</ 0 (x, )A(s) ds < (15)
0

Define on R the family of functions {b,} by setting bo(x) =1, and for p=1,2,3,...,

||
o A(y)dy if 0,
() = /_ﬂu,; 106, »)A(y)dy if x # (16)

0 if x=0.

Remark 2. By Remark 1 it follows that for any p=0,1,2,...,b,, is even, by, is odd, and b, is
positive on ]0, ool.
For our purpose of a Taylor formula involving the differential-difference operator A, a thorough

investigation of the family {,} seems unavoidable.

Proposition 1. For any p=0,1,2,...,
by(x)=0(x") as x—0. (17)

Proof. By (16) we have for x # 0, |b;(x)|=1/A(x) fox‘A(y)dy < |x|o(x)/(2e+2)=0(x) as x — 0.
Moreover, from (12), (13) and (16) we deduce the estimates:

x2o(x)\’ by(x)
< —_—, =1,2,3,..., 1
x2o(x) )’
|b2pia(x)] < <2a+2> by(x), p=0,1,2,... . (19)



M.A. Mouroul Journal of Computational and Applied Mathematics 153 (2003) 343-354 347

As inequality (15) says that 0 < by(x) < x*>w(x)/4(o+ 1), we see that for any p= 1,2,3,...,b,(x)=
O(x?) when x — 0. O

Proposition 2. The functions b,, p=0,1,2,... are of class C' on R and satisfy the relation

Abpir = b, (20)
Proof. From its expression (16) it is clear that b; is differentiable on ]0, cc[, and for any x > 0,
A(x) [~ 20+1  xB'(x)\ [!
Pi(x)=1-— A(y)dy=1- B(tx)**H dt, 21
=1 s [amay=1- (BE ) [ s @

which tends to 1/(20+2) as x — 0". This implies that b, is of class C! on R and 5(0)=1/(20+2).
Further, it is immediate from (21) that Ab(x) =1 for all x € R. Now fix p=2,3,4,... . From (8)
and (16) it is readily seen that b, € C'(R\ {0}) and

Abp(x) =b,_i(x) for all x # 0. (22)

But due to Remark 2, identity (22) becomes &,(x) = b,_1(x) for even p, and b'(x) = b, 1(x) —
(A'/A)(x)b y(x) for odd p. Therefore b/, (x) = O(xP~') as x — 0, by virtue of (2) and (17). This
immediately shows that b, € C'(R), b;(O) =0, and that equality (22) also holds for x =0. O

Starting from identity (20), we shall prove inductively that the b, p=0,1,2,..., are C* functions
on R. We begin with the following technical lemma proved by a standard argument.

Lemma 3. Let [ be a function of class C" on [0,00[, n=0,1,2,... . Then the function
1 X

/ f*de if x>0,

x* Jo

0 if x=0,
is of class C"*' on [0,00[. Furthermore, (H,f )P (0)= p/(a«+ p)fP=(0), for p=1,2,...,n+ 1.

H, f(x)=

Notation. For a function f : R — C denote by fe(x)=(f(x)+ f(—x))/2, fo(x)=(f(x)— f(—x))/2
its even and odd part, respectively. Define & as the space of C*° complex-valued functions on R,
equipped with the topology of compact convergence of all derivatives. Let &. denote the subspace
of & consisting of even functions. &, stands for the subspace of & consisting functions f such that

f(0)=0.

Lemma 4. Let m,n=0,1,2,... . Let [ be a function of class C™ on R such that A" f be of class
C" on R. Then f is of class C™™ on R.

Proof. It is enough to consider the case where m = 1. For even f, the result is obvious since
Af = f' for such functions. For odd f, the result follows from Lemma 3, the relation f(x) =
1/4(x) f(f Af(t)A(t)dt, and expression (2) of A. For arbitrary f the lemma is a consequence of the

relations (Af)e = A(fo), (Af)o = A(fe). O



348 M.A. Mouroul Journal of Computational and Applied Mathematics 153 (2003) 343—-354

It is now possible to state the following proposition.

Proposition 3. b,c & for each p=0,1,2,... .
Proof. The result follows inductively by use of Proposition 2 and Lemma 4. [

The role of the b,, p=0,1,2,..., in our generalized Taylor formula shall be analogous to that
of the monomials x?/p!, p=0,1,2,..., in the classical Taylor formula. To specify the connection
between the families {b,} and {x?/p!}, it is useful to recall from [7] the following result.

Theorem 1. There exists a unique isomorphism V of & such that

Vc%f:/ll/f and  Vf(0)= £(0) for all f€é&. (23)

The operator V is said to be a transmutation operator between A and d/dx on the space &. For
A(x) = [x[2*H o> — %, this transmutation operator reads

_ TI'(a+1) : 2va—1/2
Vf(x)_—\/ﬁl”(oc—i—l/Z) /_1(1 — 1) (14 1)f(xt)dt, (24)

and is referred to as the Dunkl intertwining operator of index o +% associated with the reflection
group Z, on R (see [5,11]).

We claim the following statement.

Proposition 4. For any n=0,1,2,...,
bo(x) =V (y‘> (x), x€R. (25)
n.
In order to prove the proposition, we need the following simple lemma.

Lemma 5. The mapping f — Af is one-to-one from &, onto &. The inverse mapping is given by

A1 = Xo d — (»)A(y)d
1) /Of(y)y+ /f(y)(y)y

A(x)
Proof. If /€& then (1) leads to (Af)e = f, +A'/A fo, and (Af)o = fL. That is,
1 X
S (x) —/ (Af)o(y)dy + f(0) + a0/, (Af)e(»)A(y)dy. (26)

This makes the result obvious. [

Proof of Proposition 4. Set c,(x) =V ()"/n!)(x), xR, n=0,1,2,... . Notice that ¢co = by =1 by
virtue of (23) and (26). Moreover, (23) ensures that ¢, € &, and Ac,=c,—; for all n=1,2,3,... . So
using Propositions 1-3 and Lemma 5 we easily check by induction that ¢, =5, for all n=0,1,2,...,
which is the required result. [T
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Remark 4. If A(x) = [x|**!, o> — 1, then identities (24) and (25) entail
P

by () 1 (x)2 b ) 1 (x>2p+1
X)=—— (=) , X)=——— (=
2p (x4 1),p! \2 2pt (a4 1), p! \2
for all p=0,1,2,... . Moreover, it is easily shown that the b,,n=0,1,2,..., are polynomials only

in the Dunkl operator case.

Before we formulate our generalized Taylor formula, we need to introduce in the space & cer-
tain generalized translation operators 7¢ a € R, tied to the differential-difference operator A . Such
operators are defined in terms of the transmutation operator V' via the formula

Tf(x)=V, V[V ' f(a+x)], xR

Clearly for A(x)=1, we regain the ordinary translation operators on R : f — 1?f(x)= f(a+x). The
T¢ ae€R, are linear bounded operators from & into itself, and possess the following fundamental
properties:

T° = identity, T°f(x)=T"f(a) and AT*=TA. (27)

For more details about this generalized translation operation we refer to [7,8]. We can now state the
first central result of this paper.

Theorem 2. Let f €& and acR. Then for any n=0,1,2,..., we have the following generalized
Taylor formula with integral remainder:

" [l
Tf(x)= Z bp(x)A* f(a) + ‘ Wa(x, VTA™ ! f(3)A(y)dy, (28)
p=0 -k
where
Wa(x, y) = un(x, y) + va(x, y). (29)

In order to simplify the proof of Theorem 2, we first establish the following technical lemma.

Lemma 6. Let f be a function of class CP™' on R, p=1,2,3,... . Then

x| x|
Wp(x, AP f()A(y)dy = Wp1(x, AP f()A(y)dy — bp(x)A” £(0)

— x| —Il

Proof. First,

|x| ||
/_ up(x,y)/l”“f(y)A(y)dy=2/o up(x, YA f)e(1)A(y) dy

Ix|

Il d
=2 /0 05.) £ AA D] (30)

Observe that by Lemma 2, the function y — A(y)u,(x,y) is bounded in a neighborhood of the
origin. Further, the classical Taylor formula implies that (A f)o(y)=cy+o(y) as y — 0, for some
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constant ¢. Therefore, integrating (30) by parts and applying (8) we obtain

|x| Jx|
/ (5 ) AP FONAGY) dy = —2 /0 Ayt (5 1A £ Yo IACY) dy

Il

||
= [ o A7 M) A 31

Ix|

Moreover,

|x| Jx|
/ 0,06 AP F (A dy =2 /O 0, (6 (AP Lo (1)A) dy

x|

lx| d
:2/0 Up(x,y)@(/lpf)e(y)/l(y)dy- (32)

As by (7) and (16), lim,_,o+24(y)v,(x, y) = b,(x); an integration by parts in (32), as well as (9)
yield

|x| Jx|
/ vy (% AP f(NA(y)dy = =2 /0 Ayop(x, YIAP [)e(¥)A(y)dy — bp(x)A” £(0)

Ix|

Ix|

Z/_ up—1(%, Y)AP F(P)A(y) dy — bp(x)A” f(0). (33)

Ix|

The result follows now by combining (31) and (33). O

Proof of Theorem 2. Because of (27) it is sufficient to consider the case where a = 0. By (6) we
have

N Wl g
| wnaroam =50 [T L sy = ruw.
| (x) Jo dy

|| |x|
/ 00 AL (DAY dy = /0 FL)dy = fox) — £(0).

[x|
This yields the statement for n = 0. For n =1,2,3,..., we get identity (28) inductively by use of
Lemma 6. O

Remark 5. If p is a polynomial of degree k£ (k=1,2,3,...), then (3) implies that D, p is a polynomial
of degree k — 1. Therefore in the Dunkl operator case, the integral remainder in (28) will vanish
whenever f is a polynomial of degree n.

Our next purpose is to determine sufficient conditions under which a function f in & may be
expanded as a generalized Taylor series in the vicinity of an arbitrary point a € R. This will be
achieved with some additional assumptions on the differential-difference operator A. For a0 > — %, it
was pointed out in [8] that the translation operators 7¢ a € R, may be represented as

T f(x) = /R F0)dQu(r) €6, (34)
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where for each a,x €R,Q,, is a distribution on R with support in [ — |a| — |x|,—]||a| — |x]|]] U
[lla| — |x]|, |a] + |x|]. From now on we assume that the distributions €, are uniformly norm-bounded
measures, i.e, there is a constant C > 0 such that

|Q4x]] < C for all a,xeR. (35)
With this additional assumption we readily check that
|T°f(x)] <C sup |f(y)] foralla,xeR andall feé&. (36)
ly[—=lall < x|

Such an estimation will be the key tool in the proof of the next theorem.

Theorem 3. Let f €& and acR. Suppose that there are M,p > 0 such that

sup A" f(x)] < M"n! (37)
[lx|—lall <p
for all n=0,1,2,... . Then there exists an r > 0 such that
T'f(x)=>_ by(x)A” f(a) (38)
p=0

for |x| < r. Furthermore, the series in (38) converges uniformly for |x| <r

The following estimates for the functions b,, p=0,1,2,..., sharpen those given by (18) and (19),
and may be useful in the proof of Theorem 3.

Proposition 5. For any p=0,1,2,..., and x = 0,

1 x2o(x)\’
°<b2p(x)<(a+1>pp!< 4 )

1 X \2p+1
0<bh S——— | = Pl
2pi@) < o (5) @)

Proof. Let {ii,} denote the family {u,} corresponding to the Dunkl operator. By (6),
1 < 1 _ |ﬁo(X,J/)|

24() S R T n)

Further, by (6) and (7),

B |x] ﬂl(xay)
0<u1(xay)—/y| 2A(Z) (x)/ 2ZM+1 Conx)

An induction argument shows that for all p =0,1,2,...,
(a)(x))“’/z] .
e )l (39)

where [ p/2] is the integer part of p/2. The proposition follows now by combining (16), (39) and
Remark 4. O

‘MO(X: y)| =

|“p(x: <
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Proof of Theorem 3. Set R,(a,x) = f'x‘ W(x, )T A" f(»)A(y)dy. By (36) and (37) it follows

that [R,(a.)| < CM™2(n + DB 1,000l dy for 0< x| < p. As by (29), [Wy(xy)] <
[un(x, V)| + |va(x, ¥)| = un(|x|, ¥) + vn(|x| |¥]), we deduce from (7) and (16) that

|x]
/_ IR A < b ) + et (40

Therefore, |R,(a,x)] < CM"2(n+1)! (b,1(|x])+|x|b.(]x])) for 0 < |x| < p. Now using Proposition
5 we get
@n+ 1)!

2 2.2 n
Ranta,x)] < CM7fel(@(x) + 2 +n + DYM ¥ o)) 5o —

and

(2n + 3)!
2252 (4 Dy (n+ 1Y
for 0 < |x| < p. Applying Stirling’s formula, we find

|Ran(a,x)| = (M*¥*0(x))"O(n=*"Y?) and |Ryi1(a,x)| = (M*x*w(x))" L O(n*+1?%), (41)

for 0 < |x| < p and n — oo. Choose an r € 10, p[ such that 0 < M%r*w(r) < 1. As the function o is
increasing on [0, c0[, we see by (41) that lim,_,ooR,(a,x) = 0 uniformly for 0 < |x| < r. This ends
the proof by virtue of Theorem 2. [

[Ro1(a, )] < CM(MPx*ox(x))""!

Remark 6. (i) According to Rosler [10], assumption (35) is satisfied in the Dunkl operator case,
with C =4.

(ii) Delsarte and Lions [3] have introduced in &. translation operators S’ a €R, tied to the
differential operator L. It was indicated in [7] that S¢f(x)=[T"f(x)+ T f(—x)]/2 for all f € &.
Accordingly, by taking f even in Theorems 2 and 3, we easily regain the corresponding results
proved in [12] for the operator L.

2. Analyticity criterion

As already indicated in Remark 4, the generalized Taylor series (38) are power series only in the
Dunkl operator case. Hence it may be useful to provide a criterion of analyticity on R involving
the differential-difference operator A. Throughout this section we assume that the function B given
by (2) is analytic on R. Triméche [12] has obtained the following analyticity criterion for even
functions on R involving the differential operator L.

Theorem 4. Let [ be a function in &.. Then f is analytic if and only if for any p > 0 there is
an M, > 0 such that

sup [L"f(x)| < (M,)"'(2n)!  for all n=0,1,2,... .

0<x<p

The purpose of this section is to establish an analogue of Theorem 4 for the differential-difference
operator A. Namely, we claim the following result.
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Theorem 5. In order that a function f in & be analytic it is necessary and sufficient that for any
p > 0 there be an M, > 0 such that

sup |[A"f(x)| < (M,)""'n! for all n=0,1,2,... . (42)

x| <p
Proof. Let f be an analytic function. By induction we check that for any n=0,1,2,...,
d d
A =L(fe) + 1 L1(fo) A =L (fo) + 1 e, (43)

where / denotes the map defined on & by Ig(x) = fox g(t)dt, x € R. These relations when combined
with Theorem 4, together with the identity (d/dx)g(x)=1/4(x) [; Lg(¢)A(¢)dt which is valid for any
g € &, show that condition (42) is necessary. Conversely, suppose that an f € & satisfy condition
(42). Introduce the function F(x,y) = -2 (i)"(y"/n!)A" f(x). By hypothesis (42) and Lemma 4,
we can find an ¢ > 0 such that F(x, y) be of class C* in the strip R x | — ¢, ¢[. Moreover F(x, y)
satisfies for x € R and |y| < ¢ the differential-difference equation

82
A2F(x, y) + afyzF(x,y) =0. (44)

Write F'= p+q with p(x, y)=(F(x, y)+F(—x,»))/2 and g(x, y)=(F(x,y) — F(—x, y))/2. According
to (44), the functions p and ¢ satisfy on R x ] — ¢,¢[ the homogeneous differential equations

A 0
aspsn+ (x5 = 2) L = (45)
A'(x) oq A'x)\ _
aqen + (258 <) Lo+ (2 (53 - 2) a0 (46)

where 4 = 0%/0x> + 0%/0y® is the Laplacian on R2. As by (2) the functions x4’(x)/4(x) and
x%(4'(x)/A(x)) are analytic in R?, we deduce from [1, Corollary 1.2] that both the left-hand sides
of (45) and (46) are hypo-analytic operators on R2. Therefore p and g are analytic in the strip
R x ] —¢¢[, and so is F. To conclude the proof observe that f(x)= F(x,0) for all xeR. O

Remark 7. (i) According to identities (43), Theorem 5 immediately implies Theorem 4.
(ii) From (20) and Theorem 5 it follows that the b,, n=0,1,2,..., are analytic functions on R.

Corollary 1. T°f is analytic whenever f is analytic and a € R.

Proof. Let f be analytic and ¢ € R. By (27) and (36) we have for any p >0 and n=0,1,2,...,
sup |[A"Tf(x)| = sup [TA"f(x)| < sup |A"f(x)| < sup [A"f(x)].

x| <p x| <p bl —lall <p x| <lal+p

From this and Theorem 5 we deduce that the function 7¢f is analytic on R. [

Remark 8. A combination of Theorems 3, 5 and Corollary 1 shows that any analytic function on
R may be expanded in a generalized Taylor series in a neighborhood of an arbitrary point a € R.
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