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Abstract

For a nondegenerate additive subgroup I' of the n-dimensional vector space " over an
algebraically closed field F of characteristic zero, there is an associative algebra and a Lie
algebra of Weyl type #"(I', n) spanned by all differential operators uD" --- D for ue F[I'] (the
group algebra), and my, ...,m, >0, where Dy, ..., D, are degree operators. In this paper, it is
proved that an irreducible quasifinite #°(Z, 1)-module is either a highest or lowest weight
module or else a module of the intermediate series; furthermore, a classification of uniformly
bounded #7(Z, 1)-modules is completely given. It is also proved that an irreducible quasifinite
# (I',n)-module is a module of the intermediate series and a complete classification of
quasifinite #(I', n)-modules is also given, if I" is not isomorphic to Z.
© 2003 Elsevier Science (USA). All rights reserved.

MSC: 17B10; 17B65; 17B66; 17B68

1. Introduction

Let n be a positive integer. A (classical) Weyl algebra of rank n is the associative

1 . .
algebra A, = C[t1, ..., ly, gy -] o8 Ay = Clef, 5 B 2 of differential

operators over the complex field C. The Lie algebra with A,, as the underlined vector
space and the commutator as the Lie bracket is called a Lie algebra of Weyl type,
and denoted by #'(n). The Lie algebra #'(n) is a Z"-graded Lie algebra
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W (n) = @yepmW (n), with the grading space #7(n), spanned by
D" =" DY D for p=(py, ..., p,) €2,

where o = («1, ...,0,)€Z" and D; = t[%. It is known [8,14,19] that # (n) has a
nontrivial universal central extension if and only if » = 1. The universal central
extension #7(1) of #°(1) is the well-known Lie algebra #"| ., of the # -infinity
algebras, which arise naturally in various physical theories such as conformal field
theory, the theory of the quantum Hall effect, etc. and which have received intensive
studies in the literature (see for example, [1-6,8—14,16,19-21]).

Let F be an algebraically closed field of characteristic zero. Consider the vector
space F". An element in F" is denoted by a = (ap,...,a,). Let I' be an additive
subgroup of F" such that I' is nondegenerate, i.e., it contains an F-basis of F”. Let F[I']
denote the group algebra of I' spanned by {#* | xeI'} with the algebraic operation
t* - tF = #*F for o, feI'. We define the degree operators D; to be the derivations of
F[I'] determined by D;: t*+—a;t* for ael’, where i = 1,...,n. The Lie algebra of
generalized Weyl type of rank n (or simply a Lie algebra of Weyl type, also called a
Lie algebra of generalized differential operators) is a tensor product space # (I',n) =
F[I, Dy, ..., D, = FI[®F[Dy, ..., D,] of the commutative associative algebra F[I']
with the polynomial algebra F[Dy,...,D,] of Dy,...,D,, which is spanned by
{"'D* |oel’, peZ’}, where D* stands for [, Di’, with the Lie bracket:

[ D", tﬂD"] = (©*D") - (tﬂDV) — (tﬁD"') - (t*D") (L.1)
and
oY | vy u 2 o4 ryuv—
(D" - (¢! D") _i;%(i)[ﬁ] PP prtv=i (1.2)
where

. 1) o (imjt 1) e
=T (M)-11("). (1)-{ 7 e
pa A T\ A J 0 otherwise.

The associative algebra with the underlined vector space # (I',n) and product
(1.2) is called a generalized Weyl algebra of rank n, denoted by .o/ (I',n). Then the
classical Lie algebra # (n) of Weyl type is simply the Lie algebra #°(Z",n) by our
definition.

Clearly #°(I',n) is a I'-graded Lie algebra % (I',n) = @ ,er# (I',n), with the
grading space

W(I',n), =span{*D" | e’} for ael. (1.3)

It is proved in [19] that # (I',n) has a nontrivial universal central extension if and
only if n = 1. The universal central extension # (I, 1) of # (I',1) is defined as
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follows: The Lie bracket (1.1) is replaced by

[#[D],."[D],] = (#[D],) - ([D],) - (¢'[D),) - ("[D],)

o+
Sy _p(— 1) v C 1.4
+ Ga,—p( )HV<M+V+1> (1.4)

for o,fel'=F,u,veZ,, where [D], = D(D —1)-+(D—p+1), and C is a central

element of % (', 1) (the 2-cocycle of (I, 1) corresponding to (1.4) seems to appear
first in [10]).

A #°(I'yn)-module (or an .&/(I',n)-module) V is called a quasifinite module
[1,6,8,11,13,16] if V = @ eV, is I'-graded such that ¥ (I',n), V< Vyyp for o, fel’
and such that each grading space V, is finite-dimensional (this is equivalent to saying
that a quasifinite module is a module having finite-dimensional generalized weight
spaces with respect to the commutative subalgebra #7). A quasifinite module V' is
called a uniformly bounded module if the dimensions of grading spaces V, are
uniformly bounded, i.c., there exists a positive integer N such that dim ¥, <N for all
ael'. A quasifinite module V is called a trivial module if % (I',n) acts trivially on V.

Clearly an .«/(I',n)-module is a # (I',n)-module, but not the converse. Thus it
suffices to consider #(I',n)-modules. The quasifinite highest weight modules over
W (1) =W (Z,1) were intensively studied in [1,6,9-11,13,16,21] (it is also worth
mentioning that Block [3] studied arbitrary irreducible modules over the classical
Weyl algebra A} of rank 1).

Let p>1. Denote by M,.,(F) the set of p x p matrices with entries in F. Denote

My, (F) ={G = (G, ..., Gy) | Gie My, (F), GiG; = G;G; for i,j=1,...,n},
the set of n-tuples of commuting p x p matrices. Denote by 1, the p x p identity
matrix. Denote 1 = (1,, ...,1,)e M., (F). Let G = (Gy, ..., G,) e M} (F). Then one

pxp pxp
can define a quasifinite ¥ (I',n)-module A,; as follows: it has a basis

(¥ |ael, i=1,...,p} such that
(*D")Yp = Youp[f 1+ G for o, el ue?’, (1.5)

where

n

Y=y, ol B+ G =T](B:1, + G)™.
i=1

Here f; - 1, denotes the scalar multiplication of the identity matrix. Clearly 4, ¢ is
also an /(I',n)-module. By Su and Zhao [20], there exists a Lie algebra
isomorphism ¢ : #°(I',n) =¥ (I',n) such that

o(D") = (—1)"([D", ] + *D") for wel, uez,, (1.6)
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where |u| =>"1, t, is the level of u= (u,...,u,)€Z" . This isomorphism is
uniquely  determined by o(*) = —*, (D)) = (—1Y"'D; for wel, i=

l

1,...,n, jeZ. Using this isomorphism, we have another ¥ (I',n)-module 4, ¢,
called the twisted module of A, g, for the pair (p, G), defined by

(D) Yy = (=)™ Y, gl + B) -1 4+ G)* for o, fel, ue". (1.7)

Obviously, A, is not an ./(I',n)-module. When I' =7, n=p =1, the above
modules 4, g, /_11,7(; were obtained in [21]. Clearly, 4, ¢ or /_11,7(; is indecomposable if
and only if at least one G; is an indecomposable matrix (here a p x p matrix B is
called indecomposable if there does not exist an invertible matrix P such that
P~'BP = diag(By, B,) for some p; x p; matrices B; with p;<p, i = 1,2) and A, or
A, g is irreducible if and only if p = 1. When p = 1, we refer Ag = 4y g or Ag = A1 6
to as a module of the intermediate series (a notion borrowed from that of modules
over the Virasoro algebra, cf. [15]).

Since each grading space in (1.3) is infinite-dimensional, the classification of
quasifinite modules is thus a nontrivial problem, as pointed in [11,13]. The aim of
this paper is to prove the following theorem (the analogous results for the affine Lie
algebras and the Virasoro algebra were obtained in [7,15]).

Theorem 1.1. (i) 4 uniformly bounded module over W (1) = W (Z,1) or over #'(1) =
W(Z, 1) is a direct sum of a trivial module, a module A, G and a module A, ¢ for some
positive integers p,p’ and some Ge My, (F), G'€ My (F) (in the central extension
case, the central element C acts trivially on a uniformly bounded module); a quasifinite
irreducible module is either a highest or lowest weight module or else a module of the
intermediate series.

(ii) Suppose I is not isomorphic to Z. A quasifinite module over W (I',n) or over
“/7(1“, 1) is a direct sum of a trivial module and a uniformly bounded module; a
uniformly bounded module is a direct sum of a trivial module, a module A, and a
module Ay ¢ for some positive integers p,p' and some GeM,, (F),G'eMy,  (F). In
particular, a nontrivial quasifinite irreducible module is a module of the intermediate
series.

Thus, we in particular obtain that an indecomposable uniformly bounded
9 (I',n)-module is simply an .o (I", n)-module (if the central element D acts by 1)
or its twist (if 72D° acts by —1), and that there is an equivalence between the category
of uniformly bounded .o7(I', n)-modules without the trivial composition factor and
the category of the finite-dimensional # -modules obtained by restriction to any
nonzero graded subspace.

A composition series of a module V is a finite or infinite series of submodules
V=V0>syl>5p@5...5{0} such that each VW /Pt called a composition
factor, is irreducible.



Y. Su | Advances in Mathematics 174 (2003) 57-68 61

Remark 1.2. Note that the definition of quasifiniteness does not require that ¥ is a
weight module (i.e., the actions of D;, i =1,...,n on V are diagonalizable). If we
require that V is a weight module, then each G; in (1.5) is diagonalizable, and thus all
uniformly bounded modules are completely reducible. Also note that in Theorem
1.1(i1), if a module have infinite number of the trivial composition factor, then it is
not necessarily uniformly bounded since any I'-graded vector space can be defined as
a trivial module.
We shall prove Theorem 1.1(i) and (ii) in Sections 2 and 3, respectively.

2. Proof of Theorem 1.1(i)

For convenience, we shall only work on noncentral extension case since the proof
of central extension case is exactly similar. In this section, we shall consider the Lie
algebra W (Z,1) = span{t'D’ | (i,j) € Z x Z.}, which is now denoted by #". Then ¥
is Z-graded W = @,czW i with #; = span{f'D’' |jeZ .}, and it has a triangular
decomposition # =W . @HW DWW _ with W', = D= oW i, W_ = ®icoW ;. Ob-
serve that #", is generated by the adjoint action of L;y on #7y and that ad;,, is
locally nilpotent on #~, where for convenience, we denote

Li; = 1'[D); for (i,j)eZ x Z,.

Note that in fact L;; = #/(4y (cf. notation in (1.4)). Suppose V = @,czV; is a
quasifinite module over #". For any aeF, we denote
V(a)= @ V(a); where V(a); = {veV:|Lov= (a+1i)v}.
ieZ
Since [Lo 1, L;;] = iL;;, it is straightforward to verify that V() is a submodule of V.
Since V; is finite-dimensional, there exists at least an eigenvector of Ly, in V;, i.e.,
V(a)#0 for some aeF. If V is irreducible, then V' = V(a) for some a€F, i.e., Lo is

diagonalizable on } and so V' is a weight module. Since Loy = 1 is a central element
and Loo|y, has at least an eigenvector, we must have

Lool, =c-1p for some ceF if V is indecomposable. (2.1)

Proposition 2.1. Suppose V is a quasifinite irreducible W -module which is neither a
highest nor a lowest weight module. Then Ly : V;— Vi and L_1o: Vi—>Vi_y are
injective and thus bijective for all ie Z. In particular, V is uniformly bounded.

Proof. Say L; vy = 0 for some 0# vy € V;. By shifting the grading index if necessary,
we can suppose i = 0. Since Loo|y,, Lo1ly,, --- are linear transformations on the
finite-dimensional vector space ¥, there exists s>2 such that for all k=s, Lo y, are
linear combinations of LO_J,\VO, 0<p<s. This implies that # yvy = Svy, where S =
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span{Lo, |0<p<s}. Recall that ad;, is locally nilpotent such that ¥ =
adliw(“f/o) for k>0. Choose m >0 such that ad’i’w(S) = 0, then for k>m, one has

Wivo = (ady,  (W0))vo = Lo W ovo = L oSvo = (ady,  (S))vo = 0.
This means
W[m@o)v() =0, (22)

where in general, for any Z-graded space N, we use notations Ny, N_, No and N,
to denote the subspaces spanned by elements of degree k with k>0,k <0,k = 0 and
p<k<gq respectively. For any subspace M of #°, we use U(M) to denote the
subspace, which is the span of standard monomials with respect to a basis of M, of
the universal enveloping algebra of #". Since # = W (1) + W o+ W -+ W mw),
using the PBW theorem and the irreducibility of V', we have

V= U(W)DO = U(W[lm)) U(WO + W—) U(W[m,w))vo
— UMW ) U (W o+ W )10, (2.3)

Note that V7 is a %" .-module. Let V. be the #"-submodule of V| generated by
Viom)- We want to prove

Let xe V. have degree k. If 0<k<m, then by definition xe V. Suppose k=>m.
Using (2.3), x is a linear combination of the form u;x; with u; € ¥y ), x1 € V. Thus
the degree degu; of u; satisfies 1<degu; <m, so 0<degx; =k —degu; <k. By
inductive hypothesis, x; € ¥/, and thus xe V.. This proves (2.4).

Eq. (2.4) means that V7, is finitely generated as a #",-module. Choose a basis B of
Vio,m), then for any xe B, we have x = u,vo for some u,e U(#"). Regarding u, as a
polynomial with respect to a basis of #, by induction on the polynomial degree and
using the formula [u, wiws] = [u, wi|wa + wi[u, wa] for ue W, wi,wre U(#"), we see
that there exists a positive integer k, large enough such that k,>m and
[W[kl,m% NI U(W>W[m.oo)- Then by (2.2), W[k‘,,oo)x = [W[kx,%)a uxJvo +
uxW e, 0)00 = 0. Take k = max{k, | xe B}, then

W ikoo) Vi = Wi, U ) Viomy = U)W o0y Viomy = 0.

Since we have W', W oy + [W —k 0), W ik, )] for some k' >k, we get W' Vip o) =
0. Now if x€ Vjgrpm o), by (2.3), it is a sum of elements of the form u;x; such that
ur €W m and so x1 € Vg ), and thus u;x; = 0. This proves that V" has no degree
=k +m.
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Now let p be maximal integer such that V,#0. Since #" is commutative, there
exists a common eigenvector v, of %" in V,. Then v}, is a highest weight vector of #",
this contradicts the assumption of the proposition. [

Proposition 2.2. Suppose V is an indecomposable uniformly bounded W -module
without the trivial composition factor. Then V is a module of the form A, or A, g.

Proof. First we claim that L;( acts nondegenerately on V for all i#0. Say L;, ovg =0
for some >0 and some O#voeVy. Denote W' =W (Ziy,1)=
span{L;x |j,keZ,k>0}, a subalgebra of #", which is clearly isomorphic to # .
Let V" be the #”-submodule of V' generated by vy. Then by replacing % and V by
9" and V', respectively, in the proof of Proposition 2.1, we see that V' has a highest
weight vector v’ with respect to %~ (cf. (2.3), the left-hand side of (2.3) is now V).
Then v’ generates a highest weight ¥%”-submodule V”. Since a nontrivial highest
weight #”-module is not uniformly bounded (see for example [11]), V" must be a
trivial #”-module V" = Fv/. Denote Vir = span{L;, |jeZ}, a subalgebra of #,
which is isomorphic to the centerless Virasoro algebra, then v’ generates a uniformly
bounded weight Vir-submodule U of V' (note that in general we do not assume Visa
weight module over #7). Since L;;;v" = 0 for all jeZ, by a well-known result of a
uniformly bounded weight Vir-module (see for example, [15,18]), we have L; v/ =0
for all ieZ. But ¥ is generated by %" and Vir, we obtain that Ft/ is a trivial % -
module. This is a contradiction with the assumption of the proposition. This proves
the claim.

So, there exists p>1 such that dim V;, = p for all ke Z, and one can choose a basis
Yo = (yf)l), ...,yg’)) of Vy and define a basis Y, = (y,(cl), ...,y,(cm) of V. by induction
on |k| such that

Ll‘() Yk = Yk+1 for keZ. (2.5)

Furthermore, by induction on p, we see that V" has a finite number of composition
factors.
First note that

-2 (- (™ oo

where [k]; = k(k —1)---(k —j+1) is a similar notation to [D];. Now assume that
Lij;Y, = (t'(%)/) Y, = Y,yi_;jPij, for some P;;,€M,,,. In the following discussion,
we remind the reader that ¢ (%)’ is in the grading space #";_;, not in % ;. Applying
[ (%)"7 f] =jt (%)jf1 to Y,, we obtain P;;,+1 — Pij, =jPij-1,. Thus induction on j



64 Y. Su | Advances in Mathematics 174 (2003) 57-68
gives
Pioy =P, Pi1,=0P;+ 0,

Pis, = [, Pi +200; + R, Pi3, = [|3P; +3[A),0: + 3nR; + S; (2.7)

for some P;, Q;, R;,Sie Mpy,, where i =n+ G for some fixed GeM,,, (here
and below, when the context is clear, we identify a scalar with the corresponding
p % p scalar matrix), [7]; is again a similar notation to [D];, and Q; =0 (we use
notation 7i=n+ G in order to have Q; =0; note from [Lo;,L;;| = iL;; that G
commutes with all other matrices involved in the following discussion). Then by (2.1)
and (2.5), Py = ¢, P; =1 and P; is invertible for i#0 by the proof above. Applying
[4,1%] = 2t to Y, and comparing the coefficients of 2, we obtain 2¢P; + [Qp, P2] = 2
(where [P, Qo] = P2Qo — QoP> denotes the usual commutator of matrices).
Comparing the traces of matrices in this equation shows c¢#0. Thus all P; are
invertible.

Now we encounter the difficulty that though P;, O;, R;, S; satisfy lots of relations,
most nontrivial relations are too complicated to be used; since the products of
matrices are not commutative nor the cancellation law holds in general, there is still a
problem in finding the solutions for P;, Q;, R;, S;. Our strategy is first to find some
relatively simple nontrivial relations among P; (cf. (2.9)).

First from [#,#] =0, we obtain that [P;, P;] = 0. Applying [4, 1] =i~ to Y,
and comparing the coefficients of 7, we obtain that [Qy, P;j] = —ic P; + iP;_;. By
induction on />0, we obtain an important fact that P;= 3" ())(—c)’P,, if
not zero, is an eigenvector for adg, with eigenvalue —ic. Since the operator
adg, acting on the finite-dimensional vector space M., has only a finite number
of eigenvalues, we have P; =0 for i»>0. Let ¢>0 be the least number such
that

P = Z (;) (=¢)’Ps=0 (2.8)
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In particular, letting j = 7, we obtain that P/, = ¢'P; and letting j = ¢, by (2.8), we
obtain

' . Nz 1
P = C_lpj'l.i = C_[P;{q =c Z ( l) (l S) (=) Py (2.9)
: , . s q

for i>gq. If 0<i<gq, (2.9) holds trivially. Observe that (’)(’ ' %) is a polynomial on i
S‘(q DI q!(g)' Thus (—1) P is a
polynomial on i (with coefficients in M) of degree ¢ with the coefficient of i being
7 2i=0(D(=0) Py

By (2.6), we have

3[0(), [1()7, 6] — 220 — D)[e(4)*, ] + [i + 1],672 = 0.

of degree ¢ with the coefficient of i being

Applying this to Y, and comparing the coefficients of 7°, we obtain
S @) =3(([i = Uy + Ri)([d; + Ri)Pi = 2([i = 1], + R))PiRy + Pi(2+ Ri)Ry)

— 2(2i = V)(([i]; + 3iRy + S1)P; — PiSy) + [i + 1],P;_5 = 0. (2.10)

Using (2.9) in (2.10), we obtain that (—1)?¢’f(i) is a polynomial on i of degree at
most g + 4. By comparing the coefficients of "4, we obtain

(-1 i( ) )P, = 0. (2.11)

S

If necessary, by using the isomorphism in (1.6) (which interchanges 4, ¢ with 4, ),
we can always suppose c¢# — 1.

Assume that ¢#1. Then (2.11) shows that (2.8) also holds for i = ¢. Thus the
minimality of ¢ implies that ¢ = 0 and then (2.9) implies

Pi=c"t (2.12)

for i>0. Assume that ¢ = 1. Using (2.9) in (2.10) and comparing the coefficients of
i3, we again obtain that (2.8) holds for i = ¢. Thus in any case, ¢ = 0 and we have
(2.12).
For any ieZ, choose j>0 such that i +j — 1>0. Applying [¢'4 #] = ji~! to Y,
we obtain —j(P;P; — Pij—1) = [Q;, P;] = 0. This implies that (2.12) holds for all ie Z.
Now using (2.12) and applymg (4%, 61 = 2(i + 1) + [i + 1,67 to Y, by
comparing the coefficients of 7, we obtain

(i 4+ 1)((iPo +2Q0)Piv1 — (2Qi + iP;1)) = [Pit1, Ro] = 0.
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Thus Q; = ¢! (1 — ¢)i+ ¢7'Q for i# — 1. Letting i = 1, since Q; =0, we obtain
that Qp = —4c¢(1 — ¢). Hence,

0; =11 —¢)(i—1) for i# — 1. (2.13)
Applying [(4)*, 1] = 3(i + 1)£(4)” 4+ 3[i + 1], "4 4 [i + 1];67 to Y,, we obtain
(i + D(([1],Po + 3iQ0 + 3Ro) Pis1 — (3R; + 3iQi1 + [],Pi2)) = [Pit1, So] = 0.
Thus,
Ri=1""(c—1)(5—4c+ (c—2)i)i+c 'Ry fori# —1. (2.14)
Using [(4)%, £+14] = 2(i 4+ 1)£/(4)* + [i + 1,614, we obtain
([i],Po 4 2iQ0) Qi + 2Pis 1Ry — (i + 1)R; + [i + 1],0i-1) = [Qit1,Ro] = 0. (2.15)

Using (2.12)~(2.14) in (2.15), by comparing the coefficients of i,7%,i, we obtain
¢=1,Ry =0. Then (2.12)-(2.15) show that P, = 1,Q; = R; = 0.

Thus (2.7) shows that (ti(%)/) Y, = Yuijln+ G, for j<2. Equivalently,
(DY, = Y, (n+ GY for j<2. Since # is generated by {fD'|icZ,0<;<2},
we obtain that V' is the module 4, ¢ defined in (1.5) (if we have used the isomorphism
in (1.6) in the above proof, then V' is the module 4,5). O

Proof of Theorem 1.1(i). Assume that V is a nontrivial indecomposable uniformly
bounded module over # . Then V has at least a nontrivial composition factor, so
Proposition 2.2 means that L, must acts as a nonzero scalar on V. Thus, } cannot
contain a trivial composition factor. Thus, Theorem 1.1(i) follows from Propositions
2.1and 2.2. O

3. Proof of Theorem 1.2(ii)

In this section, we set # = ¥ (I',n), where I' is not isomorphic to Z. Denote
Witt = span{t*D; |ae',i=1,...,n}. Then Wit is a Witt algebra of rank n. In
particular, if n =1, Witt is a (generalized centerless) Virasoro algebra.

Denote 2 = span{D; |i = 1, ...,n}. We can define an inner product on I' x & by

n

la,dy = Z oid; for o= (o, ...,an)el, d= Z d;Die9. (3.1)

i=1 i=1

Then {-,-) is nondegenerate in the sense that if (a,2 > =0 for some el then
a=0andif {I',d> =0 for some de % then d = 0.
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Proposition 3.1. Any quasifinite W '-module V' with a finite number of the trivial
composition factor is a uniformly bounded module.

Proof. Let V' be a nontrivial composition factor of V’. Then V is a weight module
over ¥ (i.e., D; act diagonalizable on V for i = 1, ...,n). Regarding V' as a module
over Witt, then V is a quasifinite weight module over Witt. If there exists some group
embedding Z x Z— 1T, then by Su [18], V' is uniformly bounded. If there does not
exist a group embedding Z x Z—1TI', then n =1 and I' is a rank one group with
infinite generators (since I' 2 Z). By choosing a total ordering on I' compatible with
its group structure one can prove (as in the proof of Proposition 2.1 or using similar
arguments as in [17] since in this case the group I" behaves just like the additive group
Q@ of the rational numbers) that 7 is uniformly bounded. Hence in any case, V is
uniformly bounded. Thus, 7’ has only a finite number of nontrivial composition
factors and so it is uniformly bounded. [

For any pair («,d) with o€ ', de 2 such that {a,d ) #0, we have a Lie algebra of
Weyl type, denoted by # (o, d), spanned by {t*d’ |ieZ,jeZ.}, which is isomorphic
to W' (Z,1).

Proposition 3.2. Let V be a uniformly bounded W '-module without the trivial
composition factor. Then t* - v#0 for all oe ’\{0}, ve V\\{0}.

Proof. Suppose ## - vy =0 for some B#0,v9#0. By shifting the grading index if
necessary, we can suppose v has degree 0. Let V) = {ve Vo | ## - v = 0}. Then V] is
invariant under the action of & since [Z,t*]cFt#. Thus we can find a common
eigenvector (i.e., a weight vector), denoted again by vy, of Z in V. Thus /- vy =0
and 2 -vyc=Fuvy. For any d'e2 with {(f,d' ) #0, considering the #(f,d’)-
submodule V" of V generated by vy, by Theorem 1.1(i), and by (1.5) and (1.7),
V" must be the trivial submodule Fvy. In particular, d' - vy =0 for all d' with
{B,d > #0. Since such d' span 2, we obtain Z-vy=0. If *-v9=0 for all
oe I'\\{0}, then by Theorem 1.1(i), Fuy is a trivial submodule over # («,d) for all
pairs (o, d) with {a,d) #0, and so it must be a trivial submodule over # . Thus
- v9#0 for some ye '\ {0}. Choose d € Z such that {f,d ) #0+#<{y,d ). Then by
Theorem 1.1(i) and (1.5), vy generates a submodule of the intermediate series over
W (y,d) such that (17d’) - vy = 0 for j#0 and all i€ Z (note that the coefficient of the
right-hand side of (1.5) does not depend on «). So ##47 . vy = (if,d ) ~'[¢"d, (] -
vo = 0if i#0. Similarly, (¢##7d) - vy = 0 if i#0. Choose some i,j with i#0 such that
a= {if+jy,dy#0, then ¢ -vy=a [t #*00d ¢#+7).v9=0, a contradic-
tion. O

Proof of Theorem 1.1(ii). Suppose V' is an indecomposable uniformly bounded

module without the trivial composition factor. Choose a basis Yy = (yél)7 e yé” >) of

Vo and by Proposition 3.2, we can define basis Y, = 1 - Y, of V, for all ae I'\\{0}.
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For any fe '\ {0} with {f,D;» #0fori =1, ...,n,set V[f] = @rcz Vip, then V[f]
is a submodule of V" over #°(f5,D;) of type A, g, for some Gie My, i=1,...,n.
Since [2,2]=0, we have G;G;=G;G; for ij=1,...,n. Since
{Bel| {P,D;>+#0,i=1,...,n} generates I', it is straightforward to see that V is

a W -module of type A, or A, with G = (G, ..., Gn)eM,, ,(F). If V contains a

trivial composition factor, then ¥ must be a trivial module as in the proof of
Theorem 1.1(i). Thus we obtain Theorem 1.1(ii). O
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