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Abstract This paper theoretically analyzes the flow formation and heat transfer characteristics of

fully developed natural convection flow in a vertical tube due to time periodic heating of the surface

of the tube. The mathematical model responsible for the present physical situation is presented

under relevant boundary conditions. The essential features of natural convection flow formation

and associated heat transfer characteristics through the vertical tube are clearly highlighted by

the variation in the dimensionless velocity, dimensionless temperature, skin-friction, mass flow rate

and rate of heat transfer. Moreover, the effect of Prandtl number and Strouhal number on the

momentum and thermal transport characteristics is discussed thoroughly. The study reveals that

flow formation, rate of heat transfer and mass flow rate are appreciably influenced by Prandtl num-

ber and Strouhal number.
� 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

In the course of modeling a real life situation of fluid flow,

periodic heat input in a channel has captured the attention
of many researchers due to its everyday applications in electri-
cal and electronic appliances such as oven, drying machines,

thermostat component, automatic control and microchips. A
number of researchers have studied the effect of periodic heat
input on time dependent free convection flow in a channel.

Chung and Anderson [1] examined unsteady laminar free con-
vection in a channel. Yang et al. [2] studied laminar natural
convection with oscillatory surface temperature using the finite
difference approach. From miniaturization of electrical and
electronic panels, Bar-Cohen and Rohsenow [3] analyzed fully

developed natural convection between two periodically heated
parallel plates. Wang [4] investigated free convection flow
between vertical plates with periodic heat input. He presented

the solutions for the temperature and velocity field of the fluid
as function of Prandtl number, Strouhal number and indirectly
Rayleigh number. He concluded that increasing Strouhal num-
ber decreases the unsteady temperature and velocity of the

fluid.
In recent past, Jha and Ajibade [5] analyzed free convection

flow between vertical porous plates with periodic heat input

being an extension of [4] by including suction/injection on
the vertical porous plates. They concluded that inclusion of
suction/injection has distorted the symmetric nature of the

flow considered by [4]. Other research work on periodic heat
input includes Jha and Ajibade [6] who investigated the effects
of heat generating/absorbing fluid between vertical porous
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Figure 1 Schematic diagram of the problem.

Nomenclature

a radius of the tube

A steady velocity profile
B periodic velocity profile
F steady temperature profile
G periodic temperature profile

g acceleration due to gravity
In modified Bessel’s function of first kind of order n.

Where n ¼ 0; 1; 2; 3; . . .
M mass flow rate
Pr Prandtl number
r dimensional radial coordinate

R dimensionless radial coordinate
St Strouhal number
t time
T temperature of the fluid

T0 initial temperature

T1 steady temperature at the tube

T2 amplitude of periodic temperature at the tube
u velocity of fluid

Greek alphabets
a thermal diffusivity

b coefficient of thermal expansion
j thermal conductivity
q fluid density

w phase of temperature
v phase of velocity
s skin friction
m kinematic viscosity

x frequency
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plates with periodic heat input. Sparrow and Gregg [7] studied
nearly Quasi-steady free convection heat transfer in gases.

Menold and Yang [8], Nanda and Sharma [9] and Muhuri
and Gupta [10] investigated the effect of periodic heating on
a single vertical plate with no edge on the boundary layer

development. A coupled stress fluid modeling on free convec-
tion oscillatory hydromagnetic flow in inclined rotating chan-
nel was studied by Ahmed et al. [11] to see the effect of periodic
heat input on microchannel. Adesanya [12] studied free con-

vective flow of heat generating fluid through a porous vertical
channel with velocity slip and temperature jump. He con-
cluded that increase in slip and temperature jump parameters

increases the flow velocity and fluid temperature respectively.
Also, Adesanya et al. [13] investigated the effect of a transverse
magnetic field on the flow of viscous incompressible fluid flow-

ing through a channel subjected to periodic heating using Ado-
mian decomposition method. They found that both skin
friction and Nusselt number decrease at the wall with increas-

ing value of magnetic field parameter. Hossain and Floryan
[14] studied pressure-driven flow in a horizontal channel
exposed to thermal modulations and concluded that the heat-
ing results in a significant reduction in the pressure gradient

required to drive the flow when compared to a similar flow
in an isothermal channel.

In other related works, Shiu and Wu [15] discussed tran-

sient heat transfer in annular fins of various shapes with their
bases subjected to a heat flux varying as a sinusoidal function
of time. Furthermore, Cole and Crittenden [16] investigated

Steady-Periodic heating of cylinder using Green’s function
approach.

The objective of the present investigation was to present
a theoretical analysis of natural convection flow in a vertical

tube inspired by time-periodic heating of the surface of the
tube. Analytical solution of the momentum and energy
equations is derived in terms of modified Bessel’s function

of first kind. Line and contour graphs are plotted to inves-
tigate the effect of periodic heating as well as Prandtl
number.
2. Mathematical analysis

Consider a natural convection flow of a viscous incompressible

fluid in a vertical tube as shown in Fig. 1. Initially, the surface
temperature of the tube and fluid is at T0 and then assumed to
be heated periodically to Tðr; tÞ ¼ T1 þ T2 cosðxtÞ. The natu-
ral convection flow formation is due to the temperature gradi-

ent between the surface of the tube and fluid. Every other
parameters are assumed constant except otherwise stated and
are presented in nomenclature. The flow is assumed to be fully

developed and the viscous dissipation term in the energy equa-
tion is also assumed to be negligible.

For small temperature difference, the density of the fluid in

the buoyancy term in the momentum equation considered var-
ies with temperature whereas the density appearing elsewhere
in these equations is considered constant (Boussinesq’s

approximation). Under the usual Boussinesq’s approximation,
the equation of state is assumed to be
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q ¼ q0½1� bðT� T0Þ� ð1Þ
Using Boussinesq’s approximation, the governing continu-

ity, momentum and energy equations describing the present

physical situation can be written respectively in dimensional
form as follows:

@u

@r
¼ 0 ð2Þ

@u

@t
¼ m

1

r

@

@r
r
@u

@r

� �� �
þ gbðT� T0Þ ð3Þ

@T

@t
¼ a

1

r

@

@r
r
@T

@r

� �� �
ð4Þ

subject to the following relevant boundary conditions:

@u
@r
¼ 0 @T

@r
¼ 0 r ¼ 0

u ¼ 0 T ¼ T1 þ T2 cosðxtÞ r ¼ a
ð5Þ

In order to solve Eqs. (2)–(5), we use the following expres-
sions to separate the velocity and temperature respectively into
steady and periodic parts respectively by Wang [4]:

uðr; tÞ ¼ gba2

m
½ðT1 � T0ÞAðRÞ þ T2BðRÞeixt� ð6Þ

Tðr; tÞ ¼ T0 þ ½ðT1 � T0ÞFðRÞ þ T2GðRÞeixt� ð7Þ
where AðRÞ;FðRÞ represent the steady parts and BðRÞ;GðRÞ
represent the unsteady parts of the velocity and temperature
respectively.

Substituting Eqs. (6) and (7) into the momentum and

energy equations (3) and (4), we obtain the following ordinary
differential equations in dimensionless form:

d2AðRÞ
dR2

þ 1

R

dAðRÞ
dR

¼ �FðRÞ

d2BðRÞ
dR2

þ 1

R

dBðRÞ
dR

� iStBðRÞ ¼ �GðRÞ

d2FðRÞ
dR2

þ 1

R

dFðRÞ
dR

¼ 0

d2GðRÞ
dR2

þ 1

R

dGðRÞ
dR

� iStPrGðRÞ ¼ 0

ð8Þ

subject to the following boundary conditions

dA

dR
¼ dB

dR
¼ dF

dR
¼ dG

dR
¼ 0 at R ¼ 0

Að1Þ ¼ Bð1Þ ¼ 0 at R ¼ 1

Fð1Þ ¼ Gð1Þ ¼ 1 at R ¼ 1

ð9Þ

The dimensionless quantities used in the above equations
are defined as follows:

R ¼ r

a
; Pr ¼ m

a
; St ¼ a2x

m
ð10Þ

The physical quantities used in the above equations are
defined in the nomenclature.

The solution of Eq. (8) with boundary conditions (9) is
given below:

GðRÞ ¼ I0 R
ffiffiffiffiffiffiffiffiffiffiffi
iPrSt

p� �
I0

ffiffiffiffiffiffiffiffiffiffiffi
iPrSt

p� � ð11Þ
FðRÞ ¼ 1 ð12Þ

BðRÞ ¼ 1

iStðPr� 1Þ
I0 R

ffiffiffiffiffiffi
iSt

p� �
I0

ffiffiffiffiffiffi
iSt

p� � � I0 R
ffiffiffiffiffiffiffiffiffiffiffi
iPrSt

p� �
I0

ffiffiffiffiffiffiffiffiffiffiffi
iPrSt

p� �
" #

ð13Þ

AðRÞ ¼ 1

4
½1� R2� ð14Þ

where I0 is the modified Bessel’s function of first kind of order

zero.
The phase ðwÞ of the periodic temperature and the phase ðvÞ

of the periodic velocity are obtained by [5]

w ¼ tan�1 ImagðGðRÞÞ
RealðGðRÞÞ

� �
ð15Þ

v ¼ tan�1 ImagðBðRÞÞ
RealðBðRÞÞ

� �
ð16Þ

While the amplitudes of the periodic temperature and peri-
odic velocity are given respectively by

jGj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðRealðGðRÞÞ2 þ ImagðGðRÞÞ2Þ

q
ð17Þ

jBj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðRealðBðRÞÞ2 þ ImagðBðRÞÞ2Þ

q
ð18Þ

The phase of the velocity v is the angle between the veloc-

ities Bi and BR while the amplitude jBj denotes the absolute
velocity at any given point in the tube.

The skin-friction ðsÞ at the tube surface is obtained by dif-
ferentiating the velocity (ref. [17]) as follows:

s ¼ dBðRÞ
dR

jR¼1

¼ 1ffiffiffiffiffiffi
iSt

p ðPr� 1Þ
I1ð

ffiffiffiffiffiffi
iSt

p Þ
I0

ffiffiffiffiffiffi
iSt

p� ��
ffiffiffiffiffiffi
Pr

p
I1

ffiffiffiffiffiffiffiffiffiffiffi
iPrSt

p� �
I0

ffiffiffiffiffiffiffiffiffiffiffi
iPrSt

p� �
" #

ð19Þ

While the rate of heat transfer at the tube wall is obtained
by differentiating the temperature as follows:

Nu ¼ dGðRÞ
dR

jR¼1 ¼
ffiffiffiffiffiffiffiffiffiffiffi
iPrSt

p
I1

ffiffiffiffiffiffiffiffiffiffiffi
iPrSt

p� �
I0

ffiffiffiffiffiffiffiffiffiffiffi
iPrSt

p� � ð20Þ

Also, the amount of fluid passing through the tube is given
by the following:

M ¼
Z 1

0

RBðRÞdR

¼ 1

ðiStÞ3=2ðPr� 1Þ
I1

ffiffiffiffiffiffi
iSt

p� �
I0

ffiffiffiffiffiffi
iSt

p� �� I1
ffiffiffiffiffiffiffiffiffiffiffi
iPrSt

p� �
ffiffiffiffiffiffi
Pr

p
I0

ffiffiffiffiffiffiffiffiffiffiffi
iPrSt

p� �
" #

ð21Þ
3. Results and discussion

The basic parameters controlling the present physical situa-
tions are Strouhal number ðStÞ and the Prandtl number ðPrÞ.
The Strouhal number is directly proportional to the frequency
of the periodic heating and Pr is the Prandtl number which
varies directly to kinematic viscosity and inversely propor-
tional to thermal diffusivity.

For small Strouhal number, Eqs. (11) and (13) reduce to

GðRÞ ffi 1 ð22Þ
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BðRÞ ffi 0 ð23Þ
This is true because I0ðxÞ ffi 1 for small value of x [18].

These results in Eqs. (22) and (23) correspond to the conclu-

sion of Wang [4] that for small Strouhal number, the periodic
regime corresponds to steady state and hence the simple steady
state solution of Eqs. (12) and (14) can be used for velocity and
temperature respectively.

For large Strouhal number, we obtained the following
expressions for unsteady temperature and velocity field respec-
tively reduces Eqs. (11) and (13)

GðRÞ ffi eðR�1Þ ffiffiffiffiffiffiffiffi
iPrSt

p

R1=2
ð24Þ

BðRÞ ffi 1

iStðPr� 1ÞR1=2
ðeðR�1Þ ffiffiffiffi

iSt
p

� eðR�1Þ ffiffiffiffiffiffiffiffi
iPrSt

p
Þ ð25Þ

A singularity point is seen to exist when ðPr ¼ 1Þ in the

velocity Eq. (13), skin-friction Eq. (19) and mass flow rate
Eq. (21). In order to remove this singularity point, unlike the
method used in [19], we take limit as Pr tends to one for

Eqs. (13), (19), and (21) and obtained respectively;

BðRÞ ¼ I0 R
ffiffiffiffiffiffi
iSt

p� �
I1

ffiffiffiffiffiffi
iSt

p� �� RI1ðR
ffiffiffiffiffiffi
iSt

p ÞI0ð
ffiffiffiffiffiffi
iSt

p Þ
2

ffiffiffiffiffiffi
iSt

p
I0ð

ffiffiffiffiffiffi
iSt

p Þ ð26Þ

s ¼ I21ð
ffiffiffiffiffiffi
iSt

p Þ
2I20ð

ffiffiffiffiffiffi
iSt

p Þ �
1

2

" #
ð27Þ

M ¼ i

2St
1� I21ð

ffiffiffiffiffiffi
iSt

p Þ
I20ð

ffiffiffiffiffiffi
iSt

p Þ �
2I1ð

ffiffiffiffiffiffi
iSt

p Þffiffiffiffiffiffi
iSt

p
I0ð

ffiffiffiffiffiffi
iSt

p Þ

" #
ð28Þ

Table 1 presents a comparison between steady and
unsteady temperature and velocity for different values of St
and this gives an excellent comparison for small Strouhal num-
ber ðStÞ.

To reveal the influence of pertinent parameters, Figs. 2–11
depict line and contour graphs of unsteady temperature pro-
file, velocity profile, skin-friction and rate of heat transfer.

Figs. 2 and 3 reveal the effect of Prandtl number ðPrÞ on
temperature and velocity profiles respectively in the tube for
fixed value of Strouhal number ðStÞ. It is found that as Prandtl

number ðPrÞ increases, the temperature distributions as well as
fluid velocity decreases. This is due to the fact that an increase
in Prandtl number ðPrÞ, decreases thermal diffusivity of the
fluid which in turn leads to weak convection current. The same

result is also noticed for the velocity profile in Fig. 3. This is
due to the fact that the momentum equation depends on tem-
perature which leads to decrease in fluid velocity. Also, for
Table 1 Steady state and Periodic comparison of velocity and temp

St ¼ 2:0 St ¼ 0:1

R AðRÞ BðRÞ FðRÞ GðRÞ AðRÞ BðRÞ
0.0 0.2500 0.1868 1.0 0.9110 0.2500 0.2498

0.2 0.2400 0.1804 1.0 0.9156 0.2400 0.2398

0.4 0.2100 0.1604 1.0 0.9291 0.2100 0.2099

0.6 0.1600 0.1254 1.0 0.9498 0.1600 0.1599

0.8 0.0900 0.0729 1.0 0.9747 0.0900 0.0900

1.0 0 0.0000 1.0 1.0000 0 0.0000
unity Prandtl number ðPr ¼ 1Þ, the periodic regime velocity
is seen to be discontinuous; this explains the singularity dis-
cussed in Eq. (13). In addition, for ðPr > 1Þ, the periodic

regime velocity is seen to have an adverse effect on the overall
velocity.
erature for different values of Strouhal number ðStÞ at Pr ¼ 0:71.

St ¼ 0:01

FðRÞ GðRÞ AðRÞ BðRÞ FðRÞ GðRÞ
1.0 0.9998 0.2500 0.2500 1.0 1.0

1.0 0.9998 0.2400 0.2400 1.0 1.0

1.0 0.9998 0.2100 0.2100 1.0 1.0

1.0 0.9999 0.1600 0.1600 1.0 1.0

1.0 0.9999 0.0900 0.0900 1.0 1.0

1.0 1.0000 0 0 1.0 1.0
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Figs. 4 and 5 on the other hand depict the influence of

Strouhal number ðStÞ on temperature and velocity distribution
respectively. In both figures, it is seen that the temperature as
well as the velocity is decreasing function of Strouhal number
ðStÞ. This is physically possible, since as Strouhal number

increases, frequency of heating also increases which in turn
decreases the temperature as well as velocity. In addition, flow
reversal is observed for large value of Strouhal number ðStÞ
which is caused as a result of the frequency of heating, and this
result agrees with the findings of [5].

Figs. 6 and 7 give a clearer view and understanding of

Figs. 4 and 5. It can be seen from these figures that for large
Strouhal number, the periodic regime velocity profile con-
tributes a negative impact on the overall fluid velocity.

Fig. 8 presents the effect of time-periodic heating (Strouhal

number ðStÞ) on the phase of the velocity (angle at which the
flow deviates from flow direction). It is observed that the fluid
motion is characterized by a frequent phase change for value

of Strouhal number greater than five, and this change is part
of what results in negative values of periodic velocity in Figs. 5
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and 6. Furthermore, a critical observation shows that the angle
between these velocities is periodic, and this can be attributed
to the increase in frequency of heating. Such results are also

observed in Jha and Ajibade [5,6].
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The effect of Strouhal number ðStÞ on out-of-phase velocity
at fixed value of Prandtl number ðPrÞ is displayed in Fig. 9. It
is found that the velocity profiles tend to zero for high values

of St. This may be attributed to the fact that an increase in fre-
quency of heating reduces convection current which in turn
results in decrease in out-of-phase velocity.

Fig. 10 shows the combined effect of Prandtl number ðPrÞ
and Strouhal number ðStÞ on the skin-friction at the surface
of the tube. It is observed that the effect of Pr and St is to

increase the skin-friction. This is because as Strouhal number
and Prandtl number increase, frequency of heating as well as
kinematic viscosity of the fluid increases respectively which

leads to increase in skin-friction at the surface of tube. The
same trend is also noticed in Fig. 11 for rate of heat transfer
between the fluid and the surface of the tube ðNuÞ. This is true
because for higher Prandtl number ðPrÞ, higher temperature

gradient exists near the wall thereby causing higher rate of heat
transfer. In addition, Strouhal number ðStÞ enhances both
skin-friction and rate of heat transfer since increasing fre-

quency of heating results in increase in temperature gradient
and therefore increases both the skin-friction and rate of heat
transfer.

Fig. 12 depicts the effect of frequency of heating on the
mass flow rate for different Prandtl numbers. The mass flow
rate is seen to be a decreasing function of Strouhal number
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and Prandtl number. This trend is accompanied by an increase
in Prandtl number which increases fluid viscosity and in turn

reduces the movability of fluid in the tube, and hence results
in decrease in flow rate.

Fig. 13 shows the skin-friction variation with St and Pr.
For unity Prandtl number, ðPr ¼ 1Þ, there exists discontinuity
in the graph. This explains the singularity point of Eq. (19).
Therefore, for unity Prandtl number, the solution obtained
in Eq. (27) is significant and may be used.
4. Conclusions

This paper presents an analytical solution for time depen-

dent natural convection flow in a vertical tube with surface
time-periodic heating. Closed-form expressions for velocity,
temperature, skin-friction, mass flow rate and rate of heat

transfer which is expressed as Nusselt number are obtained.
The role of Strouhal number ðStÞ and Prandtl number ðPrÞ
on flow formation is discussed in Figs. 2–13. Based on

the numerical results obtained, we draw the following
conclusions:

1. The temperature as well as velocity profile decreases with

increase in Strouhal number and Prandtl number.
2. For small Strouhal number (less than 0.1), the temperature,

velocity, skin-friction, mass flow rate and Nusselt number

correspond to the steady state solutions. This corresponds
with the findings of [4–6,12,13].

3. The influence of Strouhal number is found to increase both

the skin-friction and rate of heat transfer.
4. For small Strouhal number, the temperature profiles

(steady or periodic) are exactly same in tube or parallel
plates channel [4]; otherwise, the solution obtained here is

significant and different from that of Wang [4].
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