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Abstract

In this paper, we prove that the L? essential spectra of the Laplacian on functions are [0, +00) on a non-
compact complete Riemannian manifold with non-negative Ricci curvature at infinity. The similar method
applies to gradient shrinking Ricci soliton, which is similar to non-compact manifold with non-negative
Ricci curvature in many ways.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

The spectra of Laplacians on a complete non-compact manifold provide important geometric
and topological information of the manifold. In the past two decades, the essential spectra of
Laplacians on functions were computed for a large class of manifolds. When the manifold has a
soul and the exponential map is a diffeomorphism, Escobar [11], Escobar and Freire [12] proved
that the L? spectrum of the Laplacian is [0, +00), provided that the sectional curvature is non-
negative and the manifold satisfies some additional conditions. In [18], the second author proved
that those “additional conditions” are superfluous. When the manifold has a pole, J. Li [14]
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proved that the L? essential spectrum is [0, +00), if the Ricci curvature of the manifold is non-
negative. Z. Chen and the first author [7] proved the same result when the radical sectional
curvature is non-negative. Among the other results in his paper [10], Donnelly proved that the
essential spectrum is [0, 4-00) for manifold with non-negative Ricci curvature and Euclidean
volume growth.

In 1997, J.-P. Wang [17] proved that, if the Ricci curvature of a manifold M satisfies Ric(M) >
—38/r%, where r is the distance to a fixed point, and & is a positive number depending only on the
dimension, then the L? essential spectrum of M is [0, +00) for any p € [1, +oc]. In particular,
for a complete non-compact manifold with non-negative Ricci curvature, all L? essential spectra
are [0, +00).

Complete gradient shrinking Ricci soliton, which was introduced as singularity model of type
I singularities of the Ricci flow, has many similar properties to complete non-compact manifold
with non-negative Ricci curvature. From this point of view, we expect the conclusion of Wang’s
result is true for a larger class of manifolds, including gradient shrinking Ricci solitons.

The first result of this paper is a generalization of Wang’s theorem [17].

Theorem 1. Let M be a complete non-compact Riemannian manifold. Assume that

lim Ricy (x) = 0. (1)

X—>00

Then the L? essential spectrum of M is [0, +00) for any p € [1, +00].

It should be pointed out that, contrary to the L? spectrum, the L? spectrum of Laplacian may
contain non-real numbers. Our proof made essential use of the following result due to Sturm [16]:

Theorem 2 (Sturm). Let M be a complete non-compact manifold whose Ricci curvature has a
lower bound. If the volume of M grows uniformly sub-exponentially, then the LP spectra are the
same for all p € [1, o0].

We say that the volume of M grows uniformly sub-exponentially, if for any & > 0, there exists
a constant C = C(¢) such that, forall » >0 and all p e M,

vol(B,(r)) < C(e)e” vol(B, (1)), (2)
where we denote B, (r) the ball of radius r centered at p.

Remark 1. Note that by the above definition, a manifold with finite volume may not automat-
ically be a manifold of volume growing uniformly sub-exponentially. For example, consider a
manifold whose only end is a cusp and the metric dr? + e "d6? on the end S! x [1, +00). The
volume of such a manifold is finite. However, since the volume of the unit ball centered at any
point p decays exponentially, it doesn’t satisfy (2).

Remark 2. The assumption that the Ricci curvature has a lower bound is not explicitly stated in
Sturm’s paper, but is needed in the proof of Theorem 2.

Remark 3. Under the assumptions of Theorem 2, all L? spectra are contained in [0, 0o). Thus
for a fixed p, the L? spectrum being equal to [0, o) is equivalent to the L? essential spectrum
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being equal to [0, co). For the sake of simplicity, in this paper, we don’t distinguish the two
concepts: the spectrum and the essential spectrum.

In [16, Proposition 1], it is proved that if (1) is true, then the volume of the manifold grows
uniformly sub-exponentially. Thus in order to prove Theorem 1, we only need to compute the L'
spectrum of the manifold.

Using the recent volume estimates obtained by H. Cao and the second author [3], we proved
that the essential L! spectrum of any complete gradient shrinking soliton contains the half line
[0, +00) (see Theorem 6). Combining with Sturm’s Theorem we have

Theorem 3. Let M be a complete non-compact gradient shrinking Ricci soliton. If the conclusion
of Theorem 2 holds for M, then the L? essential spectrum of M is [0, +00) for any p € [1, +00].

Finally, under additional curvature conditions, we proved

Theorem 4. Let (M, g;;, f) be a complete shrinking Ricci soliton. If

lim 5 =0,
x—+00 r4(x)

then the L? essential spectrum is [0, +00), where R is the scalar curvature and r(x) is the
distance function.

We believe that the scalar curvature assumption in the above theorem is technical and could
be removed. From [3] the average of scalar curvature is bounded and we know no examples of
shrinking solitons with unbounded scalar curvature.

2. Preliminaries

Let po be a fixed point of M. Let p be the distance function to pg. Let §(r) be a continuous
function on R™ such that

(@) limy—008(r) =05
(b) 8(r)>0;
(©) Ricx) > —(m—1Dé@),if p(x) >r.

Note that §(r) is a decreasing continuous function. The following lemma is standard:
Lemma 1. With the assumption (1), we have

lim Ap <0

X—> 00

in the sense of distribution.

Proof. Let g be a smooth function on R™ such that

g (r) —8(r)g(r) =0,
g(0) =0,
g'0)=1.
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Then by the Laplacian comparison theorem, we have

Ap(x) < (n—1)g' (p(x))/g(p(x))

in the sense of distribution. The proof of the lemma will be completed if we can show that

/
lim £ _o.
r—00 g(r)

By the definition of g(r), we have g(r) > 0 and g(r) is convex. Thus g(r) — +oo, as
r — +o00. By the L’Hospital Principal, we have

/ 2 / /"
im 8O _ o, 28080 sy =0,
r—o+o0 (g(r))? r—o+oo 2g(r)g'(r)  r—+oo

and this completes the proof of the lemma. O

Without loss of generality, for the rest of this paper, we assume that

g'(r)
gr)

<8(r)

forall r > 0.
The following result is well-known:

Proposition 1. There exists a C* function p on M such that

@ |p—pl+I1Vp—Vp|l<d(p(x)), and
(b) Ap<28(p(x)—1)

for any x € M with p(x) > 2.
Proof. Let {U;} be alocally finite cover of M and let {1;} be the partition of unity subordinating
to the cover. Let x; = (xil, ..., x}') be the local coordinates of U;. Define p; = p|y;.

Let £(x) be a non-negative smooth function whose support is within the unit ball of R".
Assume that

f £(x) dx.
RV[

Without loss of generality, we assume that all U; are open subsets of the unit ball of R" with
coordinates x;. Then for any ¢ > 0 small enough,

1 Xi — Vi
Pie = 7/5( )Pi (yi) dyi
& &

]Rn
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is a smooth function whose support is within U;. Let

K(0) =) (1A%l +21Vyi]) + 1.

i

Then K (x) is a smooth positive function on M. On each U;, we choose ¢; small enough such
that

supp{pi.¢; } C Ui,

|pie; — pil <8(p(x))/K (x),

IV pie; — Vil <8(p(x))/K (x),
Apie; <8(p(x) = 1), for p(x) > 1.

3)

Here Lemma 1 is used in the last inequality above. We define
5 = Z wi p i,é‘i .
i
The proof follows from the standard method: let’s only prove (b) of the proposition. Since

Ap =" AVipie +2ViVpie +VilApic,

1

we have
Ap= Z AYi(pie; — i) +2VYi(Vpie; — Vi) + YiApig;.
i
By (3), we have

A <8(p(0) +8(p) — 1),
and the proposition is proved. O
Let po € M, and let
V(r)= vol(B,,O (r))

for any r > 0.
The main result of this section is (cf. [5,8]).

Lemma 2. Assume that (1) is valid. Then for any ¢ > 0, there is an R| > 0 such that for r > Ry,
we have
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(a) if vol(M) = 400, then
|AB| < 2eV(r) + 2vol(3 By, (RY));
BI’O (r)\BpO (Ry1)

(b) if vol(M) < +o00, then

|AB| < 2e(vol(M) — V (r)) + 2vol(d B, (r)).

M\Bpo (r)
Proof. By Proposition 1, for any ¢ > 0 small enough, we can find R; large enough such that
Ap<e

for x € M\ B, (R1). Thus |Ap| < 2¢ — Ap, and we have

.
|ABI < 26(V(Ry) — V() — f 2y f o0

By (R2)\ By (r) 9By (R2) 3By (r)

for any R, > r > R| by the Stokes’ Theorem, where % is the derivative of the outward normal
direction of the boundary 0B, (r). By (3), we get

1
|61 < 26(V(R) = V(1) = 5v0l(d Bpy(Ro)) +20l(3Bpy (1) (4)
By (R2)\Byy (1)

If vol(M) = 400, then we take Ry =r, r = Rj in the above inequality and we get (a).
If vol(M) < 400, taking R — +o0 in (4), we get (b). O

3. Proof of Theorem 1
In this section we prove the following result which implies Theorem 1.
Theorem 5. Let M be a complete non-compact manifold satisfying
(1) the volume of M grows uniformly sub-exponentially;
(2) the Ricci curvature of M has a lower bound,
(3) M satisfies the assertions in Lemma 2.
Then the L' essential spectrum of the Laplacian is [0, 00).
Proof. We essentially follow Wang’s proof [17]. First, using the characterization of the essential

spectrum (cf. Donnelly [9, Proposition 2.2]), we only need to prove the following: for any A € R
positive and any positive real numbers &, u, there exists a smooth function & # 0 such that
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(1) supp(§) C M\B,(u) and is compact;
(2) 1AE + A&l <elléllpr.

Let R, x, y be big positive real numbers. Assume that y > x + 2R and x > 2R > 2u + 4.
Define a cut-off function ¢ : R — R such that

(1) suppyy C [x/R —1,y/R+1];
(2) y=1on[x/R,y/R..OSY <13
Q) ¥+ 1" < 10.

For any given ¢, u and A, let
_ P\, ivis
o=v (%)
A straightforward computation shows that
. | P 2 o2 . v’ ~\ ivVAp
Ap+ip=( 5 V"IVAI +z«/XEw|Vp| + zﬁw+3 Ap |e
+ 2 (—IV5I* +1).
By Proposition 1,
C ~
8¢ + 1| < -+ CIAS|+C5(p(x).

where C is a constant depending only on A. Thus we have
C
lA¢ + A1 < = +C8(x—R) )(V(y+R)—V(x —R))

+C / 1AL 5)

Bpo (y+R)7Bp0 (X*R)

Case 1: vol(M) = 4+o0. By Lemma 2, if we choose ¢/C small enough and R, x big enough and
then assume y is large if necessary, we get

[Ap + Al <4eV(y+ R). (6)

Note that ||¢||;1 = V(y) — V(x). If we choose y big enough, then we have

1
el = SV ). (7

We claim that there exists a sequence y;y — oo such that V(yx + R) <2V (y¢). If not, then for a
fixed number y, we have

V(y+kR) > 2KV (y)
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for any k € Z positive. On the other hand, by the uniform sub-exponentially growth of the vol-
ume, we have

ZkV(y) <V +kR) < C(E)V(l)es(y+kR)

for any k large and for any € > 0. This is a contradiction if eR < log?2. Thus there is a y such
that V(y + R) <2V (y), and thus by (6), (7), we have

[1A¢ +ApllLr < 16¢llp] 1.

The case when M is of infinite volume is proved.
Case 2: vol(M) < +o00. By Lemma 2,
AY + A1 < C(% +2e46(x — R)) (vol(M) — V(x — R))
+2Cvol(dBpy(x — R)).
Let f(r) =vol(M) — V (r). Like above, we choose ¢ small and R, x big. Then
A¢ + Al <def(x —R) —2Cf'(x — R)
for any x, y large enough. On the other hand, we always have

ol = fx) = f(y).

Since the volume is finite, we choose y large enough such that

@l = %f(X)-

Similar to the case of vol(M) = 400, the theorem is proved if the following statement is true:
there is a sequence x; — 400 such that

2ef(xx — R) — Cf'(xi — R) <4ef(xp)

for all k.
If there doesn’t exist such a sequence, then for x large enough, we have

2¢f(x — R) — Cf'(x — R) > 4ef (x).
Replacing ¢ by ¢/C, we have

2ef (x = R) — f'(x = R) > def (x),
which is equivalent to

—(e7* f(x — R)) = dee™ > f(x).
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Integrating the expression from x to x + R, using the monotonicity of f(x), we get
_e—2e(x+R)f(x) + efzexf(x —R) > 26—2ex(1 _ €728R)f(.x +R),
which implies
fx—=R) =2(1—e >R f(x +R).

Let R be big so that

2(1 — e k) >

N

Then we have
5
fx—R) > Zf(x+R)

for x large enough. Iterating the inequality, we get

N
fx—R)= (Z) f(x+@k=1DR) ()

for all positive integer k.

On the other hand, we pick points py so that dist(pk, po) = x + (2k — 1)R + 1. Then by
the uniform sub-exponential growth of the volume, for any ¢ > 0, since B, (1) C M\Bp,(x +
(2k — 1)R), we have

f(x + 2k —1DR) > vol(Bp, (1))

1
> @e*(ﬁ(zk*““z)voz(g,,k (x + 2k — DR +2)).

But B, (x + (2k — 1)R +2) D B, (1) so that there is a constant C, depending on ¢ and x only
such that

f(x+ @2k = DR) > CV()e ¥,
Choosing ¢ small enough such that 2e R < log f—P we get a contradiction to (8) whenk — oco. O
4. Gradient shrinking Ricci soliton
A complete Riemannian metric g;; on a smooth manifold M is called a gradient shrinking
Ricci soliton, if there exists a smooth function f on M" such that the Ricci tensor R;; of the

metric g;; is given by

Rij + ViV [ =pgij



3292 Z. Lu, D. Zhou / Journal of Functional Analysis 260 (2011) 3283-3298

for some positive constant p > 0. The function f is called a potential function. Note that by
scaling g;; we can rewrite the soliton equation as

1
Rij+ViVif = 38ij ©))

without loss of generality.
The following basic result on Ricci soliton is due to Hamilton (cf. [13, Theorem 20.1]).

Lemma 3. Let (M, g;;, f) be a complete gradient shrinking Ricci soliton satisfying (9). Let R
be the scalar curvature of g;j. Then we have

ViR =2R;;V,f,
and
R+IVfI> = f=Co
for some constant Cy.
By adding the constant Cyp to f, we can assume
R+|Vf)P?—f=0. 2.1
We fix this normalization of f throughout this paper.
Definition 1. We define the following notations:
(i) since R > 0 by Lemma 4 below, f(x) > 0. Let
p(x) =2/ f(x);
(i) for any r > 0, let
D(ry={xeM: p(x)<r} and V(r)= f dv;
D(r)
(iii) for any r > 0, let
x(r) = / RdV.
D(r)

The function p(x) is similar to the distance function in many ways. For example, by [3,
Theorem 20.1], we have

r(x) —c<p(x)<r(x) +ec,

where c is a constant and  (x) is the distance function to a fixed reference point.
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We summarize some useful results of gradient shrinking Ricci soliton in the following lemma
without proof:

Lemma 4. Let (M, gij, ) be a complete non-compact gradient shrinking Ricci soliton of di-
mension n. Then

(1) The scalar curvature R > 0 (B.-L. Chen [6], see also Proposition 5.5 in [2]).

(2) The volume is of Euclidean growth. That is, there is a constant C such that V(r) < Cr
(Theorem 2 of [3]).

(3) We have

n

nV(@r)=2x(r)=rv'(r) - ?x’(r) > 0.

In particular, the average scalar curvature over D(r) is bounded by % ie. x(r) < ’%V(r)
(Lemma 3.1 in [3]).

4) We have

V12 R
VAR Ry,

Vf 5
V = d =
p=gF V=" 7

Using the above lemma, we prove the following result which is similar to Lemma 2.

Lemma 5. Let (M, g;;, f) be a complete non-compact gradient shrinking Ricci soliton of di-
mension n. Then for any two positive numbers x, r with x > r, we have

2n ,
[Ap| < T[V(X) — V)] + V'),
D(x)\D(r)
2 n? R
|[Ap|” < (—2 + 2n max —2>V(x).
r pelr.x] p
D()\D(r)

Proof. Since R+ Af =75 and R > 0, we have

< n (10)

_ A _LIVSP _AF
NZATWIS RN Y

By the Co—Area formula (cf. [15]), we have,

i I

0 aD(s)
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Therefore,

, 1 r 1
Vir)= / —— dA=— / ——dA
Vol 2 IV

aD(r) aD(r)
Thus we have
[Ap| <2 - = Ap
D(x)\D(r) D(x)\D(r) D(x)\D(r)
0 0
[ r [y
P av av
D(\D(r) aD(x) aD(r)
<2 / n n f 1
b p Vol
D(x)\D(r) aD(r)
2n ,
< T[V(x) V)] + V'), (11

where v = % is the outward normal vector to d D. This completes the proof of the first part of
the lemma.

Now we prove the second part of the lemma. From (10), we have

2A Vpl?
Ap= S Vol
2 o
2(n 1 R
—Z(Z_R)=Z[1=2=
p\2 P f
_n—1 2R 4R
o o p?
2R
> ——. (12)
0
Then
2 o n? 4R?
[Ap|” < ?‘F 7
D)\D(r) DO\D(r) DO\D(r)

<ﬁ[v —V)]+ R
S ZVem =V <;§‘[‘;‘§] p2>x(X)

n? R
<[ —= +2n max — |V (x), (13)
r2 pelr,x] ,02

where in the last inequality above we used (3) of Lemma 4. 0O
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Now we are ready to prove

Theorem 6. Let (M, g;;j, f) be a complete gradient shrinking Ricci soliton. Then the L' essential
spectrum contains [0, +00).

Proof. Similar to that of Theorem 1, we only need to prove the following: for any A € R positive
and any positive real numbers &, u, there exists a smooth function & # 0 such that

(1) supp(§) C M\B,(u) and is compact;
(2) |AE + A& <ellEll -

Let a > 2 be a positive number. Define a cut-off function i : R — R such that

(1) suppy C[0,a +2];
2) y=lon[l,a+1,0< ¢y <1;
3) '+ 1¥"| < 10.

For any given b > 2+ p, [ >2 and A > 0, let

¢=w<pT_b>eiﬁﬂ. (14)

A straightforward computation shows that

Ap+rp = (%valz + iﬁ%IVpF)eiﬁp + (iﬁw + %)Apeiﬁp
+rp(—IVp> +1).

By Lemma 4, we have

C R
|A¢+A¢|<7+C|Ap|+k? (15)

where C is a constant depending only on A. By Lemma 5, we have

|Ad + A |11 <%[V(b+(a+2)l)—V(b)]+C / |Ap]
D(b+(a+2))\D(b)
o[
D(b+(a+2))\D(b)
< (% + %)[v(b +@+2)l) = V®B)]+CV'(b)

+ 43 / R
D(b+a+DIN\D(b)
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<(%+?§)w@+m+mo—vwﬂ+awm

4
+ x(b+@+2)). (16)
From Lemma 4, we can choose / and b large enough so that

A} + Al 1 <eV(b+ (a+2))+CV'(b).

By a result of Cao—Zhu (cf. [1, Theorem 3.1]), the volume of M is infinite. Therefore we can fix
b and let [ be large enough so that

[A¢ + Al <26V (b+ (a+2)). (17)

On the other hand, note that ||¢|[;1 = V(b+ (a+ 1)) — V (b+1). If we choose a large enough,
then we have

Ipll1 = =V (b+ (a+ D). (18)

| =

We claim that there exists a sequence a;y — oo such that V(b + (ar+1 +2)) <2V (b+ (ar+ 1)]).
Otherwise for some fixed number a, we have

V(b+(a+kl)>25"V(b+ (a+ D)

for any k > 2, which contradicts to the fact that the volume is of Euclidean growth (Lemma 4).
Let a be a constant large enough such that V(b + (a + 2)I) <2V (b + (a + 1)I). By (17), (18),
we have

A} + Aol < 8ell@lLr,
and the proof is complete. O

Proof of Theorem 4. The proof is similar to that of Theorem 6: it suffices to prove the following:
for any A € R positive and any positive real numbers ¢, w, there exists a smooth function & # 0
such that

(1) supp(§) C M\ Bp,(u) and is compact;
(2) I1AE + &2 <elléll 2.

Let a > 2 be a positive number. For any given b > 2+ u, [ > 2 and A > 0, let ¢ be defined as
in (14). By (15), we have

a6 +20 < S +clapk +

where C is a constant depending only on A. Thus we have
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C
1a¢ + 41172 < [V (0 + @ +2)0) = V)]
) 16R?
+C [Ap|”+C 7
D(b+(a+2)D)\D(b) D(b+(a+2)D)\D(b)
oLy ) BV (b + @+ 2)
NS - — n max — a
2 p2 pelb.b+a+2)] p2
4C
+ o7 R

D(b+(a+2)1)\D(b)
e RV (o +@+2)
< -+ — max —
22 T e hiason o2 .
AC
+ o5 x(b+ (@+2)1), 19)

where we used Lemma 5 and the fact R < f = % ,02. From Lemma 4, we can choose [ and b
large enough so that

1Ap + 2917, <eV(b+ (a+2)).

Note that ||<j)||i2 >Vb+ (@a+ 1)) —V(b+1). If we choose a big enough, then we have

o2, = =V (b+ @+ ). (20)

1
2

Since the volume of M is of Euclidean growth, there is a positive number a > 0 such that

V(b+ (a+2)),

| =

V(b+(a+DI)>
and therefore we have
1A} + 10117, < 4el]7 .
The theorem is proved. O

5. Further discussions

As can be seen clearly in the above context, the key of the proof is the L! boundedness of Ap.
The Laplacian comparison theorem implies the volume comparison theorem. The converse is, in
general, not true. On the other hand, the formula!

' In the sense of distribution.
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Ap = vol(BB(R)) — vol(aB(r))
B(R)\B(r)

clearly shows that volume growth restriction gives the bound of the integral of Ap. Based on this
observation, we make the following conjecture

Conjecture 1. Let M be a complete non-compact Riemannian manifold whose Ricci curvature
has a lower bound. Assume that the volume of M grows uniformly sub-exponentially. Then the
L? essential spectrum of M is [0, +00) for any p € [1, +00].

Such a conjecture, if true, would give a complete answer to the computation of the essential
spectrum of non-compact manifold with uniform sub-exponential volume growth.

The parallel Sturm’s theorem on p-forms was proved by Charalambous [4]. Using that, a sim-
ilar result of Theorem 1 also holds for p-forms under certain conditions.
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