
PERGAMON Applied Mathematics Letters 13 (2000) 51-55 

Applied 
Mathematics 
Letters 

www.elsevier.nl/locate/aml 

Inequalities for Differentiable Mappings 
with Application to Special Means 

and Quadrature Formulm 

C. E. M. PEARCE AND J. PECARIC 
Applied Mathematics Department 

University of Adelaide SA 5005, Australia 
<cpearce><j pecaric>Qmaths, adelaide, edu. au 

(Received March 1999; accepted April 1999) 

Communicated by R. P. Agarwal 

A b s t r a c t - - I m p r o v e m e n t s  are obtained to some recent error estimates of Dragomir and Agarwal, 
based on convexity, for the trapezoidal formula. Corresponding estimates are established for the 
midpoint formula. A parallel development is made based on concavity. (~) 2000 Elsevier Science 
Ltd. All rights reserved. 

Keywords--Hermite-Hadamard inequality, Convex functions, Integral inequalities, Trapezoidal 
formula, Midpoint formula, Special means, Numerical integration. 

1. I N T R O D U C T I O N  

One of the  corners tones  of  analysis  is the  H a d a m a r d  inequality, which s ta tes  t h a t  if [a, b] (a < b) 

is a real interval  and  f : [a, b] ~ R a convex function, then  

( ~ _ b )  l fab f(a) + f(b) (1.1) f <- b - a f (z)  dx < 2 

Over  the  last  decade this has  been ex tended  in a number  of  ways. An i m p o r t a n t  quest ion is 
e s t ima t ing  the  difference between the  middle  and  r igh tmos t  t e rms  in (1.1). T h e  following ident i ty  
is a useful bui lding block (see [1,2]). 

LEMMA A. Suppose (a) a, b E I C R with a < b and f : I ° --, R is differentiable. 
If f' E L(a,b), then 

f(a) + f(b) l ~ab b - a  ~ol 2 b - a f (x)  dx = 2 (1 - 2t)f'(ta + (1 - t)b) dr. 

Dragomi r  and  Agarwal  [1] used this l e m m a  to prove the  following results. 
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THEOREM B. Suppose (a) holds and If ' l  is convex on [a, b]. Then 

f(a) + f(b) 1 f b  f(x) dx 
2 b - a  Ja 

(b - a)([f'(a)l + If'(b)[) < 
8 

THEOREM C. Suppose (a) holds and let p > 1. If If'l p/(p-1) is convex on [a, b], then 

f(a)+ b --l f(x)dx -< 2 ( p b - a [ l f t ( a ) l P / ( P - 1 ) W l f ' ( b ) l P / ( P - l ) ]  1)l/p 2 

In Section 2, we give an improvement and simplification of the constant in Theorem C and 
consolidate this result with Theorem B as Theorem 1 below. An analogous result, Theorem 2, is 
developed which relates in the same way to the first inequality in (1.1). The results of Dragomir 

and Agarwal are based on convexity. We develop analogous results based on concavity. In 
Sections 3 and 4, we note some consequent applications to special means and to estimates of the 

error term in the trapezoidal formula. 

2 .  M A I N  R E S U L T  

THEOREM 1. Suppose (a) holds and q >_ 1. I f  the mapping If'l q is convex on [a, b], then 

f(a) + f(b) 1 [b  dx 
2 b -  a Ja f(x) < 

PROOF. From Lemma A 

f(a) + f(b) 
2 

1 f b dx b - a f(x) < - -  

and by the power-mean inequality 

f0 1 I1 - -  2t I If'(ta + (1 -- t)b)l dt 

b-a4 [If'(a)lq + Lf'(b)lq] 1 / q 2  

b - a fo  1 2 I1 - 2tl If'(ta + (1 - t)b)l dt (2.1) 

< (fo 1 I1-2t ldt)  1-1/q (fo 1 I1-2t  t If'(ta+ ( 1 - t ) b ) l  q dt) 1/q 

Because I f ' l  q is convex, we have 

/o /o I1 - 2tl I f ' ( t a  + (1 - t)b)l  q dt <_ I1 - 2tl [t I f ' (a) l  q + (1 - t ) I f ' (b ) l  q] dt  

If'(a)l q + If'(b)l q 
4 

Since fo 11 - 2tl dt = 1/2, we have from (2.1) and the displayed inequality following it tha t  

f(a)+ f(b) 1 lab dx b - a  (1) l -Uq (If'(a)lq +lf'(b)'q) x/q 
2 b -  a f(x) <- 2 4 ' 

hence, the desired result. II 

REMARK. For q = 1 this reduces to Theorem B. For q = p/(p-1) (p > 1) we have an improvement 
of the constant in Theorem C, since 2 p > p + 1 if p > 1 and accordingly 

1 1 - <  
4 2(p + 1)Up' 

We now proceed to an analogous result relating to the first inequality in (1.1). 
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THEOREM 2. Suppose the assumptions of Theorem 1 are satisfiedl Then 

If(a+...._~b) 1 .b b-a ]~ f(z)dx < b - a  
- 4 

PROOF. Our starting point is the identity 

- -  S(x)f'(x) dx, (2.2) f b - a  f(x) dx= b - a  

where 
[ a+b'~ x-a, x~[a,W- ), 

s ( x )  = 

x - b ,  x e  [a-~ ,b] .  

An argument parallel to .that of Theorem 1 but with (2.2) in place of Lemma A gives the desired 
result. | 

We now derive comparable results to Theorems 1 and 2 with a concavity property instead of 
convexity. 

THEOREM 3. Suppose (a) holds and [f'[q (q >_ 1) is concave on [a, b]. Then 

f(a)+ f(b) 1 /abf(x)dx b - a  f , ( ~ _ b ) l  < (2.3) 2 b - a  - 4 

and 

(2.4) 

PROOF. First, note that  

I f ' ( ~ z  + (1 - ~)y) l  ~ > ~ I f ' (z) l  ~ + (1 - ~ ) i f ' ( y ) l  ~ 

_> (~ [f ' (x)[  + (1 - ~ ) [ f ' ( y ) [ ) q ,  

by the convexity of [f~[q and the power-mean inequality. Hence, 

f (Ax  4- (1 - A)y) > A If (x)[  4- (1 - A)[f ' (y)[ ,  

so [f'] is also concave. 
Accordingly by the Jensen integral inequality we have 

;01  < 0 , 

By (2.1) we have (2.3). Similarly using (2.2) we can prove (2.4). i 
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3. A P P L I C A T I O N S  TO S P E C I A L  M E A N S  

As in [1] we shall consider extensions of a r i thmet ic ,  logari thmic,  and general ized logar i thmic  

means  f rom posi t ive to  real numbers .  W e  take  

a + / 3  
A(0`,/3) = 2 ' 0`'/3 E R, 

/ 3 - 0 `  
L(0`,/3) - In 1/31 - In I0`1' I0`1 # 1/31, 0,/3 # o, 

[ ___~n_+ 1_ __ 0`2+_. 1 ]l/n 
Ln(a,  f l )=  [ ( n + l ) ( / 3 _ 0 ` ) j  , n e Z \ { - 1 , 0 } ,  0 ` , / 3 e n ,  a # / 3 .  

PROPOSITION 1. Let a, b • R, a < b, 0 ~ [a, b], and n • Z, in I > 2. Then for a11 q > 1, 

IA(an, bn) - Ln(a,b)n[ < Inl(b-4s-a) [A(lal(n-1)q,[bl(n-1)q)] 1/q (3.1) 

and  
iA(a,b)n - Ln(a,b)n I <_ [ h i ( b - a ) [ a ( l a ] ( n _ l ) q , ] b l ( n _ l ) q ) ] l / q  (3.2) 

PROOF. T h e  p roof  is immed ia t e  f rom T h e o r e m  1 and T h e o r e m  2 wi th  f ( x )  = x n, x • R, n • Z,  
n > 2 .  la 

From (3.1), for q = 1, n > 2, we have [1, Propos i t ion  3.1]. For q -- p/ (p  - 1) (p > 1, n > 2) we 

have an improvemen t  of [1, Propos i t ion  3.2]. 

PROPOSITION 2. Suppose a,b • R, a < b, and 0 ~ [a,b]. Then  for q > 1, 

i A ( a _ l , b _ l )  _ L _ l ( a , b ) l  < b - a  - 4 [ A  (la1-2q,ibl-2q)]l/q (3.3) 

and  

iA (a ,b )_  x _ L_X(a,b)  I < (b - a) [ A  (la1-2q, Ibl-2q)] 1/q (3.4) 
- 4 

PROOF. T h e  result  follows f rom T h e o r e m  1 and T h e o r e m  2 wi th  f ( x )  = 1Ix. | 

From (3.3), for q = 1, we have [1, Propos i t ion  3.3], while for q = p/ (p  - 1) (p > 1) we have an 

i m p r o v e m e n t  of  [1, Propos i t ion  3.4]. 

4. T H E  T R A P E Z O I D A L  A N D  M I D P O I N T  F O R M U L / E  

Let  d be  a division a = x0 < x l  < -. • < x n - 1  < xn = b of the  interval  [a, b] and  consider the  
q u a d r a t u r e  formula  

~a b f (x )  dx = T ( f ,  d) + E ( f ,  d), 

where  
n-1  

T ( f , d )  -= ~ f ( x , )  "4- f ( x , + l )  (Xi+l -- Xi) 
2 i=0 

for the  t rapezo ida l  version and  

n - 1  

T(f,d) = Z f (xi-4-Xi+l) (xi+l -Xi), 
i=o 2 

for the  midpo in t  vers ion and  E ( f ,  d) denotes  the  associated approx ima t ion  error.  We derive an 
i m p r o v e m e n t  of  the  error  e s t ima te  derived for the  former  case in [1], as well as a cor responding  
result  for the  la t ter .  
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PROPOSITION 3. Suppose (a) holds and [f'[q is convex on [a,b], where q >_ 1. Then for every 
division d of [a, b], the quadrature and midpoint errors satisfy 

n--1 
[E(f,d)l ~ "~ ~ (X,+l - x~) 2 [f'(x')lq + If'(X'+l)lq 

i=0 2 
n -1  

<41 max( I f ( a l l ,  ]/'(b)l} ~ (Xi+l - -  X i )  2 

i=0 

1/q 

PROOF.  O n  a p p l y i n g  T h e o r e m  1 on t he  sub in te rva l  [xi, x~+l] (i = 0 , . . . ,  n -  1) of  t he  d ivis ion d, 

we get  

I ix,+1 dx f (x i )  + f (x i+l)  (Xi+l - Xi) -- f ( x )  
2 J X i  

< (Xi+l -- 2:i) 2 

- 4 
[ I f ' ( x ~ ) l  q ÷ : '  (xi-F1) q] I/q 

2 

Hence, in the trapezoidal case 

T(f ,d)  - ~b f (x )dx  = ~ 2f(Xi+l) (X/+ 1 - -  xi) _ f,,__x~+lzl f ( x ) d x }  

n-1 f(x~) [x,+l dx < Z "q- f(Xi+l) (Xi+I -- Xi) -- f (x )  
- -  2 J X l  i=O 

1/q 
1 n--1 '[ft(xi)l q q- f (Xi.F1) 

i----0 

1 n-1 
--<~ 4 Z (~i"1"1 -- Xi) 2 m a x  { [ f ' ( x , ) [ ,  [ f ' ( x i + l ) [ }  

i=0 
n - - 1  1 

< -~ max{lf'(a)[, [f'(b)[} ~ (xi..l_ 1 --Xi) 2 . 

/,=0 

The last inequality follows from the fact that If~(x)l q is convex. A parallel application of Theo- 
rem 2 gives the result for the midpoint formula. | 

Similarly using Theorem 3 we can prove the following. 

PROPOSITION 4. Suppose (a) holds and [f'[q (q >_ 1) is concave on [a, b]. Then for every division d 
of [a, b], the trapezoidal ~and midpoint er rors  satisfy 

1 n - - 1  . . 
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