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1. INTRODUCTION

We consider the following recent result of Heinig and Maligranda [10,
Theorem 2.1]:

THEOREM 1 [10]. Let —o <a <b < and let f and g be positive
functions on (a, b), where g is continuous on (a, b).
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(@) Suppose that [ is decreasing on (a,b) and g is increasing on (a, b),
where g(a + 0) = 0. Then, for any p € (0, 1],

1/p
[0 dst < (| bf”(X)d[g”(X)]) | (11)

If 1 < p < o, then the inequality (1.1) holds in the reversed direction.

(b) Assume that f is increasing on (a, b) and g is decreasing on (a, b)
where g(b — 0) = 0. Then, for any p € (0, 1],

1/p
[rnal=gol < (['reodl-grl] . a2

If 1 < p < o, then the inequality (1.2) holds in the reversed direction.

In this theorem and later on in this paper the terms positive, decreasing,
and increasing shall be interpreted as nonnegative, nonincreasing, and
nondecreasing, respectively.

Our first observation is that if b < «, then by making the transforma-
tion t = a + b — x, we find that the statements in (a) and (b) are in fact
equivalent. Next we note that (1.1) can formally be written as

o ['70) dg(x)) < ["e (FDgN ) de(x), (1)

where o(u) = u”, 0 < p < 1. Moreover, we see that (1.1) implies that

1/p

1/q
[[rael) < ([rmadgewl) . ay

where 0 < p < g < . We also consider the corresponding variants (1.2)'
and (1.2)" of (1.2). In Section 2 of this paper we will generalize Theorem 1
by proving some direct and reversed inequalities of the type (1.1)'-(1.2)’,
where the ¢’s are concave (or convex) functions (see Theorem 2.2) and
also some direct and reversed inequalities of the type (1.1)"—(1.2)" (see
Theorem 2.4). In order to prepare our discussions later on and to be able
to compare our results with some other recent results we prove our results
in the more general case when decreasing (increasing) functions are
replaced by C-decreasing (C-increasing) functions. In Section 3 we prove a
multidimensional version of Theorem 1 (see Theorem 3.1). In Section 4 we
use our previous results to obtain some new information about Bergh type
inequalities (see Corollary 4.1 and Theorem 4.3) and to point out an
application (see Corollary 4.6), which unifies and extends some well-known
inequalities.



INTEGRAL INEQUALITIES 237
2. SOME EXTENSIONS OF THEOREM 1

In the sequel we consider positive real valued functions f, g defined on
an interval (a,b), —» <a <b <x We say that f is C-decreasing
[C-increasing], C > 1, if f(1) < Cf(s) [f(s) < Cf(+)] whenever s <t,
t,s € (a,b).

ExAamPLE 2.1. Let (a, b) = (0,). We note that the increasing function
f, defined by f(x) = 1,0 <x <1, and f(x) =2, 1 <x < o, is 2-decreas-
ing. Moreover, the decreasing function g(x) = 1 + exp(—x) is 2-increas-
ing and the function A(x) = 1.5 + 0.5sin x is both 2-decreasing and
2-increasing. In all these cases C = 2 cannot be replaced by any C < 2
(note that both the upper and the lower indices of all these functions are
equal to zero, cf. final Remark 4.9(b)).

THEOREM 2.2. Let ¢: [ 0,%0) — R be a concave, nonnegative, and differ-
entiable function such that ¢(0) = 0 and let —o <a <b < .

(@) If f is C-decreasing and g is increasing, differentiable and such that
gla + 0) =0, then
b b
o[c [0 dsto] < cf e (Fs(N I den). @)

(b) If fis C-increasing and g is increasing, differentiable and such that
gla +0) =0, then

o| o [0 de(0)) = & [ eI o). (22)

(¢) If fis C-increasing and g is decreasing, differentiable and such that
g(b —0) =0, then

qo(cfabf(x)d[—g(x)]) < C/abgo’(f(x)g(x))f(x)d[—g(x)]. (2.3)

(d) If f is C-decreasing and g is decreasing, differentiable and such that
g(b — 0) =0, then

( [rx)dl g(x)) Cfgo(f(X)g(X))f(X)d[ —g(0]. (24)

(e) If the condition “¢ is concave” is replaced by “‘¢ is convex,” then all
the inequalities (2.1)—(2.4) hold in the reversed direction.
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Proof. (a) Since f is C-decreasing it yields that
1(18(1) = C[f(x) dg(x). (2.5)
Consider now the function
F(t) = @(C/atf(x) dg<x>) = C[ ' () g(0))f(x) dg().

a<t<h.

We note that

t
F(0) = g )| e[ [100 ds(0)] - o6 |
Therefore, according to (2.5) and the concavity assumption, we find that
F'(t) <0 for a <t <b. Since, in addition, F(a) = 0 we conclude that

F(b) <0 and (2.1) is proved,
(b) The function f is C-increasing and, thus,

1
f(08(1) = ¢ [ f(x) dg(x). (2:6)
We differentiate the function
1 1 .
6(1) = o ¢ [10) ds()] = & ['6' U0 () de(),

a<t<hbh,

and find, by (2.6) and the concavity assumption, that

1 1 .
G'(1) = Ef(f)g’(f)[cp’(gfaf(ﬂ dg(x)) - go'(f(t)g(t»} >0,

a<t<h.

Moreover, G(a) = 0 and we conclude that G(b) > 0 which means that
(2.2) holds.
(c) According to our assumptions we have

1(08(1) = € [*f(x)d[~g(x)]. (27)

The rest of the proof only consists of making obvious modifications of the
proof of (a).
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(d) In this case our assumptions ensure that

1
1(08(1) = ¢ [F(x)d[~g(x)]. (28)

and the proof follows as above.
(e) The proof of the case when ¢ is convex is obviously similar.

Remark 2.3. For the special case ¢(u) = u?, 0 < p < 1, the formulas
(2.1) and (2.3) read

( / ’f(x) dg(x))p =crf "rr(xydlg7(x)], (2.9)

respectively,
([nal=g]] =t ['rd-g@). (@10

This shows in particular that Theorem 1 follows from Theorem 2.2(a)
and (c) with C = 1. In fact, the inequalities (2.9)-(2.10) hold even with the
constant C1~7 replaced by the smaller constant C*® 7). More generally,
we shall finish this section by proving the following theorem:

THEOREM 2.4. Assume that 0 <p <g<®and —* <a<b <,

(@) If fis C-decreasing and g is increasing, differentiable and such that
gla +0) =0, then

1/p

1/q
([reeatsrl) < e [realerol] - @
(b) If fis C-increasing and g is increasing, differentiable and such that
gla +0) =0, then

1/p

1/q
([[reedlerc] = e ['reder ) @)
(¢) If fis C-increasing and g is decreasing, differentiable and such that
g(b —0) =0, then

1/p

(fabfq(x)d[—gq(x)])l/q SClp/q(fabfP(x)d[—gp(x)]) . (2.13)
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(d) If f is C-decreasing and g is decreasing, differentiable and such that
g(b —0) =0, then

1/p

b 1/q o b
(L fq(X)d[—gq(x)]) > Cr/o (/a frodl-gr (]| (2.14)

Proof. The idea of the proof is similar to that of Theorem 2.2 but for
the reader’s convenience we will include the details.

(a) Since f is C-decreasing it yields that f? is C?-decreasing. Thus, in
particular,

g <crf ‘fr(x)d[g(x)]. (2.15)

Consider the function

q/p
R = o [pdlgl| - [Fde]. asisn

We note that F(a) = 0 and, according to (2.15),

)q/pl

F'(r)=qg'(r){cq-P[(/;fP<x>d[gp(x)] (087 (1)

—fq(f)gql(f)”

> qg"(){(f7(1)g" ()" f7(1)g" (1) = f*(1)g? (1)} = 0.

We conclude that F(b) > 0, i.e., that (2.11) holds.
(b) In this case f? is CP-increasing so that, in particular

rg o =cr | Fr(x)d[ g7 (x)]. (2.16)

Therefore, the proof follows by studying the function

q/p
F(t) = Cp‘q(Ltfp(x)d[gp(t)]) - L[f"(x)d[g”(x)], a<t<bh,

and arguing as in the proof of (a).
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(c), (d) In these cases the crucial inequalities corresponding to
(2.15)—(2.16) read

FP(1)g" (1) < C”/;bfp(x)d[—gp(x)] and

(g = "fr(x)d[—g"(x)],

respectively. The remaining part of the proof is analogous to the proof of
(a) and (b).

Remark 2.5. By applying Theorem 2.2 with ¢(u) = u” we also obtain a
result as in Theorem 2.4 but with less sharp constants for each C > 1.
More exactly, in (a) and (c) we obtain the corresponding constants C4/7~1
and in (b) and (d), C'~9/7. This also means that the results as expected
coincide for the case C = 1.

Remark 2.6. Theorem 2.4(a) and (c) are genuine generalizations of
Theorem 1(a) and (b), respectively. For example, let g be a decreasing
function on (0, 2) such that g(2 — 0) = 0 and consider the function f,,
0 <d <1, definedby f,(x) =x,0<x<1land f,(x) =x —d,1 <x <2
Then the inequality (1.2) cannot directly be applied to any function f,,
0 < d < 1, but (2.13) can be applied to all such f, because f, is obviously
C-increasing with C = 1/(1 — d).

3. A MULTIDIMENSIONAL GENERALIZATION

Let me N, a=1(a,a,...,a,), b=(00b,b, ...,b,) and x =
(x4, x5, ..., x,). We also use the (simplex) notation that if a =
(a,,a,,...,a,), then a, =(a;,...,a;_,a;,,4,...,a,), i =1,2,....,m — 1,
and a,, = (a;, a,,...,a,,_;). The notation a < b (a < b) means that a; < b,

(a; <b),i=12,...,m,and (a,b) = {xla, <x; <b,, i =1,2,...,m}.

The functions f considered in this section are assumed to be measurable
and positive on (a, b). Moreover, f is increasing (decreasing) if f(x) < f(y)
(f(y) <f(x)) for a < x <y <b. We also consider g = {g;}, g = g(x)),
i=1,2,...,m, and use the notations

[0 = [7 7 [ dgi(r)dga(x2) o dg()

1 2 A
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and
[ dl=a00]

= [ [P d] =) ] ()] d =),

a, “az A

Moreover, we say that g is increasing (decreasing, positive, or differen-
tiable) if g;, i = 1,2,..., m, are increasing (decreasing, positive, or differ-
entiable, respectively). Our main result in this section reads:

THEOREM 3.1. Let a,b € R™, a<b, m €N, f: (a,b) = R is positive,
g =1{g}, g: (a;,b) = R and g is positive and differentiable. Moreover, let
¢: [ 0,2) — R be a two times differentiable function such that ¢(0) = 0 and
lim,_ ,te'(t) = 0.

(&) Suppose that fis decreasing and g is increasing, where g.(a; + 0) = 0,
i=12,...,m. If ¢ is concave, then

o [ro0dsto] = ['e[ 0 Tax | rsae. (32

If ¢ is convex, then (3.1) holds in the reversed direction.

(b) Assume that f is increasing and g is decreasing, where g.(b; — 0) = 0,
i=12,...,m. If ¢ is concave, then

go( f:f(X)d[—g(X)]) = bqo'(f(x)tf[lgi(xi))f(x)d[—g(x)]- (3.2)

If ¢ is convex, then (3.2) holds in the reversed direction.

Remark 3.2. Let o(u) = u?, 0 < p < . In this case we have equality
in (3.1) for every f = C,I17"x(a;, e;), where C, is a positive constant, x
denotes the characteristic function, and a;,<e; <b,, i=12,...,m.
Moreover, we have equality in (3.2) for every f= C,I1;"x(e;, b,). This
means that the inequalities in Theorem 3.1 cannot be improved in general.
Finally we note that Theorem 3.1 coincides with Theorem 1 when ¢(u) =

u? and m = 1.

For the proof of Theorem 3.1 we need the following lemma of indepen-
dent interest:

LEMMA 3.3. Let a,b e R™ a<b, meN, f:(ab) = R be positive,
g =1{g;}, g: (a;,b;) = R, and g be positive and differentiable. Moreover, let
¢: [ 0,) — R be a positive differentiable function such that lim,_ ,t¢(t) =
0.
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(@) Suppose that f is decreasing and g is increasing, where g(a; + 0) = 0,
i=12,...,m. If ¢ is decreasing, then

o[ [0 s | 7709 g
< ["o[ 109 T 109 co. (33)
If ¢ is increasing, then (3.3) holds in the reversed direction.

(b) Suppose that f is increasing and g is decreasing, where g.(b;, — 0) = 0,
i=12,...,m. If ¢ is decreasing, then

o[ [7ro0dl-a001 [0 ~o(x]
< f:¢(f(x)_lj[lgi(xi))f(x)d[—g(x)]- (34)
If ¢ is increasing, then (3.4) holds in the reversed direction.
Proof. (a) Let ¢ be decreasing. We will make an induction proof in

the dimension m and consider first the case m = 1.
Let ¢ € (a, b) and consider the function

ey = o [103) de()) [13) de) = [S(H(008(60) 1) ().

The assumptions on ¢ imply that #(a + ) = 0. Moreover, since g'(¢) > 0,
¢ is decreasing, and f(#)g(r) < [/f(x) dg(x), we find that

(6 = g 0|8/ [700de0) [ 1) g0

+¢(fatf(x)dg(x)) - ¢(f(t)g(;))} <0

This means in particular that 4(b) < 0 so that (3.3) holds for m = 1. Next
we make the induction assumption that (a) holds for dimension m — 1.
Now we consider the function

(o) = o [709 da() | 700 da(x) — [ ‘¢(f(x) [ (x) )70 da00).
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As before we see that #(a + ) = 0. We differentiate and find that

h_ g;(tl){¢’(Ltf(X) dG(X))

at,

X [ F(11x) dgs(xs) [ () dg(x)
v 11700 4000 | [*7(0,. %) do(x)

- /;tl(ﬁ(f(ll’ Xl)gl(tl)lligi(xi))f(tln X1) dgl(xl)}' (3.5)
Moreover, since f is decreasing,
a(t) [t x0) dgs(xa) < [ 700 dg(), (3.6)

and, according to our induction assumption,
tl tl
¢(g(t1)f f(t,%q) dgl(xl))f f(t1,%1) dgy(X,)
a, a,;

< ftl¢(f(tlvxl)g1(t1) ﬁgi(xi))f(tllxl) dg,(x;). (3.7)
a, i=2

Now by using the fact that ¢ is decreasing together with (3.5)-(3.7) we
find that 0h/dt; < 0. In the same way we find that dh/dt, <0, i =
2,...,m, and we conclude that A4(b) < 0 which means that (3.1) holds for
the dimension m and the proof is complete.

The proof of the case when ¢ is increasing follows by making some
obvious modifications of the proof above.

(b) The proof is completely analogous to the proof of (a) so we do not
include all details. We only note that in this case we consider the function

0 = | [0d-5091| [0 ol (]

- ftbd)(f(x) ﬁgi(xi))f(x)d[ —9(].

Then our assumptions imply that the formulas (3.5)—(3.7) hold with inte-
grals over the intervals [t,b] or [t,, b,] instead of [a,t] or [a,t,], respec-
tively.
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Proof of Theorem 3.1. (a) Assume that ¢ is concave. We consider the
function

i) = of [0 000 | = ['o'( 700 [Te:(x) | 0 a0,

and differentiate with respect to the first variable, i.e.,

ﬁ = g’l(tl){go’(fatf(x) dg(x))/;tlf(tlvxl) dg,(x,)

at,

—ftl¢'(f(tllxl)gl(t1) ﬁgi(xi))f(tl'xl) dgl(xl)}'
a; i=2

Moreover, since f is decreasing and ¢ is concave,

¢,(/;tf(x) dg(X)) < ﬁp,(gl(tl)Ltlf(tl'Xl) dgl(xl))'
and, according to Lemma 3.3(a),

QD’

81(t1)/:1f(t1v X1) dgl(xl))Ltlf(tll X1) dgy(xy)

< ft1¢'(f(tlaxl)gl(t1) ﬁgi(xi))f(tllxl) dgy(x,).
a, i=2

Therefore we find that ¢k /d¢; < 0. Analogously we find that ¢k /d¢; < 0,
i =2,...,m, and we conclude that 4(b) < 0 which means that (3.1) holds.
The proof in the case when ¢ is convex only consists of making obvious
modifications of the proof above.
(b) The proof is completely analogous. We only need to study the
function

b b i
i) = o ['700 e | = [ 700 T2 100 o,
argue as in the proof of (a), and use Lemma 3.3(b) instead of Lemma
3.3(a).
4. FURTHER RESULTS AND APPLICATIONS
Partly guided by some results and motivations recently presented in [13]

we will here study the following classes of generalized monotone functions
fi For C,C,>1, —o<a <a,<%o we say that fe Q*(C,) if



246 PECARIC, PERIC, AND PERSSON

fGox~ris Cy-increasing and f € Q,(C,) if f(x)x™ 2 is C,-increasing.
Moreover, let Q5(Cy, C,) = Q*(C)) N Q,(C)).

In particular, by using our Theorem 2.4 we obtain a new proof of the
following recent result [13, Theorem 2.1]:

COROLLARY 4.1[13]. Let 0 <p < g < o,
@ Iff € Q*(C), a > ay, then, for any x > 0,

. dt 1/q
(fx (t‘“f(t))qT)
o dt 1/p
< pro(a— a) e [Ceso) ) @
b Iffe Qaz(C), a, > «a, then, for any x > 0,
X dt Ya
(f (t“f(t))q—)
0 t
X dt 1/p
<p"Pq U (a, — a)l/”l/qcl"’”(f (t‘“f(t))pT) . (42)
0

Proof.
(a) We note that (4.1) is equivalent to the inequality

(fxw(f(t)t%)‘fd[_tq(ala)])l/q

< le’/q(f:o(f(t)t“1)”d[—t1’(“1“)])l/p,

and this is just a consequence of our Theorem 2.4(c).
(b) We see that (4.2) is equivalent to the inequality

(f;(f(t)taz)qd(ﬂ(%a)))l/q

< Cl"’/‘f(fox(f(t)t‘“2)pd(t”(“2‘“)))l/p,

and this is a special case of our Theorem 2.4(a).
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Our next aim is to prove a corresponding inequality for functions
satisfying two generalized monotone conditions, but first we state the
following technical lemma:

LEMMA 4.2. Let 0 <p < g <, let I,: (a,b) = (0, I) be an increasing
homeomorphism, and I,(x) =1 — I(x). Moreover let J;: (a,b) — (0,J)
and J,(x) =J — J(x). Assume that there are constants A and B such that
(L)Y 1 < AUTLGNY' P and (I(x) 9 < BJ,(x)Y'? for every x € (a, b).
Then

IV < Cp‘qjl/g where C, , = AB/(AP/@=P) qu/(qu))("_p)/"p_
Proof. First we choose x € (a,b) such that I,(x) = BI, where B =
qu/(q*p)/(qu/(q*p) + B9r/W@=r)) Then we have
JP/4 = BI”/" + (1 — B)I”/"
_ Bl—p/q(ll(x))[’/‘l + (1 _ B)l—p/q(lz(x))p/q
< BYP/147T(x) + (L = B)" "/IBPI,(x).

Moreover, our choice of B gives that g'~7/947 = (1 — B)'"*/4B? = C? ,
which means that 17/9 < Cl,J and the proof is complete.

THEOREM 4.3. Let 0 <p <q <. If f€ Q3(C,,C,) and a; < a <
a,, then

- e\ o —1sa| (&= @) (@ — a)CPCY 1/p-1/q
(fo (17f(2)) 7) =p’q [(a—al)Cf‘i‘(az_a)Cg}

X

~ 1/p
NGO (43)

Remark 4.4. For the case C; = C,, a; =0, and «, = 1, Theorem 4.3
coincides with the original inequality of Bergh [5, p. 84] (for his proof see
[2]. This inequality implies at once sharp embeddings between real inter-
polation spaces (because the Peetre K-functional belongs to Q9 = Q%(1, 1)).
For the case C = 1 another proof was presented in [4] (cf. also [3]). For the
case C; = C, = C see also [13, Theorem 3.3].

Proof. Let a =0, b = », and consider
X dt X dt
Lx) = [ ) 0 @) = [ )
I = I(»), and J = J(»).
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According to Corollary 4.1 we have

(L(x))"* < A(J(x))",
where A = p¥/rq='4(a, — a)l/pfl/qcéfp/q’
and
(1,(0))"* < B(J,(x))"",

where B = p¥/?q= Y (a — ;)P ICi P/,

Thus, by Lemma 4.2, I/ < C, ,J*/?, where

c Vpg—1/4 (a—a))(a, —a)CfCy pr-1/q
pq P74 (a—a)Cf + (a, — a)C¥ ,

and the proof is complete.

Remark 45. If a; > — in (43) and f(¢+) =0 on [x,«), then we
obtain (4.2) with C = C,. If a, = @ in (4.3) and f(¢) = 0 on [0, x], then
we obtain (4.1) with C = C;. Thus the inequalities in Corollary 4.1 may be
regarded as limiting cases of (4.3). On the other hand our proof above
shows that (4.3) can be regarded as an intermediate inequality between
(4.1 and (4.2).

Next we state the following obvious consequence of our Theorem 2.4
applied with C = 1 and ¢(¢) = ¢t? (and f(x) and g(x) replaced by f?(x)
respectively g?(x)):

COROLLARY 4.6. Let 0 < p < » and consider

1/p

A, = ([0 dgp(x))w and 5, = ([P0l g ()

(@) If fis decreasing and g is increasing, then A, is decreasing.
(b) If f is increasing and g is increasing, then A, is increasing.
(¢) If fis increasing and g is decreasing, then B, is decreasing.
(d) If f is decreasing and g is decreasing, then B, is increasing.

Remark 4.7. By applying Corollary 4.6 to concrete functions g we
obtain inequalities which in some cases already are well-known. For
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example, according to Corollary 4.6(a) applied with g(x) = x — a, it yields
that

b o1 r/4q - b -1
([P -a dﬁ <pg /[0 (x - a) i (44)

0<p<g<o,

for every decreasing function f. The inequality is sharp and equality occurs
for every function of the type f(x) = C, xla,t], a <t < b (y denotes the
characteristic function and C, any positive constant). Moreover, according
to Corollary 4.6(b), (4.4) holds in the reversed direction if f is increasing.
For the case g = 1 the inequality (4.4) was probably first discovered by
Lorentz [11, p. 39] and various other proofs of this case can be found in the
literature (see, e.g., [3, Lemma 2.1; 6; 9, p. 100; 10, Remark 2.2; 12, Lemma
2.2; 15, Theorem 3.11i]). Further, by using Corollary 4.6(c) with g(x) =
b — x we find that

q/p

af[riob =0 e (o6 -0 )

0<p<g<oo, (4.5)
for every increasing function f. Also (4.5) is sharp and equality occurs for
f(x) = Cxlt,b], a <t <b. Moreover, Corollary 4.6(d) implies that (4.5)
holds in the reversed direction if f is decreasing. For the case p = 1 the
inequality (4.5) was also proved in [10, 16] (cf. also [7; 8, Theorem 5]).

ExampPLE 4.8. By applying Corollary 4.6(a) with @ =0, b = e, and
g(t) = ¢/7 we obtain the well-known embedding L, , <L, ,0<p <,
0 < g, < gy < >, between Lorentz spaces with the sharp |mbedd|ng con-
stant ql/‘“q_l/”opl/"o_l/‘“ (equality occurs when f*(¢) = C, x[0, bD. A
corresponding inequality in higher dimensions m reads: Let f be a
positive and decreasing function on (0,). If ¢, >0, i=1,2,...,m, and
0 < g, < gy < %, then

G m gy )1/‘10

[ (oo [ 1S

Xi
ql 1/q1 m 1/q1=1/q0
< (_) qén/qlm/QO(nai)
q0 1

X;

“om gy )1/(11

(f((@[]x) (1"

This fact follows at once by applying our Theorem 3.1(a) with ¢(u) = u9e/ %
and g(x) = {x/%}, i =1,2,...,m, and f replaced by f.
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Final Remarks 4.9. (a) Our proof of Theorem 2.2 shows in particular

that this theorem holds even if the assumption that f is C-increasing or
C-decreasing is replaced by a weaker corresponding (mean C-monotonity)
condition (2.5)-(2.8). Analogously we find that Theorems 2.4, Theorem 3.1,
and Corollary 4.6 hold under similar somewhat weaker mean monotonity
conditions.

(b) The notions of C-increasing and C-decreasing are related to the

definitions of the upper index «(f) and the lower index B(f), respec-
tively, defined for f: [a,b] - R, by

a(f) = sup{p € R: there exists C > 0 such that
f(s)s™? <Cf(t)t™?, s <t,s,te[abl},

B(f) = inf{ p € R: there exists C > 0 such that
f()t™? <Cf(s)s?, s<t,st<[ab]}.

Obviously, if f is C-increasing, then a(f) = 0 and if f is C-decreasing,
then B(f) = 0 (but the reversed implications do of course not hold in
general).

10.

11
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