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Abstract 

The thermal loadings in the pipe wall of the residual heat removal systems in pressurized water reactors can be generally 
regarded as biaxial fatigue loadings, which may lead to multidirectional thermal fatigue cracks on the inner surface of the pipe 
wall. In this paper, the orientation of the critical plane defined by maximum damage under biaxial fatigue loading conditions are 
investigated by analytical and computational approaches. The analytical solutions of the critical plane orientation for the 
Matake’s and Fatemi–Socie’s criteria are first derived using an elastic material law. The computational results obtained from 
Code_Aster are used to validate the analytical solutions. The analytical solutions of the critical plane orientation using an elastic 
material law appear to be consistent with the computational results obtained from Code_Aster by using an elastic material law or 
a Chaboche-type elasto-plastic material law. An analytical derivation is performed to investigate the effect of the plasticity on the 
critical plane orientation by using a simple elasto-plastic material law with one linear isotropic hardening term. It is concluded 
that for the loading path of applied biaxial stress considered in this study where the maximum and minimum stresses in both 
directions are reached simultaneously, the critical plane orientation is not effected by the plasticity within the considered elasto-
plastic material laws. 
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1. Introduction 

High cycle thermal fatigue crazing, defined as a network of unidirectional or multidirectional small and shallow 
cracks, was found on the inner surface of the pipes in the mixing zones of the residual heat removal system in some 
pressurized water reactor power plants [1]. Much research work is performed worldwide due to safety concerns of 
the nuclear power plants. However, the phenomenon of high cycle thermal fatigue crazing is still not fully 
understood [2]. 

Note that the unidirectional or multidirectional small and shallow cracks in the high cycle thermal fatigue crazing 
may be generally considered as in the engineering crack initiation period [3,4]. For crack initiation problems, the 
critical plane concept is widely used [5, 6]. The crack initiation plane is thought to coincide with the critical plane 
using a critical plane based crack initiation criterion. Therefore, the cracking directions of the high cycle thermal 
fatigue crazing are studied by using the critical plane orientation in this paper. 

The cyclic thermal stress in the pipe wall can be generally considered as biaxial tension/compression due to the 
fact that the radial stress is negligible as compared to the axial and circumferential stresses for a long thin pipe. Note 
that it is difficult and costly to conduct biaxial fatigue tests, especially for high cycle fatigue regime [7]. Code_Aster, 
an open-source software developed by the EDF R&D since 1989 and devoted to thermo-mechanical finite element 
analyses, offers a wide range of models and analysis tools for fatigue problems. The computational approach using 
Code_Aster can be employed in the investigation of the critical plane orientation. For convenient identification of 
important factors that may influence the critical plane orientation, an analytical approach is also adopted in the 
investigation. 

In this paper, analytical and computational models for the computation of the critical plane orientation are first 
presented. The analytical solutions of the critical plane orientation for the Matake’s and Fatemi–Socie’s criteria are 
derived using an elastic material law. The computational results using an elastic material law and a Chaboche-type 
elasto-plastic material law obtained from Code_Aster are also obtained. Finally, an analytical derivation is 
performed to investigate the effect of the plasticity on the critical plane orientation by using a simple elasto-plastic 
material law with one linear isotropic hardening term. 

2. Analytical and computational models 

2.1. Loading conditions 

Fig.1(a) shows an approach to simplify the thermal loadings in the pipe wall of the RHRS to an elementary cube 
that is subjected to biaxial loading conditions. Fig.1(b) shows the schematics of the applied loading histories and the 
loading path in the study. In this figure, a typical loading cycle ( 0t  represents the time of period) is used to represent 

the constant amplitude loading. As shown in this figure, the maximum and the minimum stresses in the x  and y  

directions are reached simultaneously. 
A parameter, denoted as , is defined to characterize the ratio of stress amplitudes in the x  and y  directions for 

the general biaxial tension/compression loading condition as 

,

,

y a

x a

   (1) 

where the subscripts x  and y  represent the x  and the y  directions, respectively. The subscript a  represents the 

stress amplitude. It should be noted that the thermal stresses for a free-end long thin tube are nearly equal biaxial [8], 
which is represented by 1. In more general cases,  is not equal to 1. 

Two mean stress parameters, denoted as x  and y , are defined in order to characterize the values of mean 

stresses in the x  and y  directions, respectively, as 
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where the subscript m  represents the mean stress. 
 

  
(a) 

  
(b) 

Fig. 1. (a) An approach to simplify the thermal loadings in the pipe wall of the RHRS to an elementary cube that is subjected to biaxial loading 

conditions; (b) schematics of the applied loading histories and the loading path. 

2.2. Crack initiation criteria 

For a fatigue criterion, the amplitude of shear stress (or shear strain) and the mean stress (or the maximum stress) 
are usually considered as important fatigue damage parameters. The Matake’s criterion considers a simple linear 
combination of the amplitude of shear stress and the maximum normal stress acting on the critical plane [9]. A 
modification of the original Matake’s criterion was made in order to transform this criterion into a damage 
accumulation model [10]. The modified Matake’s criterion, in which the maximum damage plane is used as the 
critical plane, is expressed as 

maxmax 0,
2eq s f

n
n a N n f N    (4) 

where eq  represents the equivalent stress. Meanwhile, 2  represents the amplitude of shear stress and maxN  

represents the maximum normal stress during a loading cycle. In Eq. (4) n  represents the unit normal vector of a 
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candidate plane. Also, a  is a material constant that represents the fatigue property. fN  represents the fatigue life 

and 
s ff N  describes the stress-life curve (S-N curve).  

The Fatemi-Socie’s criterion has been successfully applied to investigate the fatigue behaviour of the 304L 
stainless steel under uniaxial and biaxial tension/torsion tests [11]. The original Fatemi-Socie’s criterion was 
modified to be used as a damage accumulation model [10]. The modified Fatemi-Socie’s criterion, in which the 
maximum damage plane is used as the critical plane, is expressed as 

maxmax 0,
1

2eq f

y

N nn
n k f N

S
 (5) 

where eq  represents the equivalent strain. Meanwhile, max 2  represents the maximum shear strain amplitude 

acting on the candidate plane which is represented by its unit normal vector n . In Eq. (5), yS  represents the yield 

stress, k  is a material constant that represents the fatigue property. 
ff N  represents the strain-life curve (ε-N 

curve). 
It should be emphasized that the modified Matake’s and Fatemi-Socie’s criteria in Eqs. (4) and (5) were used to 

investigate the high cycle thermal fatigue of the 304L stainless steel, for example, see Angles et al. [10]. These 
modified criteria are available in Code_Aster and used at EDF R&D. 

2.3. Critical plane 

In general, a variable amplitude loading can be identified as a sequence of sub cycle loadings by using cycle 

counting methods. For an elementary cycle e , the fatigue life e

fN n  can be computed by using a crack initiation 

criterion and the fatigue damage eD n  is computed as 

1e

e

f

D n
N n

  (6) 

The total damage for a loading block can be computed by using a damage accumulation rule. In Code_Aster, by 

using Miner’s linear damage accumulation rule [12], the total damage D n  on a candidate plane represented by n  

can be written as 

1

Nt
e

e

D n D n   (7) 

where tN  represents the total number of sub cycles. Then the maximum damage plane represented by the normal 

vector can be found. 
For the constant amplitude loading in this paper, the maximum damage plane is the plane where the damage for 

an elementary cycle e  reaches its maximum value, i.e., the plane where the equivalent crack initiation parameter, 

eq  or eq , reaches its maximum value. 
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3. Analytical solutions of the critical plane orientation using an elastic material law 

Fig. 2 shows a stress vector F , a normal stress vector N  and a shear stress vector  acting on a candidate plane 

 represented by its unit normal vector n . The unit normal vector n  is defined as 

T T

, , cos ,cos ,cosx y z x y zn n n n   (8) 

where x , y  and z  represent the direction angles of the unit vector with respect to the axes. 

 

Fig. 2. A stress vector F , a normal stress vector N  and a shear stress vector  acting on a plane  represented by its unit normal vector n . 

 

The mathematical derivation process to obtain the analytical solutions of the critical plane orientation by using an 
elastic material law can be found in [4]. The obtained analytical solutions of the critical plane orientation using the 
modified Matake’s and Fatemi-Socie’s criteria are summarized in Table 1.  

Table 1. Analytical solutions of the critical plane orientation using the modified Matake’s criterion ( j M )  
and the modified Fatemi-Socie’s criterion ( j F ). 

Case Parameters Stresses x  y  z  

The x-direction dominant biaxial stress 

(a) 1 , x y  , ,x a y a , ,m ,x y m  

,max ,maxx y  arccos ( )j xC  90  2arccos 1 ( )j xC  
(b) 0 1 , x y  , ,x a y a , ,m ,x y m  

The y-direction dominant biaxial stress 

(c) 1 , x y  , ,x a y a , ,m ,mx y  

,max ,maxx y  90  arccos ( )j yC  2arccos 1 ( )j yC  
(d) 1 , x y  , ,x a y a , ,m ,mx y  

Equal biaxial stress and uniaxial stress 

(e) 1 , x y  , ,x a y a , ,m ,mx y  ,max ,maxx y  2 2 2cos cos ( )x y j xC  2arccos 1 ( )j xC  

(f) 0  uniaxial stress arccos ( )j xC  2 2 2cos cos 1 ( )y z j xC  

 

In Table 1, the auxiliary functions M iC  for the modified Matake’s criterion and F iC  for the modified 

Fatemi-Socie’s criterion are defined as 
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where the subscript ,i x y  represent the x  and y  directions, respectively. 

It should be noted that a complete parametric study requires to vary , x  and y . For the convenience of 

discussion, only several cases as listed in Table 1Erreur ! Source du renvoi introuvable. are considered in this 
paper. These loading cases are selected to represent the dominant directions of the biaxial stress. For the loading 
path of applied biaxial stress considered in this study where the maximum and minimum stresses in the x  and y  

directions are reached simultaneously as shown in Fig.1(b), the dominant direction is defined as the direction of the 
larger maximum stress. 

4. Computational results of the critical plane orientation 

4.1. Computational results using an elastic material law 

Fig.3 shows the analytical and computational critical angles for Case (b) in Table 1 when 0 1 and x y , 

using the modified Matake’s and Fatemi-Socie’s criteria for different values of a  and k , as functions of the mean 
stress parameter x . It is noted that ,x a  is taken as 200 MPa , which is a representative value of the thermal stress 

amplitude in the pipe wall [13]. Also, the values of x  and y  are less than 2 in this section in order to limit the 

equivalent Von Mises stress approximately smaller than the ultimate tensile strength (about 608 MPa ) of the 304L 

stainless steel [14]. The value of yS  in the modified Fatemi-Socie’s criterion is taken as 202 MPa , which is the 

initial yield stress of the 304L stainless steel [14]. 
As shown in Fig.3(a), when the maximum normal stress becomes zero ( 1i ), x  becomes 45  for this 

special case. The maximum damage plane is also the maximum shear stress range plane in this case. For 1i , 

x  decreases with the mean stress parameter x  while y  remains . The analytical and computational results of 

x  and y  are in good agreement. Similar observations can be found in Fig.3(b). Based on these observations, the 

analytical solutions of the critical plane orientation by using the modified Matake’s criterion and Fatemi-Socie’s 
criterion are in good agreement with the computational results for the evaluated range. 

The analytical solutions of the critical plane orientation for all other loading cases listed in Table 1 are also 
validated by the computational results obtained from Code_Aster. Due to the limited article length, these results are 
not presented here.  
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(a)               (b) 

Fig. 3. The analytical and computational critical angles for Case (b) in Table 1 when 0 1  ( 0.2 for the figures) and x y , using the 

(a) modified Matake’s and (b) Fatemi-Socie’s criteria for different values of a  and k , as functions of the mean stress parameter x . 

4.2. Computational results using a Chaboche-type elasto-plastic material law 

The pipes of the RHRS are made of the 304L stainless steel of which the material behavior is often described by 
a Chaboche-type material law with one isotropic hardening term and two kinematic hardening terms [15,16]. In this 
paper, the critical plane orientation under biaxial loading conditions is computed by using the Chaboche-type elasto-
plastic material law in Code_Aster. The values of the parameters of the Chaboche-type elasto-plastic material law 
found in [16] are adopted in the computation. 

Fig.4 shows the computed stress-strain response when the mean stress parameter 0x  and 2x  under stress 

control loading conditions. It is noted that only the stress and strain in the x direction are presented in this figure, 
which are representative for the linear loading path of applied biaxial stress as shown in Fig.1(b). As shown in 
Fig.4(a), a monotonic pre-loading from 0 to the maximum stress is applied before the cyclic fatigue loadings. There 
is significant plasticity during the stabilized cycle (1000th cycle). As shown in Fig.5(b), the stabilized stress-strain 
response is identical to a linear elastic response due to the significant hardening during the monotonic pre-loading 
process. 

 

  
(a)               (b) 

Fig. 4. (a) Computed stress-strain response when the mean stress parameter 0x and (b) 2x  under stress control loading conditions. 
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Fig.5 shows the analytical and computational critical angles using the elastic and Chaboche-type elasto-plastic 
material laws and the modified Fatemi-Socie’s criterion as functions of the mean stress parameter x under stress 

control and strain control loading conditions. As shown in Fig.5(a), the analytical critical plane orientation is 
consistent with the computational results using elastic and Chaboche-type elasto-plastic material laws under stress 
control loading conditions. As shown in the figure, the computational critical plane orientations using the Chaboche-
type elasto-plastic material law is nearly equivalent to that using a simple elastic material law. 

 

       
(a)               (b) 

Fig. 5. Analytical and computational critical angles using elastic and elasto-plastic Chaboche-type material models and the modified Fatemi-

Socie’s criterion as functions of the mean stress parameter x ( x y ) under (a) stress control and (b) strain control loading conditions. 

 
Note that in the stress control loadings with the stress amplitude 200 MPaa , the strain amplitude in each 

direction is about 0.0011 by using the Chaboche-type elasto-plastic material law. In the strain control loadings, 
cyclic strain with the amplitude 0.0011a  in each direction is therefore applied as well as a biaxial mean stress. 

The mean stress parameter is obtained by the ratio of the mean stress over the stress amplitude computed by using 
the Chaboche-type elasto-plastic material law under strain control loadings.  

As shown in Fig.5(b), the analytical critical plane orientation is consistent with the computational results using 
elastic and Chaboche-type elasto-plastic material laws. The computational critical plane orientations using the 
Chaboche-type elasto-plastic material law is nearly equivalent to that using a simple elastic material model. Based 
on the observations in Fig.5, the material plasticity seems not to affect the critical plane orientation under the 
loading path of applied biaxial stress as shown in Fig.1(b) within the considered material laws. 

5. Analytical investigation on the effect of plasticity on the critical plane orientation 

In this section, an analytical investigation on the effect of plasticity on the critical plane orientation is performed. 
Note that the Chaboche-type elasto-plastic material law is quite complex. Therefore, a simple elasto-plastic material 
law with one linear isotropic hardening term is adopted in the analytical derivation. Fig.6 shows the schematics of 
the stress strain response by using the simple elasto-plastic material law, which can be expressed as 

1 y

y y
1 y

T

if

if

S
E

S S
S

E E

  (11) 
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where E  and TE  represent the elastic modulus and tagential modulus, respectively. Also, yS represents the yield 

stress and 1  represents the strain at Point 1 as in Fig.6. 

 

 

Fig. 6. Schematics of the stress strain response by using the simple elasto-plastic material law with one linear isotropic hardening term. 

 

Note that in the incremental plastic theory, the strain rate tensor ε can be expressed as 

2
p

9
:

4E Y
ε T σ σ σ   (12) 

where T  represents the elastic compliance tensor. Meanwhile, σ  and σ  represent the stress deviator tensor and 
stress rate tensor, respectively. Also, Y  represents the Von Mises equivalent stress. In Eq.(12),  represents the 

loading coefficient which can be expressed as 

1, plastic

0, elastic or unloading
  (13) 

Also, the plastic modulus pE  in Eq.(12) is defined as 

p

Y
E

p
  (14) 

where p  represents the plastic strain. 

Specially, for a uniaxial loading  as a function of time, the  Von Mises equivalent stress Y  can be expresses as 

3
:

2
Y σ σ   (15) 

The accumulated plastic strain p  following the loading path from Point 1 to Point 2 as shown in Fig.6 can be 

expressed as 

T
y

T

E E
p S

EE
  (16) 
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From Eqs.(14), (15) and (16), the plastic modulus pE  can be expressed as 

T
p

T

EE
E

E E
  (17) 

For the Case (b) in Table 1 when x y , the stress tensor σ  can be expressed as 

x

x

0 0

0 0

0 0 0

σ   (18) 

The Von Mises equivalent stress Y  under the loading condition of Case (b) in Table 1 can be expresses as 

2
x

3
: 1

2
Y σ σ   (19) 

From Eqs.(12), (13), (17) and (19), the stran rate tensor ε can be expressed as 

T
x x x

T

T
y x x

T

T
z x x

T

21

2

2 1

2

1 1

2

E E

E EE

E E

E EE

E E

E EE

  (20) 

Then the strain tensor at Point 2 as in Fig.6 can be expressed as 

2,x 2,x

y
1,x

2

2,x 2,x

y
1,x

2

2,x 2,x

y
1,x

2

T
2,x 1,x x x

T1

T
2,y 1,y x x

T1

T
2,z 1,z x x

T1

21

2

2 1

2

1 1

2

S

S

S

E E
d d

E EE

E E
d d

E EE

E E
d d

E EE

 (21) 

where the subscript 1 and 2 represent Point 1 and Point 2 in Fig.6, respectively. 
For the convienience of discussion, let 

x,a2

E
  (22) 

yT
2,x 2

T2 1

SE E

EE
  (23) 
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From Eqs. (21), (22) and (23), the variation of strain from Point 1 to Point 2 as in Fig.6 can be expressed as 

x 2,x 1,x

y 2,y 1,y

z 2,z 1,z

1 2

2 1

1 1

  (24) 

The absolute value of the variation of shear strain on a candidate plane represented by its normal vector n  can be 
expressed as 

222 2 2 22 2 2 2
x z x y z y z x z x y z y zn n n n  (25) 

From Eqs. (24) and (25), it is known that 

22 2 2 2 2
x y x y1 3 n n n n   (26) 

From Eqs. (5) and (26), the equivalent strain eq  in the modified Fatemi-Socie’s criterion can be expressed as 

2 2
x x y y22 2 2 2 2

eq x y x y x y x,a
y

max 0, 1 11 3
, 1

2

n n
n n n n n n k

S
 (27) 

For the constant amplitude fatigue loadings considered in this paper, the critical plane is the plane on which the 
equivalent strain eq  reaches its maximum value. Note that the equivalent strain eq  can be regarded as a two-

variable function of xn  and yn . From Eq.(27), it is known that the critical plane orientation, which is represented by 

the values of xn  and yn , is independent on the value of B. In another word, the critical plane orientation is 

independent on the value of TE  from Eq.(23). Therefore, the plasticity which is related to the value of TE  seems to 

not affect the critical plane orientation for the simple elasto-plastic material law as shown in Eq.(11) and the applied 
loading condition as shown in Fig.1. However, it should be emphasized that the fatigue damage which is affected by 
the value of eq , is dependent on the value of B, i.e. the value of the tangential modulus TE  in the simple elasto-

plastic material law as shown in Eq.(11). 

6. Discussion 

It should be emphasized that the material behaviour of the 304L stainless steel is often described by using the 
Chaboche-type elasto-plastic material law, which is quite complex for the analytical derivation. The analytical 
investigation using a simple elasto-plastic material law with only one linear isotropic hardening term is just a first 
explanation of the computational results that the critical plane orientations using the Chaboche-type elasto-plastic 
material law is nearly equivalent to that using a simple elastic material law. A further investigation on the effect of 
plasticity on the critical plane orientation is needed, especially using the more complex elasto-plastic material laws. 

7. Conclusion 

In this paper, the orientation of the critical plane defined by maximum damage under biaxial fatigue loading 
conditions are investigated by analytical and computational approaches. The analytical solutions of the critical plane 
orientation for the Matake’s and Fatemi–Socie’s criteria are first derived using an elastic material law. The 
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computational results obtained from Code_Aster are used to validate the analytical solutions. The analytical 
solutions of the critical plane orientation using an elastic material law appear to be consistent with the computational 
results obtained from Code_Aster by using an elastic material law or a Chaboche-type elasto-plastic material law. 
An analytical derivation is performed to investigate the effect of the plasticity on the critical plane orientation by 
using a simple elasto-plastic material law with one linear isotropic hardening term. It is concluded that for the 
loading path of applied biaxial stress considered in this study where the maximum and minimum stresses in both 
directions are reached simultaneously, the critical plane orientation is not effected by the plasticity within the 
considered elasto-plastic material laws. 
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