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Abstract—We derive integral representations for the Shannon and Renyi entropies associated with
some simple probability distributions. These include the Poisson, binomial, and negative binomial
distributions. Then we obtain full asymptotic expansions for the entropies.
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1. INTRODUCTION
Given a probability distribution p, x = Pr{Y'(n) = k}, the Shannon entropy is defined by

E(n)= - pnklog(pn). (1.1)
k

Here Y (n) is a random variable that depends upon n, e.g., Y(n) could be the sum of n i.i.d.s.
The Renyi entropy is defined by

B(n;w) = 1 log [Zp‘:,k] , (12)
k

and we clearly have E(n;w) — E(n) as w — 1.

A central problem of information theory [1-3] is the computation of these entropy functions,
especially asymptotically as n — oo. In some applications, only very rough bounds are used. For
example, for a binomial distribution (pnx = () p*(1 — p)"~*), the following bounds hold if p =
1/2 (see [4]): (1/2)log(mn/2) < E(n) < (1/2)log(wen/2). Thus, as n — oo, E(n) ~ (1/2)logn,
and this also holds for a large class of discrete distributions. Recently [5], there has been some
interest in obtaining more precise asymptotic estimates for these entropies. In [5], the authors
showed that for a wide class of distributions and n — oo,

1 1 1
E(n) = 5 logn + 3 + 3 log (27m2) + o(1), (1.3)

We would like to thank W. Szpankowski for making available the preprint [5].

Typeset by ApS-TEX

69

)



https://core.ac.uk/display/82776425?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

70 C. KNESSL

where Y(n) has variance no? and has a normal approximation as n — oo. For the binomial
distribution the o(1) term in (1.3) was characterized as an asymptotic series in powers of n1, i.e.,
Yeeo agn~%"1. The last result was obtained using a method called “analytical depoissonization”,
which involves generating functions and the estimation of complex contour integrals.

In this paper, we obtain simple (exact) integral representations for the Shannon entropy of
some discrete distributions, such as Poisson, binomial, and negative binomial. From these, full
asymptotic series as n — oo for E(n) are obtained. The coefficients in these series are expressed
in terms of the Taylor coefficients of elementary functions. Then we consider general Y(n) =
X1 + -+« + Xy, where X; are i.i.d.s. We calculate the first correction to (1.3) and obtain the
analogous term for the Renyi entropy E(n;w).

2. POISSON DISTRIBUTION

We illustrate our method by first considering the Poisson distribution, where

k
Pnk =e-"*%, k=0,1,2,.... (2.1)

The Shannon entropy is thus

E(n) = - i e‘")‘(—z:l')—li [-nA + klog(An) — log(k!)]

k=0 - . (2.2)
=nA —nilog(nl) + Z log(k!)e‘")‘(n—)‘z—.

= k!

We shall represent E(n) as an integral, from which the asymptotic series as n — co may be easily
derived. We start from the elementary identity (6, p. 378]

R o= _ e—Aa:
logA = / —dz, A>0, (2.3)
0 T
set A = j and sum from j = 1 to § = £. This yields
¢ o0 e 4 -
1-e e

1) = i = - —dz. )

log(£!) ;logj /0 (Z T e=s ) = dz (2.4)

Using (2.4) to represent log(k!) in (2.2) as an integral and then evaluating the sum over k gives

X -z 1-—- -z _
En) = mh - malogtn) + [ [ma- IEEEEE D e o
o Z 1—-e2
We write the integral in (2.5) as I = lim._.o(P, + P2 + P3), where
o0 - o0 -
Pl =nA e— dIL', P2 = —/ e—_xl d:L‘,
e I e l—e%x (2.6)
®e=T 1 - '
P3= l T P [nA(e™ - 1)] dz.
For small ¢, we have
Py =nA[-loge — v+ 0(1)], 2.7)

where 7 is the Euler constant and o.(1) denotes terms that vanish as ¢ — 0. Similarly, for Py,

we obtain o 2 ) 11 o ) .
- e |+ _-_1 _ -z | L2
P, = /6 T [1 —e* z 2] do /€ ¢ [z2 + 2:::] de

2.8)
=1+t 10gem) -2 - Lioger1-2 40,1
= 3 %8 e 2 8 g T o
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Here we have set € = 0 in the first integral, explicitly evaluated it as 1 —log v27 (see [6, p. 377})
and integrated by parts in the second integral. In P3, we change variables with y = A(1 — e™%)
and obtain

A
-1
P :/ I P S
T e © ylogl—y/n ¥
A o0
—1 A1 - A1
=[] e™W|— x-S+ —| dy+o0.(1 +P—/ e“"y<————)d,
/0 [ylog(l—y/k) y2 2y] ytol) A 2 )

where o \ )
P= / e (-— - —) dy. 2.10
A(l—e—<) y> 2y (2.10)

Integrating by parts in (2.10) and using 1 — e™¢ = € — €2/2 + O(€%), we obtain

(2.9)

2

Using (2.7)-(2.11), we see that P; + P2 + P3 approaches a finite limit as € — 0, which when used
in (2.5) yields the following.

P= % + ()\n + -;—) log(Ae) + % —nA+ (logn+7) ()\n + —1-) + 0¢(1). (2.11)

THEOREM 1. For the Poisson distribution, we have

1 1 1
E(n) = 5 logn + 3 + 3 log(27 )

A 00
-1 A1 A1
+ e“"y[————-———-—+———]d—/ e‘"y(-————>d.
/o viegl—y/N v 2] YT ), RN B

This is exact for all n > 1. Now we evaluate FE(n) for n — oo. The second integral is expo-
nentially small (O(e~™*/n)), and the first has the form [’ e~ F(y)dy, where F(y) is analytic
at y = 0. By Watson’s Lemma {7], we obtain the following.

THEOREM 2. For n — oo, for the Poisson distribution,

1 1 1 — 2
E(n) ~ 5 logn + 5 + 5 log(2m)) + Zf-ew,

2 ¢=0
where F, are obtained from

-1 U R — FO(0
Fay = A Loy e = 0y
y £=0 £=0

" ylog(l-y/N) 92 17
and, in particular,
-1 Fy = =1
BETIN T a4
3. BINOMIAL AND NEGATIVE BINOMIAL DISTRIBUTIONS

We consider 0 < p,g <1 withp+g¢=1and

Pk = (:) pFgnk, 0<k<n, n>1 (binomial), (3.1)
Pk = (fz) pitigk—n, k>n, n >0 (negative binomial). (3.2)

We again represent log(k!) and log[(n — k)!] as integrals. For the binomial case, this leads to
E(n) = —n(plogp +qloggq)

b [ () ) 1o
0 r 1l—e*

(3.3)

By using ideas similar to the Poisson case, we again obtain an exact integral representation
for E(n), from which the asymptotics are easily obtained. Below, we give only the final results;
the details may be found in [8].
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THEOREM 3. For the binomial distribution,

E(n) logn + ; + = 10g(27l'pq) log (\/(_) —-n n\/‘)

log(q) 1 -1 1
-né ""5 —
* /0 ¢ I:eE -1 log [(e"f - Q)/p] 52 ] / log(q) [ 2§J d§
— log(p) 1 -1 1
-n§ —n£ it
* /(; © [ef -1 IOg [(e“f - p)/q] 62 ] / log(p) l: 2&] dg,

where I'(-) is the gamma function. Asn — oo,

1 1 1 =, &
E(n) ~ 3 logn + 5t3 log(27pg) + EG‘W’
=0

where 3,0, Gett = G(€) with

1 -1 -1 1 1
GO =3 [log GE T GEDLE Z] 3

In particular,

Go=t_1(1.1 g =ifiyy_t_1/1 . 1
T3 12\p  ¢/)’ 17o9\p ¢/ 12 u\p gZ)’

G-l il.{.l +._1_ ._1_+l_19 1+l
27180 24\p q) 16\ @) 720\ $#J)°

By setting A = 1 — e~¢ and defining c; from the Taylor series —A/log(l — A) = Y 50, ceA’,
we can expand G(€) in terms of ¢ and powers of A. This yields the alternate representation

E(n) ~ llogn + % + 1 log(2mpg)

n—-1) _ o o
+Z m+n)? { Cmt1 —Cmp1 [P+ 1 +empa [P g™ 1—1]},

asn—o0o0. Wehavecg=1,and form > 1, ¢, = —z;":_olcj/(m+1 - 7).
Analogous results for the negative binomial case are given below.

THEOREM 4. For the negative binomial distribution (with (3.2)),

1 1 1
E(n) = -2-108n+ § + %log(27rqp'2) +1-—nlog <1 ) + log (\/(__2 —ng n\/—)

~ log(p) 1 -1 -y -y
+ / e~ [ - L 2 +5 ] dy
0 e —1log[(1—pe¥)/q] py T3

00 1 -1 eV eV o0 q 1
+/ e—ny[ +—+—] d —/ e (v (————)d ;
0 ev —1llog(qg+pe¥) py*? 2y L log(p) w2 !

and asn — 00

1 1 1
E(n)~§logn+§+§log(21rqp +§He T

where Y32 Hey® = H(y) with
1 -1 -1 1 1
H(y) = + + —] + .
=5 e * e ) ¢ %
In particular, Hy = 1/6 — p*/(12q) = —(¢ + ¢~ — 4)/12.
We have thus obtained the full asymptotic series in a simple form. This method should also
apply to other discrete distributions that involve factorial and/or binomial coefficient factors.
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4. LEADING TERM FOR GENERAL i.i.d.s

We now consider general discrete distributions and obtain the first two terms in the expansion
of E(n) — (1/2)logn, and a corresponding result for the Renyi entropy.

Let X; be a random variable with density f(z) and moment generating function F(8) =
E[e®X1]. Then for i.id. X;, weset Y =Y (n) = X; + X2 +--- + X,,. The density of Y is

o) = 5z [ P do, (41)

where Br is a vertical contour in the complex #-plane. Assuming the first few moments of X are
finite, we set E[X¥] = my, y = nm; + v/nz, and expand (4.1) for 8 small. Scaling § = O(n~1/2)
leads to the “central limit theorem” approximation (see, also, [9,10])
1 z fu }
jn) = ex 1+ + =4
9(y;n) = === p[ 5 2]{ Jn

= mg — m? is the variance of X; and

(4.2)

where o2

K3 1 z Kq 1 z n3 1 z
f*:—"‘ H3( ) gx = — H4( ) H . (4.3)
6 (\/50)3 V20 )’ 24 (\/50)4 V2o 72 (\/'0.) V20
Here Hy(-) is the k" Hermite polynomial and «; is the j*® cummulant of X;. Thus, H3(z) =
8r3 — 12z, Hy(z) = 16z* — 4822 + 12, and
K3 = mg — 3mimg + Qm?, Kq=myg — Bm% —4dmims + 12mfm2 - 6m‘11. (4.4)

For n — oo, we use (4.2) to evaluate (1.1), noting that the sum may be approximated by /n
times an integral from z = —o0 to z = 400, with an error that is exponentially small. We thus
obtain the following.

THEOREM 5. For a general discrete distribution with finite moments, we have as n — 0o,

k3 1
120% n

1 1
S(n) = E(n) — —l—logn - | + zlog (2n0?) | ~ —
2 2 2
If the third cummulant vanishes (e.g., binomial case with p = q¢ = 1/2), then S(n) ~ —&2/
(480%)n=2. If kg = kg = --- = Ky = 0 but ky41 # 0, then S(n) ~ —ki /[2(N + 1)!
g2N+2p1-N

A full asymptotic series for S(n) may be obtained by first deriving the full series in (4.2) (as
was done in [9,10] for related problems) and using the result in (1.1).

Theorem 5 also applies to continuous distributions, then E(n) = — [ g(y; n)log|g(y; n)] dy. For
example, if X is exponential with density e™*{z > 0), then we obtain {exactly) E(n) = logI'(n)+

—(n—1)¢(n), where I'(-) is the gamma function and ¢(n) = I'(n) /T'(n). Now S(n) ~ —1/(3n).

For Gaussian X, we clearly have S(n) = 0. If X, is geometric, i.e., f(z) = Y o, pg*16(z — k),
then g(y;n) = Y pe, (n 1) p"¢*"6(y — k) and Theorem 5 gives S(n) ~ —(q + ¢~ ! +2)/(12n).
This agrees with Theorem 4 if we note that the entropy E(n) of this distribution is related to
the entropy E(n) of (3.2) by E(n + 1) = E(n).

Using (4.2), we obtain the Renyi entropy.

THEOREM 6. Under the same assumptions as Theorem 5,
1 1
S(n;w) = E(njw) — [— logn + 5 log (27
2

5 g -+ st -2)

As w — 1, this reduces to Theorem 5 for k3 # 0.

%) +
!
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