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An interesting graph theoretic problem, called the orderability problem for programmable logic 
array (PLA) folding, was formulated and shown to be NP-complete. We show that a closely 
related problem, called the orderability problem for bipartite folding, is solvable in linear time. 

1. Definitions and problem formulation 

We consider an interesting graph theoretic problem that arises in conjunction with 
PLA folding [2,5,7]. This problem involves mixed graphs, that is, graphs that con- 
tain both directed and undirected edges. Given a directed edge (x,~), we refer to the 
nodes x and y as tail and head nodes respectively. Using this terminology, the prob- 
lem can be formulated as follows. 

Orderability for bipartite folding (OBF) 
Instance: An undirected graph G(V,E) and a set F= { (*Di, qi): 1 ~ilr} of un- 

directed edges none of which is in E and which form a matching.’ 
Question: Can the edges of F be oriented in such a way that for every tail node 

t and every head node h, the edge {t, h) is not in E? 

For a given OBF instance, any orientation of F that satisfies the above condition 
is called a valid orientation; if there is a valid orientation, the set F is said to be 
orientable. 

In order to place the above problem in proper perspective, we use some defini- 
tions from [5]. An alternating path in a mixed graph is a simple path whose first 
and last edges are directed edges2 and in which directed and undirected edges alter- 
nate. An alternating cycle in a mixed graph is an alternating path such that there 

* Research supported in part by the National Science Foundation under grants MCS-8103713 and 
DCI-8603318. 

t A set of edges forms a matching if no two edges in the set are incident on the same node. 

2 Each directed edge must be traversed along its direction. 
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is an undirected edge between the initial and the terminal nodes of the path. The 
reader can easily verify that the OBF problem defined above is equivalent to the 
problem of determining whether the edges of Fcan be oriented in such a way that 
the resulting mixed graph does not have an alternatingpath. We will show in Section 
2 that this problem can be solved in linear time. In contrast, the orderabifityprob- 
[em for PLA folding (OF) [5], in which we are required to determine whether the 
edges in F can be oriented in such a way that the resulting mixed graph does not 
have an alternating cycle, is NP-complete3 [5]. Thus although the specifications of 
OBF and OF problems are very similar, their complexities are very different if 
P#NP. 

2. A linear time algorithm for the OBF problem 

Throughout this section, we use standard graph theoretic terminology [a]. We 
begin our discussion with the observation that the nodes of G which do not appear 
in any edge of F have no role in determining the orientability of F and so may be 
deleted from G. We therefore assume that each node of G appears in some edge of 
F. With this assumption, the following (easily verified) lemma points out a relation- 
ship between connected components of G and the orientability of F. This lemma 
plays a key role in our algorithm. 

Lemma 1. Let c n undirected graph G( V, E) and set F constitute an instance of the 
OBFproblem with each node of G appearing in some edge of F. Then, in any valid 
orientation of F, each connected component of G must be composed entirely of 
head nodes or of tail nodes. 

The above lemma indicates that for purposes of determining orientability, we can 
treat each connected component of G as a single unit. To understand the role played 
by this lemma, let us consider an edge (pi, qi) in F. In any valid orientation of F, 
one of Pi and qi must be a head node and the other a tail node. Thus Lemma 1 im- 
plies that the nodes pi and qt must be in different connected components of G (i.e., 
if for some edge (pj, qj) in F, pi and qj are both in the same connected component 
of G, then F is not orientable). Suppose there is a valid orientation of F with Pi as 
a tail node and qi as a head node. If pi is in the connected component Cr and qi is 
in C,, then by Lemma 1, all of the nodes in Cr must be tail nodes and all of the 
nodes in C, must be head nodes. Therefore, every edge in F induces constraints on 
a pair of connected components of G. 

1’0 handle these constraints, we construct an auxiliary undirected graph, 
GC(V,,EC).4 Each node in V, corresponds to a connected component of G. There is 

3 For NP-completeness and related topics, see [4]. 
4 We will permit “self loops” in CC 
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an edge between nodes x and y of V, if and only if for some edge (pi, qi) in F, pi 
is in the connected component corresponding to x and qi is in the connected com- 
ponent corresponding to y. The following theorem shows how the graph G, can be 
used to determine the orientability of F. 

Theorem 2. Let the undirected graph G(V, E) and set F constitute an instance of 
the OBFproblem such that each node of G appears in some edge of F. Then, F is 
orientabIe iJ’ and only if the auxiliary graph G&.,E,) obtained from G and F is 
bipartite. 

Proof. (c’) Suppose G, is bipartite. Let V,, and V, represent a bipartition of V,. 
We obtain an orientation of F by assigning all of the nodes of G which are in the 
connected components corresponding to the nodes in V,, as head nodes and all of 
the nodes which are in the connected components corresponding to the nodes in 
V,, as tail nodes. It is easy to verify that this is a valid orientation of F. 

(a) Suppose F is orientable. Consider any valid orientation of F. In that orienta- 
tion, each connected component of G must be composed entirely of tail nodes or 
of head nodes (Lemma 1). Therefore, we can assign (unambiguously) a label T or 
H to each node x of the auxiliary graph G, depending upon whether the connected 
component of G corresponding to x is composed of tail nodes or of head nodes. It 
is easy to verify that this labeling provides a 2-coloring of G,. Thus G, is bipar- 
tite. Cl 

Theorem 2 leads directly to an algorithm for the OBF problem. 

Algorithm Orient 
Input. Undirected graph G(V,E) and set F= {(pi,qi): 1 sizer}. 
Output. A valid orientation of the edges of F, if one exists. 

begin 
Obtain the connected components of G; 
Construct the auxiliary graph GJC’,, EC); 
if G, is bipartite 
then Orient the edges in F according to the bipartition 
else print “there is no solution”; 

end 

We conclude by pointing out that the above algorithm can be implemented to run 
in O(l V I+ IE I) time. It is well known that the connected components of a graph 
G(V, E) can be obtained in O(l VI + I E 1) time using depth-first search [l]. The aux- 
iliary graph G, contains at most 1 VI nodes and at most IF I = 0( I V 1) edges (because 
each pair in F adds one edge to EC). Testing whether G, is bipartite can be done us- 
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ing breadth-first search in O(l V, I+ j&I) = O(l VI) time [3]. Thus the overall 
running time of the algorithm is O(/ VI + [El). 
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