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The propagation of mild singularities for the semilinear model of three-dimen-
sional thermoelasticity is studied. It is shown that the propagation picture of such
singularities of the solution to the semilinear model coincides with one of the
solutions to the corresponding linear model. As a simple consequence of our
method, a similar result for the full semilinear Cauchy problem of one-dimensional
thermoelasticity is also presented.  © 1999 Academic Press

1. INTRODUCTION

The system of thermoelasticity is a hyperbolic—parabolic coupled system
describing the elastic and the thermal behaviour of elastic, heat conducted
media. This system has been studied with respect to different (but typical)
questions from the theory of systems of partial differential equations, e.g.,
the existence of global smooth solutions for small data [2, 4, 6, 8, 9, 14, 16]
and the development of singularities in finite time for quasi-linear prob-
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lems with large data (see [2] and references in [7]). Comparing the results
with those for hyperbolic and parabolic problems one understands which
part of the system has a dominating influence on the properties of
solutions.

In [5] it was proved that the solutions to the linear problem do not show
a smoothing effect; i.e., in general, the H°-regularity of the initial data will
not be improved in opposition to the situation for the solutions of
parabolic Cauchy problems. This hints to a dominating influence of the
hyperbolic part. Consequently, there arises the hope to understand the
propagation of singularities, of regularity, respectively. Indeed the paper
[10] was devoted to the study of the Cauchy problem in one-dimensional
semilinear thermoelasticity,

u, — U, + y0. =f(u,0),
0, — k0, + yutx:g(u)' (1'1)
u(t =0) = u,, u,(t =0) =y, 6(t =0) =6,

where f and g are smooth function satisfying f(0,0) = g(0) = 0. Under
the assumptions

uy, 0, € H'(R) N H*"1(R\ [a,b]), (1.2)
wy, k0, o — yu, . € HY(R) 0 H(R\ [a,b]), s>9/2,

the precise propagation of H*" !-regularity, H*-singularities, respectively,
(it depends on the private point of view) of the data given. A picture
similar to that of wave equations ([1, 12, 13]) has been obtained. The
characteristic lines are those from the wave operator d/ — 797, We are
interested in the propagation of H°-singularities, too. These singularities
are called mild singularities because the difference to the H*" '-regularity
is only one Sobolev order. The results from [10] motivate the following two
questions:

e Can we study the full semilinear Cauchy problem in one-dimen-
sional thermoelasticity; i.e., g = g(u, 0) instead of g = g(u) in (1.1)?

o Is there a possibility to generalize the results to the higher dimen-
sional case?

In the present paper we give a positive answer to both questions. Our main
idea is inspired by [11], a paper about semilinear wave equations. There it
was proved that the propagation of mild singularities for the semilinear
wave equation coincides with one for the corresponding linear problem.
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It seems to be interesting that recently in [3] such a result is proved for
semilinear weakly hyperbolic equations. In this paper we prove that the
propagation picture of mild singularities of the solution (U, #) to the full
semilinear Cauchy problem of three-dimensional thermoelasticity

U, + pV X VXU —7VdivU + y Vo = f(U, 9),
6, — kA0 + ydivlU, = g(U, 0), (1.3)
U(t =0) =1, U(t=0)=U, 6(t=0) = 6,

coincides with one of the solution (U, 5) to the linear Cauchy problem

U, + puV XV XU-7VdivU + yVo =0,
0, — kAO+ ydivU =0, (1.4)
U(t =0) =1, U(r=0) =1, 6(t=0) = 6,

where U = (U, U,, Uy), fWU, 0) = (fiU, 0), f,(U, 0), f,(U, 9)),
@w>0,7>0, and y # 0 are constants. For simplicity, we suppose that
fi, g € C*(R") with £,(0,0) = g(0,0) = 0, k = 1, 2,3, throughout this pa-
per. The main result of this paper shows that the nonlinearities in (1.3)
have no influence on the propagation picture of mild singularities (cf.
Corollary 2.3, Proposition 3.1, and Theorem 4.1).

At the end we formulate Theorem 4.2 which shows that our approach
allows us to generalize the main result from [10] to the full semilinear
Cauchy problem of one-dimensional thermoelasticity under the weaker
assumption s > 3. If we study the semilinear model (1.3), then throughout
this paper we suppose s > 3, which is the minimal order of mild singulari-
ties, can be treated by our approach. This order will be determined by
Proposition 3.7.

Notations. We use standard notations for the Sobolev space H*(R”)
and the Banach spaces H*, C*([0,T], H*(R")) with k € N, and s € R.
For any Q Cc R, X R", let Q. = Q n {r = 7}. We define
H*, C¥[0, T], H*(Q,)) as the spaces of function belonging to
H* CX(T,,T,], H(D)) for any rectangle [T, T,] X D C Qn{0<r<T)
and we omit the index ¢ for simplicity. Moreover, to simplify the ex-
position, we denote by C(T) the constant depending on 7 > 0, and
Nullescarsy (lull zscary, lullgs resp.) the norm of w in C*([0,T], H*(R"))
(H ([0, T], H*(R")), H*(R") resp.).



MILD SINGULARITIES 401

2. PROPAGATION OF MILD SINGULARITIES IN
THE LINEAR CASE

In this section we study the propagation picture of mild singularities of
the solution (U, 6) to the linear problem (1.4). The decomposition of the
displacement vector U into its curl-free part U and its divergence-free
part U® decouples (1.4) into the wave equation for the components of the
solenoidal part U*,

U — wAU® =0,  U®(1=0)=UP, Ur(=0)=U°, (2.1)

and a simpler coupled system than (1.4) for the potential part U™ and the
temperature difference 6,

UP — 7AU™ + yV0=0, 0, — kA0 + ydivl™ =0,

Ur(t=0)=Up, UPF>t=0)=UpP, 0(t=0)=0,. (2:2)
First let us suppose for the data
Uy, 0, € H(R*) n H* "1 (R®\ {0}), 23)
Uy, kA6, — ydivUP € H* ' (R®) n H*(R*\ {0}), s =1

Using the theory of wave equations we immediately obtain the following
result for the solution of (2.1) (compare with Lemma 3.3).

LEMMA 2.1, Under the assumptions (2.3), the solution Us =
(U, U, U°) of (2.1) satisfies

U* e C°([0.T], H'(R%) n C'([0,T], H* (R®))
N CH[0,T], H 4(R*)),
||USD||C$(HS)m crars-vncxm-n < C(TY (WU llgs + U1 ge-1).
Moreover, we have (this is enough for the following considerations)
Ue e C'([o,T], H (1)) n C'([0,T], H'(L,)).
where I, denotes the interior and the exterior of the forward light cone, that is,
I = {(x.1) € (R®* x [0,0))\ {Ix] = Yui}}.

To study the problem (2.2) we know that after differentiation the
components of U™ and @ satisfy the following fourth-order partial differ-
ential equation:

Uy — (T 4+ y?) Au, — kAu, + Tk Ay = 0. (2.4)



402 REISSIG AND WANG
For the Cauchy data u(t = 0) = ug, u,{t = 0) = uy, and u,(t = 0) = u, we
have due to (2.3) the regularity assumptions

u, € H'(R®) n H (RN {0}),

u, € H YRS n HA (RS {0}),

u, € H3(RY) 0 H (RPN {0})  if u:

u, € ' 2(R*) n 7Y (R®\ {0})  ifu:

(2.5)

0,
Ur,k=1,2,3.

The application of the partial Fourier transform & with respect to the
spatial variables transforms (2.4) to

v+ k€10, + (7 + YD) &P, + x| €]'v =0, (2.6)

where v =%,(u). For the representation of the solution of the Cauchy
problem for (2.4) we need to know the behaviour of the roots Br = Bl €D
(k = 1,2,3) of the algebraic equation

B — klEIBE+ (v + O EIB — mxl&]* = 0.

This characteristic equation coincides with the equation (2.3) from [10] if
we replace there ¢ by |£| This replacement characterizes the transition
from the one-dimensional case to the higher dimensional one. It is not
necessary to repeat all the calculations from [10]. We only formulate the
results and sketch differences in the proof if they appear.

LEMMA 2.2, Under the assumptions (2.3) there exists a uniquely deter-
mined solution (U?°, 0) to (2.2) satisfying

U», 0 C'([0,T], H(R*)) n C'([0,T], H " '(R%))
N CA([0,T], H¥(R*)),

lo=.5)

CUHHNCHH DN CHH ™)

< C(T)Y(I(Uy. 00) [l + (U, k A6y — y div Up°) |

),

and
Ur e CO([0,T], H 7 1(1,)) n CY([0, T, H(1,)).
0 L¥([0.T].H"'(1,)) n H'([0,T], H*(1,)).
where 1, denotes the interior and the exterior of the forward light cone,

I ={(x.1) € (R®x [0,%))\ {lx] = V71}}.
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Sketch of the Proof. Most of the formal calculations coincide with those
from [10] for the one-dimensional case. Differences appear if we study the
propagation behaviour of Fourier multipliers connected with the wave
operator factor. Let us explain this difference in detail. In the one-dimen-
sional case this step reduces to the understanding of the propagation
behaviour of

Fy exp(—iVTé0)F(uy)) = %fme’“ﬁ”@(uo)( £)d¢

= uy(x — \/;t).

If u, € H'(R) n H**'(R\ {0}), then the mild H°*-singularity propagates
only along one characteristic line. This brings additional regularity along
the other characteristic line (cf. with the results from [10] and with
Theorem 4.2).

In the three-dimensional case we have to study

F exp(—i71€1) 7o)} = (2m) 7 [ TN ug) (£) de.

If we assume u, € H*(R*) n H*"1(R*\ {0}), then we only know (0, £) €
WF,, (u,) for all ¢ € R*\ {0}. But this gives that for any fixed ¢ > 0,

. 3
WFHI(%”(exp(—l\/ﬂ§|l)37(u0))) c {(\/Fmr, §)‘V§e R\ {0}}.
Consequently, we obtain H®"!-regularity only in the interior and exterior

of the forward light cone. Q.E.D.

Summarizing the statements of Lemmas 2.1 and 2.2 leads to the follow-
ing result:

COROLLARY 2.3.  Under the assumptions
Uy, 0, € H*(R®) N H*T1(RP\ {0}),
Uy, kA0, — ydivUP € H(RY) n HY(R*\ {0}), s=>1,

there exists a uniquely determined solution (U, 0) to the linear Cauchy problem
of three-dimensional thermoelasticity
U, + puV XV XU-7VdivU + yVo =0,
6, — kAG+ ydivU, = 0,
U(t =0) =U,, U(t=0) =1, 0(t =0) = 0,,
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satisfying
U,0ecC'([o,T], H'(R*)) n C'([0, T], H' Y(RY)),
and
U~ e ([0, 7] H V(1)) n ([0, T], H*(1))),
gw e ([0, 7], H (1)) n C'([0,T], H*(1,)),
6 L*([0,T], H "' (1,)) n H'([0,T], H'(1,)),

where 1,, | = 1,2, denote the interior and the exterior of the forward light
cones,

= {(x.0) € (8 % [0,9)\ {Ix] = Y},

oy = M oy =

3. REGULARITY RESULTS FOR CAUCHY PROBLEMS
FROM THREE-DIMENSIONAL THERMOELASTICITY

To study the propagation of mild singularities in the linear case we had
to reduce the system (2.2) to a decoupled system of fourth-order differen-
tial equations. The solution of this system possesses regularity properties
C°(0,T1, H*(R®) n C'([0, T], H*~'(R*)). For the moment we only use
this regularity with respect to the spatial variables on the right-hand side
of the following Cauchy problem,

U,+ puV XV XU=-7VdivU + yV0 = f(x,1),
6, — kA0 + ydivU =g(x,1), (3.1)
U(t=0)=U(t=0)=06(t=0) =0
PROPOSITION 3.1.  Let us suppose that
fe ([0, 7], H(R*)) n H'([0,T], H*~{(R%)),
g € L¥([0,T], H'(R®)),

with fixed s = —1. Then there exists a uniquely determined solution of (3.1)
satisfying

UeC'([o,T], H(R%) n C'([0,T], H(R?)),
0 C(fo, 7], H**(R*)) n H'([0,T], H*(R%)).
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To prove this proposition we need the following three lemmas for n = 3.
The first two lemmas can be found in textbooks, e.g., [15].
LEMMA 3.2. Consider the Cauchy problem for the heat equation on
R*" X R,,
0, — kA0 =g(x,t), 6(t =0) = 6y(x),

under the assumptions 0, € H**'(R") and g € Nf_, H/(0,T], H*~¥(R"))
with fixed k € N and s > 2k — 1. Then there exists a uniquely determined
solution

k+1
o () H/([0,T], H "2 ¥(R"))
ji=0
satisfying
k+1 k
Y N0l a2y < Co| X Ngllaicms-2y + 110l 1] (3.2)
j=0 j=0

LEMMA 3.3.  Consider the Cauchy problem for the wave equation
uy — tAu =f(x.1),  u(t=0) =u(x), u(t=0)=u(x),

under the assumptions u, € H'" R™), u, € HYR"), and f <
N5 o H(0,T1, H*/(R")) with fixed k € Ny and s € R. Then there exists a
uniquely determined solution

k+1
we N C([0,T], H* ' (RY))
j=0
satisfying
k+1 k
b e+ < C(T) b W ey + Mgl gt + Mgl | (3.3)
j=0 j=0
LEMMA 3.4.  Consider the Cauchy problem
Uy, — (7 + v*) Au, — kA, + T Au = f(x,1),
u(t =0) =u,(t=0) =0, u,(t =0) =u,(x).



406 REISSIG AND WANG

If u, € H* *R") and f € L*([0,T], H* *R"™) with s = —1, then there
exists a uniquely determined solution

u e CO([O,T],HS([R{”)) N Hl([O,T],HS’l([R{”))
satisfying
||M||c£(HS)m HhHsH < C(T)(HfHLZT(HS’S) + ||u2||HS’3)~ (3~4)

Proof. The statement of this lemma follows by a formal carrying over
of the ideas from [10, Lemmas 2.10 to 2.12] for the one-dimensional case
to the higher dimensional one. Q.E.D.

Proof of Proposition 3.1.  Let (U, 0) be the solution to the linear Cauchy
problem (3.1). Then U™ satisfies

U = wAU* = f2(x,1),  U(1=0) = (1 = 0) = 0.
Using Lemma 3.3 we obtain
U* e ([0, 7], H' (R*)) n C'([0,T], H(R?)),
and
WU Neocmrs=1yn ety < CCOFll ez (3.5)
The vector (U?°, §) satisfies
UP — rAU™ + yVo=fP, 9 — kA0 +ydivU® =g,
UP(t=0)=UP(t=0)=6(r=0)=0. (3.6)

Decompose (U, §) into (U™, 6) = (U,, 6,) + (U,, 6,), where (U}, 0,) and
(U,, 0,) satisfy the Cauchy problems

U, — 7AU + yV0, =f™, 0, ,— kA0 + ydivl, , =0,

U(t=0)=U (t=0)=10,(t=0) =0, (3.7
U,, —7AU, + yV8, =0, 0,, —kAf, + ydivU,, =g,
Uy (t=0)=U, (t=0) =0,(t=0)=0, (3.8)

respectively.
Differentiating equation for (U, 6;) and (U,, 0,) it follows from (3.7)
and (3.8),

010 — (74 v2) A0, , — kA0, , + 76 A0, = —y div [,
6,(t=0)=10,,(t=0)=0, 0, ,(t=0)=—vydivfP(r=0),
(3.9)
Uy i — (7 + yz) AU, , — kAU, , + tk A*U, = —y Vg,
U (t=0)=U, (t=0)=U,,(t=0) =0. (3.10)
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The assumption for f = f(x,t) allows us to apply Lemma 3.4 to the Cauchy
problem (3.9). Due to (3.4) we immediately get the inequality

00 lcocm+1yn micas < C(T)(HdiVﬁpDHLZT(HS*Z) + |ldiv fP°(t = O)HHS’Z)
< C(DHf N arrerrs—1y- (3.11)
On the other hand, from (3.7), the vector-function U, satisfies
U ,—7AU =" — y V0o, U(t=0)=U (t=0) =0,
which gives the estimate
||U1||c£(H”1)m chHy < C(T)Hf”LZT(HS)m HAH ™Y, (3~12)

by using (3.3) and (3.11).
The assumption for g = g(x, t) allows a repeated application of (3.4) to
the Cauchy problem (3.10). Consequently,

WU llcocms+2ym mica+ty < C(T)IIgl i2cms- (3.13)

The higher regularity of U, can be used to estimate 6,. By (3.8) the
component 6, satisfies the following Cauchy problem for the heat equa-
tion:

0,, — kA, =g— vydivl,,, 8,(t =0) =0.
Applying (3.2) from Lemma 3.2 for k = 0, n = 3 in the above problem and
using (3.13),
10,1120y 0 mpcmey < C(THg — v div U, Mgy < C(T)Igl s,
(3.14)

which implies [0, |lcoczs+1y < C(Dgll 22z, too, by using [15]. Combining
(3.11) and (3.14) leads to the regularity result

o CO([0,T], H** \(R%)) n H'([0,T], H*(R®)).

Using the Cauchy problem from (3.8) for U, and the regularity of 6, from
(3.14) gives together with Lemma 3.3 for k =0 and n = 3 that U,
C'([0,T], H*"(R*)). Hence, by using (3.12) we conclude the regularity
result

Uec([o,T], HY(RY)) n CY([0,T], H'(R)). QED.

The next proposition is devoted to the existence of solutions to the
semilinear Cauchy problem (1.3).
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ProposITiON 3.5.  If the initial data satisfy
(Uy, 0,) € H'(R*), (U, kA0, — ydivUF°) € H(RY), s >3,

then there is a constant T, > 0 such that the semilinear Cauchy problem (1.3)
has a unique solution (U, 0) belonging to

CO([0. 7,1, H*(R*)) N C'([0, 7,1, H* " (R*)) n C*([0, T, ], H* *(RY)).

To prove this proposition we need the next two auxiliary results. The lemma
can be shown by generalizing the Proposition 2.7, 2.9, and 2.14 from [10] ro
the higher dimensional case.

LEMMA 3.6.  Consider the Cauchy problem
Uy, — (7 + v*) Au, — kAuy, + T Au = f(x,1),
u(t =0) =u,(t=0) =0, u,(t =0) =u,(x).

Ifu, € H ¥ R* andf € L*(0,T], H*R*) n H'([0,T], H*~ *(R®)) with
s > 1, then there exists a uniquely determined solution

ue< CO([O,T],HS([RS)) N Cl([O,T],HS’l([RS))
N CZ([O,T],HS’S([RS))
satisfying
||M||c%(HS)m clr-YnckHs 3 < C(T)(HfHLZT(HS’S)m HiHY T ||u2||HS’3)~

(3.15)

PROPOSITION 3.7. Let us suppose that
fel* [0, 7], H°"(R*) n H'([0,T], H *(R%))
NH*([0,T], H3(RY)),
and
ge LX([0,T], H'(R*) n H'([0,T], H* *(R%))
N HA([0,T], H*~{(R%)),
with s > 3. Then there exists a uniquely determined solution of (3.1),
(U,0) € C°([0,T], H*(R*)) n C'([0,T], H* '(R))
n C¥([0,T], H* *(R%))
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satisfying
WUl cocmrsy m crcms=1yn czeas—3)

< C(T)(HfHLZT(HS")m HIH*~%yn HAH* ") + HgHLZT(HS*Z)m H}(HS’S))y
(3.16)

WOl cocr ncrems—1yn c2cas—3

< C(T)(HfHH}(HS’Z)m HAH 3 T ||g||LZT(HS)m HNH %N H%(HS’4))~
(3.17)

Proof. As in the proof of Proposition 3.1, the solenoidal part of U
satisfies

UP — pAU*® = f*(x,1), U*(t=0)=U*(t=0)=0.

The assumption for f and Lemma 3.3 imply
“USD“C%(HS)m clm i nckH ) < C(T)“f“LZT(HS*I)m HI(H*~?%)- (3~18)
Differentiating (3.6) we obtain that U satisfies the Cauchy problem
U — (7 + y*) AU — kAU + Tk AU = fP° — k AfP° — y Vg,

UR(=0) = UP(1=0) =0, UP(r=0)=f*(=0).
By employing (3.15) from Lemma 3.6 with f™(r = 0) € H*~4R?) and
[P —kAfP — yVg ELZ([O,T],HS’S([RS)) N Hl([O,T],HS"‘([RS)),

we get (3.16) by using (3.18). To estimate 6 let us remember the decompo-
sition for U and 6 from (3.7) and (3.8). To solve the Cauchy problem (3.9)
for 6, we can apply Lemma 3.6. Consequently, we get the estimate

||61||C%(H3)m clm-Yn ok 3 < C(T)HfHH}(HS’Z)m HE(H* 3.

The Lemma 3.2 for k = 2 and n = 3 can be applied to estimate 6, as the
solution to the Cauchy problem from (3.8). We get

3 2
Y MOl aier-2-2y < C(T) Y llg — div Uy, Mmjar-2)
j=0 j=0

3
< C(T) b gl i ae-2iy + b WU g pre3-2) |-

j=0 j=1
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But the necessary norms for U, can be estimated after the application of
Lemma 3.4 to the Cauchy problem (3.10) for U,, and to the Cauchy
problems for U,, and U, ,, which are obtained after differentiation. It
follows

3 2
YNl gcarees-y < C(T) L N18l a2
j=1 j=0
All this together brings for 0, the desired estimate
3 2
Y N0l a2y < C(T) Y Ngllaar -
j=0 j=0
Finally, we conclude with [15]:

2

2
YN0, ciae -2y < C(T) Y llgl a2
j=0 j=0

The derived estimates for 6, and 6, lead to (3.17). The proposition is
completely proved. Q.ED.

_Proof of Proposition 3.5. For (U, ) we choose the ansatz (U, ) =
(U, 0) + (V, B), where (U, 0) solves (1.4). Then (V, B) solves

Vit oV XV XV —7VdivV + yVB=f(U+V,0+B),
B — kAB+ ydivV, =g(U+V, 0+ B),
V(t=0)=V,(t=0)=p(t=0)=0.
Using the Corollary 2.3 we have
(U,0) € C°([0,T], H*(R*)) n C'([0,T], H*'(R?))
N C3([0,T], H~%(R%)),

and

"(U 15) CHH )N CHH DN CHH3)

= C(T)(”(UO' 00)|HS +||(U1' KAHO - ’)/le Ulpo)l

)-
(3.19)

To solve the above semilinear Cauchy problem for (V, B) we construct a
sequence of solutions {(V'*, %)}, . , with (V°, 8°) = (0,0), by the iteration
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scheme
Vil 4 gV XV X PP — aVdiv "t + y VBT = (U + V7, 0+ BY),
B — kAR 4 ydiviyt =g(U+ V", 0+ B,
Yl (r=0) = VP (1= 0) = B (1 = 0) = 0.
1. Step. We show that there is a constant T > 0 such that the
sequence {(J", 8")),., is bounded in C([0,T,], H*(R*)) n C'([0, T,],

H " YR*) n C¥(0,T,], H*R*)). Taking account of the estimates (3.16)
and (3.17) from Proposition 3.7 it holds

It B D lescrsocacrnnczar—»

< C(T)

2
(10 + v+ 8 s

j
+||g(U LU+ Bv)”HJT(HSz]))).

Forany T > 0and v = 0, let

mMA(T) =|(T+ v, i+ p)

CUHHHYNCHH YN CiH* 3"

Then

M(T) < a(f, 8. M°(D)) ["MO(t)

MA(T) = a(f.5. MN(D) [ M (1)
and in general,

MT) < al g, M (D) [T (1)

where a = a(f, g, ) is a smooth, positive, and increasing function. With a
sufficiently small 7'= T, we get the boundedness of {(V*, B")},., in
C(0,T,], H'(R*) n CX([0, T,], H "(R*) N C*([0, T, ], H* *(R*)).

2. Step. There is a sufficiently small T, < T, such that the sequence
{(V™, B¥)), ., is convergent in C°([0, T, ], H*(R*) n C'([0, T,], H*" {(R*)
N C4[0,T,], H¥(R*)).
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We know that each element of the sequence (W7, «”)}, . ,, where W7 :=
Vil — V¥ and a” = B*"! — B, solves
Wi+ pV XV XW —sVdivIW” + yVa” =f7,
o — kAa” + ydivi¥) = g7,
W (t=0)=W(t=0)=a’(t=0) =0,

with £ = f(U+ Ve, 0-1—3 Y—fU+V" 16+ B Handg” =gl + V",
0+ ") —gU+V"'0+p" M.

Similar arguments as in the first step together with the boundedness of

{(V*, B")), ., in C(0, T ], H¥R*) n C(0, T,], H* '(R*) n
C4(0, T,1, H*~*(R*) and Hadamard’s formula yield

I(W?, @) |escnerar—nncim—

< C(f,g, SUPMV(T))IOT w7t o Y llesarnciar-nczar—s dr
v=0

forany v > 1 and T < T,,. Hence, a small T} < T, guarantees the property
of {(V”, B")}, ., to be a Cauchy sequence in the desired function space.
The uniquely determined limit element (V, B) gives together with W, )
the uniquely determined solution (U, 6) of (1.3) which belongs to
Co(0, 1,1, H*®R*) n C'(0, 7,1, H - Y(R®*)) n C4([0, T,], H* *(R*). The
proof is complete. Q.E.D.

4. PROPAGATION OF MILD SINGULARITIES

THEOREM 4.1.  Let us consider the semilinear Cauchy problem of three-di-
mensional thermaoelasticity

U, + pV X VXU —7VdivU + y Vo = f(U, 9),
6, — kA0 + ydivU, = g(U, 6),
U(r=0) =V, U(r=0) =1, 6(t=0) = 6,.

Let Q C R® be a given closed domain. Then under the assumptions

Vy, 0, € H'(RY) N HV(R3\ Q),
V,, kA0, — ydivVe € H(RY) N H(R®\ Q), s>3,
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there exist a positive constant T and a unique solution
(U,0) € CO([O,T],HS([RS)) N Cl([O,T],HS’l([RS))
N C*([0,T], H* 3(R%))
satisfying
U» e CO([O,T],H”l(Kl)) n C'([0,T], H*(K})),
U» e CO([O,T],HS”(KZ)) N C'([0,T], H(K,)),
0 ELZ([O,T],HS”(KZ)) NHY[0,T], H'(K;)),
where K, | = 1,2, denote the sets K, == N, cq I,(x,) with
1(x,) = {(x.0) & ® X [0, T\ {Ix —x,| = a1} },
Q= W, ®, = T.

Proof. By using Proposition 3.5 the Cauchy problem has a unique
solution (U, 8) € C°(0,T], H*R*) n CY[0,T], H*"Y(R®*). Let (U, 6) be
the solution of the corresponding linear Cauchy problem with the same

data and homogeneous right-hand side. Then (W, ) with W :=U — U,
B = 60 — 0, solves

W, +t uV X VX W —7VdiviW + yVB =f(U,0),
B, — kAB+ ydiviW, =g(U,0),
W(t=0)=W(t=0)=p(t=0)=0.
Since s > 3, it follows that
(f(U,0),g(U,0)) € C([0,T], H(R*)) n C'([0,T], H '(R®)).

The application of Proposition 3.1 implies

we C'([0,T], H* ' (R*)) n C'([0,T], H(R?)),

Be C([0,T], H*"(R*)) n H'([0,T], H*(R?®)).

Consequently, the propagation picture of mild H‘-singularities of (U, 6)
coincides with that of (U, #), which is the same as desired by using
Corollary 2.3. Q.E.D.

At the end of this paper we mention that our approach allows us to
generalize the main theorem from [10] to the full semilinear case under
the weaker assumption s > 3. Without new difficulties one can prove the
next result.



414 REISSIG AND WANG
THEOREM 4.2.  Let us consider the semilinear Cauchy problem of one-di-
mensional thermaoelasticity
u, — T, + v, =f(u,0), 0, — kb, + vyu,, = g(u,8),
u(t =0) = u,, u,(t =0)=u, 6(t =0) = 6,.
Then under the assumptions
uy, 0, € H*(R) n H** (R \ [a, b)),
wy, 0 5 = vy, €I (R) N H(R\ [a,b]), §=3
(compare with (1.2)), there exist a positive constant T and a unique solution
(u,0) € C([0,T], H*(R)) n C'([0,T], ' Y(R))
N C([0,T], H ¥(R))
satisfying
(0, + Vro)u € C°([0,T], H' (1 U Il )),
(0, = Vro)u € C°([0,T], H' (1 U I)),
(0, + Vra,)0 € L¥([0,T], H*(1 U II)),
(3, —Vra,)0 € LX([0,T], H (1 U I)),
where I, 11, and III denote the three regions
I:={(x,t):—o<x<a—V7t,0<t <T}
U{(x,0):b+Vri<x<»,0<1<T}

b—a

u{(x,r):b—\/?r<x<a+\/?r, 7

<IST};

b—a
II={(x,t):a—-Vrt<x<a+Vrt,0 <t <min|T; —
2V

b—a
Ul(x,t):a—Vrt<x<b—vVri, —— <t <T}:
{(x)a TE<X T e }

b—ua
o= {(x,t):b—Vrt <x <b+ V7,0 <t <min|T,
2Vr

b—a
2

u{(x,r):a+\/?t3xsb+\/?t, srsT},

3

as in Fig. 1.1 of [10].
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