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1. Introduction

The concept of the principal solution was introduced in 1936 by Leighton and Morse [ 1] in studying positiveness of certain
quadratic functional associated with

T X)) +v)x=0, t>ty. (1.1)

Since then the principal and nonprincipal solutions have been used successfully in connection with oscillation and
asymptotic theory of (1.1) and related equations, see for instance [ 1-8] and the references cited therein. For some extensions
to Hamiltonian systems, half-linear differential equations, dynamic equations and impulsive differential equations, we refer
in particular to [4,9-12].

We recall that a nontrivial solution u of (1.1) is said to be principal if for every solution v of (1.1) such that u # cv,c € R,

. u(t)
lim — =
t—o0 v(t)

It is well known that a principal solution u of (1.1) exists uniquely up to a multiplication by a nonzero constant if and only
if (1.1) is nonoscillatory. A solution v that is linearly independent of u is called a nonprincipal solution. Roughly speaking,
the words “principal” and “nonprincipal” may be replaced by “small” and “large” or “recessive” and “dominant”. For other
characterizations of principal and nonprincipal solutions of (1.1), see [5, Theorem 6.4], [ 13, Theorem 5.59].

In 1999, Wong [8], by employing a nonprincipal solution of (1.1), obtained the following oscillation criterion for

(r®x) +v(t)x = f(t). (1.2)

For extensions of the theorem to impulsive differential equations and dynamic equations on time scales, see [11,12].
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Theorem 1.1 (Wong’s Theorem). Suppose that (1.1) is nonoscillatory. Let z be a positive solution of (1.1) satisfying

o0 1
/ﬂ 7r(s)zz(s) ds < o0 (1.3)

for some a sufficiently large, i.e., a nonprincipal solution. If

[m H(t) = — lim H(t) = oo, (1.4)
—00 t—00
where
t -l N
H(t) = ﬁ m (/a‘ Z(T)f(f)df) dS, (15)

then Eq. (1.2) is oscillatory.

The aim of our work is to extend the above theorem to nonlinear equations of the form

rOX) +p®OX k= qOX" 'k =), t=>1, (1.6)
where
iH)0<y<1<gB;
(11) re C([tOs OO)’ (Oa OO)), p.q € C([t07 00)5 [05 OO)),f € C([t07 00)5 R)

It is clear that the two special cases of (1.6) are the Emden-Fowler super-linear equation

XY +pOP 'x=f1), B>1 (1.7)

and the Emden-Fowler sub-linear equation
r@Ox) —q@Ox"'x=f(@), 0<y <1 (1.8)
Typically, nonlinear results require the coefficient in an Emden-Fowler equation
X' +a®x*"'x = f(t)

to be non-negative, see [14]. Fortunately, we are able to take —q to be negative in (1.8). On the other hand, letting 8 — 17
and y — 17 in(1.6) results in (1.1) with v(t) = p(t) — q(t), i.e.,

(r®x) + [pt) — q®)1x = f(t), (1.9)

and thus our result extends Theorem 1.1 by a limiting process 8, y — 1in(1.6).

We remark that the oscillation of the solutions of (1.7) and (1.8) has been studied by many authors, see for instance
[8,14-24], but to the best of our knowledge there is no result in the literature similar to Theorem 1.1 for such nonlinear
equations, especially for (1.6).

Consider a slightly more general equation than (1.6)

r©Ox) + p(OF(®) — q(OGX) = f(), t = to, (1.10)

wherer, p, q, f are asin (ii), F, G € C(R, R).

By a solution of (1.10) defined on an interval [T, 00), T > to, we mean a function x, x', (rx')’ € C[T, 00), satisfying (1.10).
We note that the assumption of r, p, f being continuous is not sufficient to ensure the existence of extendable solutions
of (1.7) on [T, o0), see [23]. However, as usual in the oscillation theory we only consider solutions of (1.10) which are
extendable to [T, co) and nontrivial in the neighborhood of infinity. Such a solution is called oscillatory if it has arbitrarily
large zeros, otherwise it is called nonoscillatory. Eq. (1.10) is called oscillatory (nonoscillatory) if all solutions are oscillatory
(nonoscillatory).

We shall assume that

(Cy) xF(x) > 0and xG(x) > 0 forx # 0;
(C2) () limpy oo X 'F(x) > 1, limy—ox 'F(x) < 1,
(b) liMy—oo X 1G(X) < 1, limy—ox 1G(x) > 1.

Using (Cy) and (C,), it is easy to find positive constants &g, 8o, Yo, 0 such that

max @ (x) = By, mind(xX) = —ap;

x>0 x<0 (1.11)
magﬁll(X) = Jo, mlgllI/(X) =~

x< X=

where @ (x) = x — F(x) and ¥ (x) = x — G(x).



A. Ozbekler et al. / Applied Mathematics Letters 24 (2011) 1225-1230 1227
In what follows we define

t
M (1) :=/a r(s)zZ(s) </ [ﬂop(r)+yoq(r)]Z(r)dr> (1.12)

and
t
N () ;:/; r(s)zZ(s) </ [aop(r)+50q(f)12(t)d1> (1.13)

2. Main results

Associated with Eq. (1.10) we assume that the linear equation

(rOx) +[pt) —q®)]x =0 (2.1
is nonoscillatory. Denote by z(t) a positive nonprincipal solution of (2.1) which is defined on an interval [a, c0). Noting that
®©  ds
— < 00, (2.2)
o T(9)Z%(s)
we define
t -1 S
F(t) ::f _— (/ z(r)f(r)dr) ds. (2.3)
a T(9)2%(s) \Ja

The main result of this paper is the following theorem.

Theorem 2.1. Suppose that (2.1) is nonoscillatory and let z(t) be a positive solution of it satisfying (2.2), i.e. a nonprincipal
solution. If

Tim (#(0) — #2(0)) = — lim {30 + (D) = (2.4)

t—00
where J¢ is given by (2.3), and Ny and N, are as defined by (1.12) and (1.13), respectively, then Eq. (1.10) is oscillatory.

Proof. Suppose that there is a nonoscillatory solution x(t) of (1.10). We may assume that x(t) # Oon [a, co) for somea > ¢,
sufficiently large. The change of variables x = z(t)w, where z(t) is a positive nonprincipal solution of (2.1), transforms (1.10)
into

r(®OZw') = {fO) +pOHP(x) —qO¥ W)}z, t>a. (2.5)
Integration of (2.5) leads to

t ds t -l S
w(t) = ¢ +CZ/E 020 + F(t) +/a m/a {p(D)@(x(1)) — q(v)¥ (x(7))}z(r)drds (2.6)

where ¢; = w(a) and ¢; = r(a)z?(a)w’(a) are constants.
If x(t) > 0 on [a, 00), then using (1.11) we obtain

o ds
w(t) <c + Cz/ =~ + F(t) + N1 (). (2.7)
a T(5)Z°(s)
Similarly, if x(t) < 0 on [a, c0), then again using (1.11) we obtain
tods
WO zerte [ O~ M0, 28)
a T(9)Z%(s)
Note that (2.2), (2.4), (2.7) and (2.8) imply that
tﬁ w(t) = — lim w(t) = +o0. (2.9)

t—o00
Because z(t) is positive, (2.9) implies that x(t) cannot have a definite sign on [a, 00), a contradiction. O
When F(x) = |x|#~Txand G(x) = |x|""'x,0 < ¥ < 1 < B, then
a=po=(B—DBYIP >0, So=vo=(1—y)y”07" >0,

and we obtain the following oscillation criterion for Eq. (1.6).
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Theorem 2.2. Suppose that (2.1) is nonoscillatory and let z(t) be a positive solution of it satisfying (2.2), i.e. a nonprincipal
solution. If

11m {Jt’(t) — M)} = — lim {FH(t) + M)} = (2.10)
t—00
where
t
Mty = [ s ( / [wop(@) + %q(r)]z(r)dr) 2.11)
a T()z%(s)

then Eq. (1.6) is oscillatory.

Corollary 2.3. Suppose that (2.1) with q(t) = 0 is nonoscillatory and let z(t) be a positive solution of it satisfying (2.2), i.e. a
nonprincipal solution. If

11m n{H(O) — Noi (D)} = — Lim {H () + M (D)} = (2.12)
t—00
where
_ t Qp N
eNol(t) = /a m (/a. p(t)z(t)dt) dS, (213)

then Eq. (1.7) is oscillatory.

Corollary 2.4. Let z(t) be a positive solution of (2.1) with p(t) = 0 satisfying (2.2), i.e. a nonprincipal solution. If

Tim (36(t) = Noz(©)) = — lim {6(0) + Moz (D)) = (2.14)
t—o0
where
t 8 S
Noz (£) == /a m (/ﬂ q(r)z(r)dr) ds, (2.15)

then Eq. (1.8) is oscillatory.

Remark 1. Theorem 2.2 is interesting because it reduces to Theorem 1.1 for the linear equation (1.9) with v(t) = p(t) —q(t)
by letting 8, y — 1in(1.6).

Remark 2. Corollary 2.4 is of particular interest where the coefficient —q(t) is non-positive and Eq. (1.8) can still be
oscillatory by the forcing condition (2.14).

Remark 3. It will be interesting to improve Corollary 2.3 for Eq. (1.7) by relaxing the assumption that p(t) is non-negative.
In case when @ (x) is bounded, say |@ (x)| < M for some M > 0 and for all x € R, then we can show similarly to Corollary 2.3
the following:

Proposition 1. Under the assumption of Corollary 2.3 and that the coefficient p(t) is not assumed to be non-negative, if
Jim (3(6) — Nos(D)} = — Lim {F(£) + No3(6)} = o0

t—>0o0

where

Nos(0) = / o 2()( f |p(r)|z(r)dr)

then Eq. (1.7) is oscillatory.

3. Examples

Example 3.1. Consider the forced super-linear equation

E2K) +2t74x)P"'x = 3 = t¥)sint 4+ 5tcost, B> 1. (3.1)
The corresponding linear equation

t%2)Y +2t7™%z=0
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is the nonoscillatory with a nonprincipal solution z(t) = t2. Then, the functions #¢ and Mp; become

t 1 s
FH(t) = f - </ {3— 7%)sint + 57 cos ‘L’}‘L’zdl') ds, a>0
a S a

and

Non(t) = 2(8 — 1);3'3/“*5’/ 1 (/ 1dr> &, a>o0.

s? 2
After some simple calculations, we obtain
F(t) =t>sint +tcost —sint + it~ + ¢,
where ¢; = a®>(sina + acos a) and ¢; = (1 — 2a®) sina — a(a®* + 1) cosa, and
Nor(©) = (B = DY IP 2 4 est™! + c)

where c; = —2/a and ¢4 = 1/a?. Clearly, the condition (2.12) is satisfied and hence Eq. (3.1) is oscillatory for any choice of
B > 1by Corollary 2.3.

Example 3.2. Consider the forced sub-linear equation

X — x| x =esin(ct), 0<y <1 (3.2)
where ¢ > 1and ¢ # 0 are real constants. The corresponding linear equation

7/ —z=0

is nonoscillatory with a nonprincipal solution z(t) = e'. Then, the functions #(t) and N, (t) read as

t S
H(t) = / e % (/ elntDr sin(;r)dr) ds, a>0
a a

t S
Noa(t) = (1 — y)yy/“’y)/ e % (/ e’dr) ds, a>0.
a a

A straightforward calculation gives

and

/ U7 sin(¢T)dr = ki V(1 + 1) sin(gs) — ¢ cos(¢s)} + ke (33)

a

where k; = {2 4+ (u + 1)2} " and k; = —k;e® V(4 1) sin(¢a) — ¢ cos(a)}.
Using (3.3), we see that

F0(t) = ke D% — 22 — 1) sin(Ct) — 2us cos(Zt)} + kae ™2 + ks
where k3 = ki{¢2 4+ (u — 1)?}71, kg = —k,/2 and
ks = (ka/2)e " — kse"~D(u® — ¢* — 1) sin(¢a) — 2u¢ cos(za)},
and that
FO(t) £ Noa(t) = kse® Vi{(u? — 2 — 1) sin(ct) — 2ug cos(ct)} £ oe ™t + (ks Foe 9/2)e X 4+ ks Foe /2,

where o = —8y = (y — 1)y "/1=)_ Therefore, the condition (2.14) holds and hence, we conclude that Eq. (3.2) is oscillatory
for any choice of y € (0, 1), » > 1and ¢ # 0, by Corollary 2.4.
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