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ordera. The efficiency and accurateness of the proposed methods are examined by means
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1. Introduction

In recent past, the glorious developments have been envis-
aged in the field of fractional calculus and fractional differ-
ential equations. Differential equations involving fractional
order derivatives are used to model a variety of systems, of
which the important applications lie in field of viscoelasticity,
electrode-electrolyte polarization, heat conduction, electro-
magnetic waves, diffusion equation and so on [1,2]. Due to its
tremendous scope and applications in several disciplines, a
considerable attention has been given to exact and numerical
solutions of fractional differential equations. A great deal of

* Corresponding author.

researchers has shown the advantageous use of the fractional
calculus in the modeling and control of many dynamical
systems [3—10]. Other than modeling aspects of these differ-
ential equations, the solution techniques and their reliability
are rather more important aspects. It is also equally important
to handle critical points which cause sudden divergence
convergence and bifurcation of the solutions of the model. In
order to achieve the goal of highly accurate and reliable so-
lutions, several methods have been proposed to solve the
fractional order differential equations. Some of the recent
analytical/numerical methods are Adomian decomposition
method (ADM) [11-16], finite difference method [17], Varia-
tional iteration method (VIM) [18,19], Operational matrix
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method [20], Homotopy analysis method [21,22], generalized
differential transform method [23,24], finite element method
[25], fractional differential transform method [26,27] and ref-
erences therein.

The main aim of this work is to apply FDTM and MFDTM to
solve third-order dispersive partial differential equations
[28—32]. The DTM obtains an analytical solution in the form of
a polynomial. It is different from the traditional high order
Taylor's series method, which requires symbolic competition
of the necessary derivatives of the data functions. The Taylor
series method is computationally taken long time for large
orders. With this method, it is possible to obtain highly ac-
curate results or exact solutions for differential equations. The
use of DTM in electric circuit analysis was pioneered by Zhou
[33]. Since then, DTM was successfully applied for large vari-
ety of problems such as partial differential equations [34,35],
solitary wave solutions for the KdV and mKdV equations [36],
linear and nonlinear Schrodinger equations [37], linear and
nonlinear Klein-Gordon equations [38], nonlinear oscillators
with fractional nonlinearities [39], fractional linear and
nonlinear Schrodinger equation [41], nonlinear fractional
Klein-Gordon Equation [42] and references therein. Recently,
in [40] presented a novel technique to obtain the differential
transform of nonlinearities by the Adomian polynomials. The
proposed FDTM and MFDTM do not require linearization,
discretization or perturbation unlike the method discussed in
the literature. The main drawback of the ADM is to calculate
Adomian polynomials for a nonlinear operator where the
procedure is very complex. The difficulty in VIM has an
inherent inaccuracy in identifying the Lagrange multiplier,
correctional functional and stationary conditions for the
fractional order. The disadvantage of the Homotopy pertur-
bation method is to solve functional equation in each itera-
tion, which is sometimes complicated and unattainable.
Therefore, the proposed FDTM and MFDTM are much easier
when compared with ADM, VIM and HPM. The outline of this
paper is as follows. In section 2 the basic definitions of frac-
tional calculus are discussed. The basic definitions of two-
dimensional FDTM and MFDTM are presented in section
three and four. Four clear cut test problems of fractional third-
order dispersive partial differential equations are given to
elucidate the proposed methods in section 5. At the end, we
write the conclusions of the work in section 6.

2. Basic definitions of fractional calculus
[2,10]

For convenience of the reader, we present a review of the basic
definitions and properties of the fractional calculus theory.

Definition 1. A real function f(x), x>0 in the spacec,, n€R if
there exists a real number p>u, such that f(x)=xPfi(x),
where f;(x) €C[0,00) and it is said to be in the space if f"<C,,
meN.

Definition 2. The left-sided Riemann-Liouville fractional in-
tegral operator of order, >0, of a function feC,, u>-1 is
defined as I*f(x) = %a) / (x — t)* Y f(t)dt, a > 0,x>0 and Jof(x)=
). °

Definition 3. The fractional derivative of f(x) in the Caputo [2]
sense is defined as

Dif(x) =J"*D"f(x)

_ 1 m—a—1gem _
7m/(xft) (tydt form — 1<a<m,
0

meN,x>0,feC",.

X

The unknown function f=f(x,t) is assumed to be a casual
function of fractional derivatives (i.e., vanishing for a<0) taken
in Caputo sense as follows.

Definition 4. For m as the smallest integer that exceeds «, the
Caputo time-fractional derivative operator of order a>0 is
defined as

o _ aa’f(x7 t)
Dif(x,t) = 3t
t
1 " ma10"f(X,T)
Tm—a) (t—7) oM l<a<m
= 0
m
0 f(XJ)’ —meN
ot

3. Two-dimensional fractional differential

transform method

Consider a function of two variables u(x,t) and suppose that it
can be represented as a product of two single variable func-
tions i.e., u(xt)=f(x)g(t). Based on the properties of two-
dimensional fractional differential transform, the function
u(x,t) can be represented as

iual

0 h=0

)(x — Xo)¥(t — o)™ )

Ms

~
Il

where O<a, U,a(k,h) is called the spectrum of u(x,t). The
generalized two-dimensional fractional differential transform
of the function u(x,t) is given by

v, :m {(DlXO) (o5,)" (x,t)chm @

¢ \h
where (D¢, )" = D%, D%, ..D%,
—_——
h

. In real applications the function

u(x,t) is represented by a finite series of Eq. (1) can be written as

1 n
=D Uaa(k, W)Xt + Rin(x, ) (3)
k=0 h=0
and (1) implies that Rin(X,t) = > g1 D penia Usa (R W)xRteR is
negligibly small. Usually, the values of 1 and n are decided
by convergence of the series solution. In case of a = 1, the
generalized two-dimensional fractional differential trans-
form method (1) reduces to classical two-dimensional dif-
ferential transform [34-38]. The fundamental
mathematical operations performed by two-dimensional
fractional differential transform method are listed in
Table 1.
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Table 1 — The operations for the two-dimensional fractional differential transform method.

Original function

Transformed function

w(x, t) = u(x,t)+u(x,t) W,1(k,h) = Uy 1(R,h) £V, 1(k,h)

w(x,t) = pu(x,t) Woa(kh) = pUqa(k,h)

w(x, ) (e Wo1(R,h) = (R+1)U, 2 (k+1,h)

w(x,t) = D“ Ju(x,t),0<a <1 Woa(R,h) = "G U, 1 (k1 + 1)

WY) = (x—Xo)™(t—to)"™ Waa(k,h) = 8(k — m, ha — ) = { 1=O’f Smh=n

wxt) = u’(x,t) Wi (k,h) = Y03 n-oUa1 (M, h = m)Uga (k —m, 1)

w(x,t) = W) Waa(Rh) = ¥ o s 0 a0 poUua (. h =5 = P)Uaa(q,5)Uea(R—7 — q,p)

- - - - Example 1. We consider the linear fractional dispersive KdV

4, Modified fractional differential transform equation
method

However, there are difficulties in FDTM while handling the
non-linear functions in two-dimension. Let us consider the
differential transform for

=0

~

h—s

n
> Uua(r,h—s —p)Uaa(q,5)U.

s=0 p=0

—r

«1(k—1—-q,p)
4

(4) involves four summations. Thus it is necessary to have a lot
of computational work to calculate such differential trans-
form U, 1(k,h) for the large number of (k, h). As we know that,
FDTM is based on the Taylor series for all variables. To avoid
these difficulties, MFDTM is considered the Taylor's series of
the functionu(x,t) with respect to the specific variable. Assume
that the specific variable‘t’ then, we have the Taylor's series
expansion of the function u(x,t) att =t, as follows.

o 1 aah u
Zr ah+1)< atih )>(t_t°) ' ©)

T
(=}
=

=0

Definition 5. The modified fractional differential transform
U,1(x,h) of u(x,t) with respect to the variable t at to is defined by

1 hu(x,t)
I'(ah+1) ( ateh )tt (6)

Definition 6. The modified fractional differential inverse
transform U, 1(x,h) of u(x,t) with respect to the variable t at ty is
defined by

x,t) = f: U, (%, h)(t — to)™ )
h=0

Uz\.l (X, h) =

Since the MFDTM results from the Taylor's series of the
function with respect to the specific variable it is expected that
the corresponding algebraic equation from the given problem
is much simpler than the result obtained by the standard
FDTM. The fundamental mathematical operations performed
by modified fractional differential transform method are lis-
ted in Table 2.

5. Applications

In this section, four numerical examples are tested to
authenticate the proposed FDTM and MFDTM.

Uf + 2Uy + Ugex = 0,t>0 8)
Subject to the initial condition

u(x,0) = sin x ©)
FDTM: The transformed version of (8) is

I(a(h+1)+1)
I'(ah+1)
4+ (R+1)(R+2)(R+3)Uas(k+3,h)
=0 (10)

Ua.1<k7 h + 1) + z(k + 1)ch.1(k + 17 h)

The transformed version of (9) is

07k:07274,8,...
! k=1,59
Ul\»l(k’O): Ev =1,5,9,... (11)
-1
wk=3711 .

Substituting (11) in (10), yields the U, 1(k,h) values,

U.1(0,1) = F((;—il) Ua1(1,1) =0,U,1(2,1) = m

Ua1(3,1) = 0,U,1(4,1) = Tlﬂ

Uan(0,2) = 0,Uns(1,2) = —— - Uu1(2,2) =0,
I'2a+1)

Ua1(3,2) = m Ua1(4,2) =0, ...

Using U, 1(k,h) values in (1), we obtained the series solution
as

- 35 24 ) Tlat 1)

t2a

- (X*§+§* ) T2a+ 1)
XZ X4 t3a
+ (“E*E‘ ) TGatd)
(12)

When [,n<5, then the FDTM solution (3) takes the following
form
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Table 2 — The operations for the modified fractional differential transform method

Original function

Transformed function

w(x,t) = u(x,t)+u(x,t)

w(x,t) = pu(x,t)

w(x,t) = %

w(x,t) =D u(x,t),0<a <1
w(x,t) = (x—Xo) " (t—to)"™
w(x,t) = u’(x,t)

w(x,t) = u3(x,t)

We1(X,h)=Uq1(%,h)£Vo,1(%,h)

Wea(x,h) = /’LUrx 1(x,h)

W1 (%, h) = Lealch)

Woa (%, h) ”“";ﬁ)ﬁl Ua(x,h+1)

W, 1(x, ) (x— xo)’”é(ha n)

W (X, ZMZOUM(X, m)Uq1(x,h —m)

W (x, h) = S Ut (%, h — MU, 1 (X, DU (x, 1 — 1)

uxt) = x3+x5 1_x2_~_><‘* te
I TR 2! Ia+1)
X3 XS t2b\’ X2 X4 t?m
- <x_§+§> TPatl) " (“E*E) T(Ba+ 1)

x3 XS t401 XZ x4 tSa
+ <X‘§+§> [(4a+1) <1_E+I> TGa+ 1)
(13)

MFDTM: The transformed version of (8) with respect to‘t’ is

I'(ath+1)+1) dU.1(x,h)  U,a(x,h)

WUMX, h+1)+2 i pree =0 (14)
The transformed version of (9) is

U1 (x,0) = sin x (15)

The MFDTM recurrence Eq. (14) yields the U, 1(x,h) values

—Cos X —sin x
1) =—2= 1) = __°mx
Uaa®, 1) = =5 Va6 D) = 1=
Cos X
Ua.l(x7 3) - F—(3a+ 1)

Substituting U, 1(x,h)’s into Eq. (7), we obtained solution in
the following form
. cos X sin x
= - e — 2+ .. 1
u(x,t) = sin x Tt D) T2a+1) + (16)
When a—1, the approximate solution Egs. (12
takes the following form

) and (16)

u(x,t) =sinxcost—cosxsint =sin(x —t)

which is exactly same as the solution obtained in [32]. In Figs.
1-2 we have shown the solution u(x,t) obtained by five term
FDTM, MFDTM and exact solution for the two different values
of fractional ordera. It can be seen that the MFDTM results are
far better approximations than the FDTM results.

Example 2. Next, consider the linear fractional dispersive
KdV equation in two-dimensional space

U + 2Uxxx + Uyyy = 0,£>0 (17)

Subject to the initial condition

u(x,y,0) = cos(x+y) (18)

FDTM: The transformed version of (17) is

r(ah+1)+1)

I(a(h+1)+1)
I'(ah+1)
+ (k+1)(k+2)(k+3)Uqu1(kR + 3,1, h)
+(1+1)(1+2)(1+3)U,1(k,143,h)
) (19)

Uur(k,Lh+1)

The transformed version of (18) is

cos (’“’) cos (%') sin (’”) sin (“)
— k,1=0,1,2,...

Uaa(k,1,0) = —; I k! 1

(20)
Substituting Eq. (20) in Eq. (19), yields the U, 1(k,1,h) values

-2
U.1(0,0,1) = 0,U,1(1,0,1) = TAta)

1
U,1(2,0,1) = 0,U,1(3,0,1) TR
U,1(0,1,1) = =2 Ua1(1,1,1) =0
a1l T(1+ ) alld, Ly — Y

1
U.1(2,1,1 ,Ua1(3,1,1) =0, ...
1(2,1,1) = TAta) 1(3,1,1)

U.1(0,2,1) =0,U (121)—L
a1\U; 4, L) =V, U1l £, _1"(1+oc)"

-1
Ua1(2,2,1) =0,U,a(3,2,1) = Tt

Using U,1(k,I,h) values in Eq. (1), we obtained the series
solution as

X! Xy ¥ oxWy? oxyt x%y°
ux,y,t)=1- A T
+ X’ 2 . Xyt oy xR
(72X 372}' Xy+xy ———t3 7% 1+a
(21)

MFDTM: The transformed version of Eq. (17) is w.r. t ‘t’ is

aSUa.l(Xy )’7 h) + aSUa.l(Xv )’: h)

Taht 1) ety R+l +—55 ayp 0
(22)

The transformed version of (18) is
Ua1(x,y,0) = cos(x +y) (23)

The MFDTM recurrence Eq. (22) yields the U, 1(x,y,h) values
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Fig. 1 — u(x,t) obtained by using five term (a) FDTM, (b) MFDTM and (c) Exact solution when « = 0.95.

-2 sin(x + —4 cos(x +
Una(x,y,1) = W, Ua1(x,y,2) = w7
8 sin(x +
Ua1(x,y,3) = ﬁ7

Using the inverse MFDTM, we obtained the solution in the
following form,
_ 2 sin(x+y)., _4cos(x+y)
u(x,y,t) = cos(x+y) Tasd) © T2ati) ' +... (24)
Whena—1, the approximate solution (21) and (24) takes
the following form

u(x,t) = sin(x + y + 2t)
which is exactly same as the solution obtained in [32].

Example 3. Consider the non-homogeneous fractional third-
order dispersive partial differential equation
UY + Ugex = —SIN x sint — 7° cos x cos t, 0<x<1, t>0 (25)

Subject to the initial condition
u(x,0) = sin mx (26)

and time-dependent boundary conditions

u(0,t) = 0,uUx(0,t) = m COS t, Uxx (0,t) = 0 (27)

FDTM: The transformed version of (25) is

M(a(h+1)+1)
I'(ah+1)

ksin (k%) sin (g) 7T3(W)kcos (k—;) cos (hz—ﬁ)

Uyg1(k,h+ 1)+ (R+ 1) (k + 2)(k + 3)Us1(kR + 3, h)

= Tt 1) R Tahtd)
(28)
The transformed version of (26) is

0,k=0,2,4,6,...

(m)° o, _
Uafl(k,o) — W,k — 17 579,... (29)

(™

—pk=37.11

MFDTM: The transformed version of (25) is w. r. t ‘t’ is
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ulx,

Fig. 2 — u(x,t) obtained by using five term (a) FDTM, (b) MFDTM and (c) Exact solution when « = 1.5.

T(a(h+1)+1) PUaa(x,h)
T Tehe1) Vel
sin (”7”) cos (’%’)
— qj _ 3
= sin 7x T(aht 1) ™ COS X T(ah+ 1) (30)

The transformed version of (26) is
U,1(x,0) = sin 7x (32)

Following the same procedure in Example 1 and 2, we ob-
tained the FDTM and MFDTM series solution

(mx)*  (mx)° 12 e
“(X’t)_<”_ 3 s _"'>(1_r(2a+1)+r(4a+1)_'“)

(32)

. tZa t4a
u(x7t):51n7rx<1—r(2a+1)+r(4a+1)—...) (33)

respectively. Whena—1, the approximate solution (32) and
(33) takes the following form

u(x,t) =sin wx cost (34)

which is exactly same as the solution obtained in [32]. Five
term solution of u(x,t) using FDTM, MFDTM corresponding to
the values of «=0.5,1.95 and exact solution are plotted in Figs.
3—4 respectively.

Example 4. Finally, consider the non-homogeneous fractional
third-order dispersive partial differential equation in three
dimensional space

1 .
U+ Uxxx + g Uyyy + —3 cos(x+2y+3z)sint

8 ﬁ Uzzz =

+ sin(x + 2y + 3z)cos t,t >0 (35)

Subject to the initial condition

u(x,y,z,0) =0 (36)

FDTM: The transformed version of (35) is
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I'(a(h+1)+1)

T(ah+ 1) Ugi(k,I,m,h+ 1) + (k + 1)(k + 2)(k + 3)U,1(k + 3,1, m, h)

+%(I + 1) (14 2)(1+ 3)Uqa(k,1+3,m,h) +%(m +1)(m+2)(m+3)U,1(k, L, m + 3, h)

3M®WW@>m®ww@UWM®WW

+3

k! mi k! ml I T(ah+1)
in(5) o eos() | os((5) o sin(y) | @'in(F) sin(7)
il m 3w m! I T(ehtl)
sin (kg) (3)" cos (g) cos <k§> (3)" sin (g)) (2)! cos (%) cos (%77)
o m R m! I T(aht1)
cos (%T) (3)" cos (?) sin <]%T> (3)™ sin (g)) (2)' sin (%r) cos (%)
B k! m! R m! I T'(ah+1)

Fig. 3 — u(x,t) obtained by using five term (a) FDTM, (b) MFDTM and (c) Exact solution when « = 0.5.
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Fig. 4 — u(x,t) obtained by using five term (a) FDTM, (b) MFDTM and (c) Exact solution when « = 1.95.

The transformed version of (36) is

U.1(k,1,m,0) =0,k,1,m=0,1,2, ... (38)

MFDTM: The transformed version of (35) is w. r. t ‘t’ is

I'a(h+1)+1) 0°U,1(,Y,2,h)

Uu1(x,y,2,h+ 1) +

I'(ah+1) ox3
18Un(xy,zh) 1 8Ua(xy 2 h)
8 ay? 27 023
sin (%“) cos ("7")
= —3cos(x+ 2y + 3z) T@hs1) +sin(x+ 2y + 3z)m
(39)

The transformed version of (36) is

U,1(x,y,2,0) =0 (40)

Following the same procedure in Example 1 and 2, we ob-
tained the FDTM and MFDTM series solution

_ X 45 95 2,3 2
u(x,t) = (x+2y+3z— g 3 % X y —9z y - 52X
te
_ 2y, 2 -
2y°x — 6zy2 +> Tty (41)

a t3oz

U(x,y,z,t) = sin(x + 2y + 32) (F(a: 5B ) (42)

respectively. Whena—1, the approximate solution (32) and
(33) takes the following form

u(x,y,z,t) = sin(x + 2y + 3z)sin t (43)

which is exactly same as the solution obtained in [32].

6. Conclusions

In this paper, we implemented the two-dimensional FDTM
and MFDTM for solving fractional third-order dispersive par-
tial differential equation. DTM is an attractive tool for solving
linear and nonlinear partial differential equations and it does
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not require linearization, discretization or perturbation. But it
also faces some difficulties while constructing recursive
equation for the function of three or more variables and it
requires an expensive computational cost to solve the alge-
braic recursive equation. The proposed MFDTM for the spe-
cific variable can obtain the simple recursive equation. Thus it
is concluded that MFDTM enhances the effectiveness of the
computational work when compared with the FDTM. The
proposed methods are simpler in its principles and effective in
solving linear and nonlinear differential equations of frac-
tional order and promising tool for solving wider class of
nonlinear fractional models in mathematical physics with
high accuracy.
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