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Abstract

In this paper we study a general class of “quasilinear non-local equations” depending on the gradient
which arises from tug-of-war games. We establish a C%/C Lo / c2o regularity theory for these equations
(the kind of regularity depending on the assumptions on the kernel), and we construct different non-local
approximations of the p-Laplacian.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction

For gradient dependent second order equations, the influence of the gradient on the solution
can arise in different ways: On one hand there are semi-linear equations as for instance Au =
g(u, Vu), with an associated idea of drift or transport. On the other hand there are quasilinear
equations a;;(Vu)D;ju = 0 coming from the calculus of variations.

When moving to a non-local setting, in the semilinear case one can simply replace the
Laplacian by a fractional Laplacian (these kind of equations arise naturally, for instance, in quasi-
geostrophic equations).

On the other hand, for quasilinear equations there are two natural frameworks to incorporate
fractional diffusion, corresponding to the divergence and non-divergence forms of the operators.

Consider, for example, the classical p-Laplacian. Through the calculus of variations one
comes to the p-Laplacian as the Euler-Lagrange equation of the L” norm of the gradient
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of a function. Using an equivalent framework one may define the p-(s-Laplacian) as the
Euler-Lagrange equation of the L? norm of the s-derivative of a function:

lu(x) —u(y)|?
|u||WYl7 —/ /RN |x_ |n+sp dxdy.

This fractional version of the p-Laplacian is naturally studied through “energy” and “test
function” methods (see [6]).
Alternatively the p-Laplacian may also be written in non-divergence form as

IVulP2(Au + (p — 2)itnn)

where u,, denotes the second derivative in the direction of the gradient of u. This has a game-
theoretical interpretation as the infinitesimal limit of a tug-of-war game with noise (see [13]).
In this tug-of-war interpretation, at each turn competing players are able to impose a drift in
their preferred direction to maximize/minimize the expected value of the game, but at the same
time there is a random noise (an “unsteady hand”) in the movement. As explained in the review
paper [2, Section 4], this class of games where the players are able to impose a preferred direction
in the jump naturally leads to the general family of Isaac’s equations /u(x) = 0, where

Tu(x) =1 —xs)
x sup inf </ [u(x +y) —u()Ig () + [ulx —y) — M(X)]/ng(y) ) )
gleAfreA |y|N+2s ,

for some family of kernels {K¢}zc 4.
Consider for instance the following example, which we view as a non-local variant of the
classical p-Laplacian A, for p > 2:

- 1 y

A= SN Ke() = —1,, 1]< E)- @
ap [y

Here, ¢, € [0,1) and &, > 0 are suitably chosen constants, and 1|, 1] denotes the indicator

function for the set [c), 1]. (Remark 4.5 describes the case p € (1, 2).) In this model case, when

s € (%, 1), both &1 and &, will point in the direction of Vu (whenever it is non-zero). Such an

operator arises from the non-local tug-of-war game described in [1] if the players have unsteady
hands: when a player picks a direction to move the token, it is instead moved in a direction
randomly chosen from a cone around such a direction.

The goal of this paper is to study the general class of equations (1). To give these equations
some basic structure, we assume the kernel is sufficiently singular near the origin and well
behaved, the precise statements of our assumptions are listed below in Section 2.1. Under these
very general assumptions we are able to establish C* regularity of solutions and a Harnack
inequality by extending the work in [4]. Section 3 contains these regularity arguments and
theorems. It should be noted that the operator (1) is not, in general, elliptic in the sense of
[4, Definition 3.1], and therefore the results of [4] cannot be applied directly to (1).

In Section 4 we investigate the Dirichlet problem associated to the specific operator given by
(1)—(2). We prove existence, describe the regularity of solutions, and show that they converge to
solutions of the classical p-Laplacian as s — 1. For operators such as the one described by (2) the
questions of existence and uniqueness are complicated considerably by the interaction of local
and non-local effects. We adopt a notion of solution which is stable under suitable convergence
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but for which we have only a partial comparison principle and non-uniqueness. This is contrasted
with the approach we used in [1] which involved a stronger definition of solution allowing a full
comparison principle. With the stronger definition of solution proving existence becomes very
difficult, and we refer the reader to [1] for more discussion, including counterexamples, regarding
this phenomenon (in particular, the non-uniqueness example given in [1, Appendix] shows the
failure of a full comparison principle for the operator (1)—-(2) when p is sufficiently large). All of
the results from Section 4 hold also for the p € (1, 2) model described in Remark 4.5.

Higher regularity of solutions associated to operators of the form (1) appears to be a very
difficult question due to the delicate interaction of local and non-local effects. However, when
the local effects dominate we can expect to find higher regularity of solutions if a “near by” local
equation has sufficiently regular solutions. We make this idea precise in Section 4.4 for the kernel
(2) through a perturbation argument relying on regularity results for local second order equations
related to the classical p-Laplacian. In particular, we prove C 1 regularity for solutions to (1)—(2)
when s is sufficiently close to 1.

In Section 5 we examine in detail another specific example:

1
A=V ’Cé(y)=§+(|y|/\1)1/f (ﬁé) 3)

As in (2), we think of ¥ as a cutoff function limiting the support of K¢ to a cone around &.
The decay of |y| near zero indicates the non-linear term in the definition of the operator is of
lower order than the fractional Laplacian. Making use of the the perturbation theorems in [5]
and the special structure of our equations, we show that solutions corresponding to (3) are
C?>“. Additionally we exhibit a sequence of operators of this form which approach the classical
p-Laplacian A, when s — 1. Recalling that solutions to the p-Laplacian are at most C e the
C22 bounds cannot be uniform with respect to s (while the C'"® bounds are). Hence, this latter
example provides a non-local regularization of the classical p-Laplacian.

2. Structure of the kernel
2.1. Assumed structure of the kernel

In this subsection we state the general assumptions we make on the set {K¢}ec 4 to give the
kernel basic structure. We keep these assumptions throughout the paper.
We require first that all kernels are non-negative and uniformly bounded:

inf inf KCz(y) >0, sup sup Ke(y) < oo.
e A yeRN 5 gcA yeRN 5

Additionally we make two assumptions which control the singularity of the kernel near the
origin. Assumption 2.1 ensures the kernel is sufficiently “singular” by bounding from below the
measure of the set on which K is positive. Assumption 2.2 ensures this set is sufficiently regular.

For any p > 0 define

Kp(€) ={y: K (y) = p}.
We also use the notation B, = B,(0) and A, = B, \ B% which we keep throughout.
Assumption 2.1. We assume the existence of p > 0,¢ > 0, and ¥ > 0 such that for any
re(0,7)and & € A,

IKz() NA| = clAr].
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Assumption 2.2. Let 7, p be as in Assumption 2.1. Given any € > 0 there exists of an integer
m = m(e) € N such that, forany r € (0,7),§ € A,andy € B_r_,

2"1
/RN 1L, @na2@ =) — Lksenan 2@ dz < €|Arl.

Here ]l(]K/3 (¢)nA,),2 denotes the indicator function for the set {y : 2y € K;(§) N A, }.

We observe that, compared to [4], we do not require our kernel to fill up the whole space (and
not even a small ball around the origin). We believe these general assumptions may also be useful
in several other problems.

3. Holder continuity and Harnack inequality

In this section we build upon the arguments in [4] to prove a Harnack inequality and Holder
continuity for solutions of (1). We give proofs where our assumptions change the arguments
in [4] and refer to the original arguments when they are identical.

3.1. Preliminary definitions

Before proceeding we introduce two function spaces which will be used throughout this paper.

Definition 3.1. A function ¢ is said to be C!! (xq), or equivalently “C!-! at the point xo” if there
is a vector p € RY and numbers M, no > 0 such that

¢ (x0 + x) — P (x0) — p - x| < M|x|? )
for |x| < no. We define Vo (xo) = p.

It is not difficult to check that the above definition of V¢ (x¢) makes sense, that is, if # belongs
to C11(xp) then there exists a unique vector p for which (4) holds.

Definition 3.2. Given s € (0, 1), a function ¢ is said to be L' (RV; s) if

ol 1 my.g) = de < 00. 5)
(RY;5) RN 1+|X|N+25

The space LYRY: ) is essentially the weighted space used in [5].
Throughout this paper we use the notation

-2
LG, & x) = (1—5) /%N kG 1) +|;‘|(fv‘+2sy) “O) ke () dy. ©)

This linear operator corresponds to (1) when the supremum and infimum are attained with the
same choice of &. It is well defined whenever u € C11(x)NLI(RY; 5). When u is less regular we
interpret this linear operator in a viscosity sense (see [7,4], and Definition 3.3 below). Regarding
the operator (1), in this section we will actually take a general definition of solution, which
includes (1) as a special case: we will just assume that u is a viscosity solution of

max L(u,&,x) >0, min L(u, &,x) <O.
max (u, &, x) geA( §,x)
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Since

max L(u, &,x) > lu(x) > min L(u, &, x),
tecA teA

this latter definition is much more general than (1) but it is sufficient to prove regularity of
solutions.

Definition 3.3. Let L = L(-, &, -) be the family of operators defined in (6), let xo € (2 and
Co € R. An upper [resp. lower] semi continuous function # : RY — R is said to satisfy
L%u(xg) > Co (resp. L™u < Cyp) if

msaxL(u, £,x0) = Co  [resp. mginL(u,é‘,XO) > Col

in the viscosity sense, i.e., whenever:

e B, (xp) is an open ball of radius r centered at x,

e ¢ € C1(x0) N C(B,(x0)),

e ¢ (xo) = u(xo),

e d(x) > u(x) [resp. ¢p(x) < u(x)] for every x € B-(xp) \ {xo},

then there is a & € A such that L(&, &, xg) > 0 [resp. L(u, &, x9) < 0], where

¢(x) if x € B (xo)

u(x) if x € RV \ B, (xo). )

ulx) = {

In the above definition we say the test function ¢ “touches u from above [resp. below] at x¢”.
Before we begin, we recall the definition of a concave envelope which will be used throughout
this section.

Definition 3.4. Given A C R", the concave envelope of u in A is defined by

I'(x):= irl;f{ﬁ(x) :£>vin A, £is affine} Vx € A.

We also define the contactset {u = '} :={x € A : u(x) = I'(x)}.

The main goal for this section is to establish a Harnack inequality and C® regularity when we
have control of L (u, &, x) for at least one & at every point x € 2. It is important for our purposes
that these estimates are uniform as s — 1, so we fix 5o > 0 and always take s € (sg, 1). The
constants in this section may depend on sg but they will never depend on s.

3.2. ABP estimate

First we establish an Alexandroff-Bakelman—Pucci type estimate. The following lemma is a
slight generalization of [4, Lemma 8.1]. Although the argument is almost the same we provide
details for completeness.

Lemma 3.5. Let u < 0in RN \ By and T be the concave envelope of u™ (the positive part of u)
in Bs, setting I'(x) = 0 for any x # B3. Assume LTu(x) > — f(x) in By. Set py == 1/ (Sﬁ),

1
Tk = pp2  20-9 _k, and Ay = By, \ By 2. Given M > 0, define
Ap(x) = ANy cu(x +y) <u(x) +y-VI(x)— Mr?}.
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Then there is a constant Co > 0, depending only on the dimension, with the following property:
Forany x € {u = I'} there are k € N and & € A such that

&®®§%%%ML ®

A ()

Proof. At any x € {u = I'}, u may be touched from above by an affine function £(x), and so
L(u, &, x) is defined classically for any & € A (see, for example, [4, Lemma 3.3]). Moreover, by
Fatou’s Lemma and dominated convergence, the map & — L(u, &, x) is upper semicontinuous
at these points. Hence, by the assumption LTu > — f(x), forany x € {u = I'} thereis £ € A
satisfying pointwise L(u, &, x) > — f(x).

We claim that, forany x € {u = I'}, §(y) = u(y +x) + u(y — x) — 2u(x) < 0. Indeed, at
any x € {u = I'} it must be that u(x) > 0. So, §(y) < 0 whenever u(x + y), u(x —y) < 0. On
the other hand, if u(x +y) > Oor u(x — y) > O then x + y,x — y € B3, and the inequality
8(y) < 0 follows from the fact that u is dominated by the concave function I" inside B3.

Now, the negativity of §(y) implies that f(x) > 0 and

—f(x) = Lu,§,x)=(1- )/ iy |,(\,y+)23 Ke(y)dy

) / lj(\,yJF)zY Ke(y) dy. ©)

By way of contradiction, assume that for every Cp > O thereisanx € {u = I'}andan M > 0
such that, for every k > 0,

/i Ke()dy = 26022 1B\ Byl (10)
Arx) M

Since x € {u = I'} we have

A~k C {y 1 =8(y) > 2Mr,§} N Ag,

Ke(y)

2 £y

Mrk/~ oo d
A 121

enCof ()™,

so that, using (10),

5(y)
Ks(y)dx
Ammwhfy

| \/

v

where ¢y > 0 is a dimensional constant. Combined with (9) we find

o0
21—

f) = enCof () —s) Y rg'™
r=0
2(1 =)

1—
= enCof@ny " 5
Since ,0(1 Y)% is bounded away from zero, independently of s € (0, 1), this is a

contradiction for Cy sufficiently large. [

Next we generalize [4, Lemma 8.4]. Here and in the sequel, we say that a constant is universal
if it depends only on the dimension and on the quantities appearing in Assumptions 2.1 and 2.2.
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Lemma 3.6. Let r € (0, 7) with r as in Assumption 2.1, and I" a concave function in B,. Given
h > 0 set

AX) =AN{y: I'x+y) < I'(x)+y-VI(x)—h}.

There exist universal constants € > 0 and m € N with the following property:

If, for some & € A,

/~ Ke(y)dy < €lA,], (11)
A(x)

then I'(x +y) = I'(x) +y - VI'(x) — h for y € B, jom.
Proof. Given any &, let p and K;(§) be as in Assumption 2.1. If (11) holds then

- 1 €
ANK;@®) < f/~ Kedy < S1A
P JA P
We are interested in the set
K=K\ ANA,.

Combining the above estimate on A N K;(&) with Assumption 2.1, for small € we have

c
K| = S1Ar], (12)

with ¢ as in Assumption 2.1.

To finish the proof we will show that for all y in some neighborhood of zero there are two
points z1, zo € K such that ¥222 = y_ The concavity of I will then imply the result. We deduce
the existence of such a neighborhood from the convolution

gy f=/ Lk @Ak 2(y —2)dz,
RN
where K /2 :={z:2z € K}and —K /2 := {z : —2z € K}. Indeed, by (12),
1 c
80) =1K/2| = 2—NIK| > 2_N|Ar|-

Moreover, by Assumption 2.2, there exists m > 0 such that for any y € Bsz,

max [g(- — y) — g()| < /R LxG =¥ = Lkp@ldz < Z5r7IAL

Thus, g is strictly positive in By jom.

To conclude, we observe that for any y in this ball there must be a z € K /2 such that
y — z € —K /2 (as otherwise we would have g(y) = 0). Setting z; := 2z and 73 := 2y — 2z, we
have 71,22 € K and y = (z1 + 22)/2, as desired. [

Corollary 3.7. For any € > 0 and pg > 0 there are universal constants C1 > 0 and m € N with
the following property. Let u and I' be as in Lemma 3.5, and let x € {u = I'}. Then there is
1

re (0, 002 2<H)> such that

A=A N{y:ux+y) <u@x)+y VI () —Cifx)r)
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satisfies

AKs(y)dy < e€lA,l,

VI (B_s )| = CCL @) 1B . I

zmr+1
Proof. To prove the result, let Cp and € be given by Lemmas 3.5 and 3.6, and set C; =
Co|B1 \ Bi2|/€. Then, by Lemma 3.6 with h = C1 f (x)r? we deduce that
I'x+y)>T'x)+y-VI(kx) — le()c)r2 Vy € Byjom(x).
By concavity, this implies
IVI'(x +y) = VI'(xX)| = 2C1 f(x)r Vy € B, jpmt1(x),
and the result follows. [

From here the proof of the ABP estimate follows exactly as in [4] and we have the following
version of [4, Theorem 8.7].
Lemma 3.8. Let u and I be as in Lemma 3.5. There exist a universal constant C and open cubes

Qj with diameters d; such that:

(@ QinQ;=vifi #j.

(b) {u =T} cUQ;.

©) Qin{u=TrT}=0@foralli.

dd; < ;302—‘/@—25), where py = 1/ (8y/n).
@ IVI'(Q)] = (2C maxy f)"Qj]-

® Iy €4VNQj 1u(y) > I'(y) — C(maxg, )d3}| = ulQ;l-

Proof. This lemma is deduced directly from Corollary 3.7 exactly as in [4, Theorem 8.7]. U
3.3. Barrier function

Analogous to [4, Section 8] we now demonstrate the existence of a barrier function which is
a subsolution in a suitable annulus.
Before we proceed we mention a short lemma which is a consequence of Assumption 2.1:

Lemma 3.9. Let 7 and p be as in Assumption 2.1. There exists a universal constant ¢y > 0 such
that, for anyr € (0,7) and & € A,

_ 2
/ ViIKe(y)dy = c1p|A | TV,
A,

Proof. For any & € A and K;(¢) as in Assumption 2.1,

/ yiKe(y) dy zf yiKe(y)dy > ﬁ/ y2dy.
Ay ArNK5(8) ArnK5(6)

Choose 1 > 0 sufficiently small (depending only on the dimension) so that

c
[yl <nr} 0 Al = Z1Ar]-
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Then, by Assumption 2.1, the set
E = {Iyil > nr}n A, NK5(§)

has measure at least ¢|A,|/2, and we get

z
/ yidy > / yidy > n2r2§|A,|.
A,ﬂKlj(E) E

Since |A, | is proportional to ¥V, the proof is complete. [

Lemma 3.10. Given pg > 1 there is p > 0 such that
f(x) =min(2?, |x|7P)

satisfies
L(f,§,x)=0

foreverys € (sg, 1),& € A, and |x| € [1, pg).

1867

Proof. Modifying the arguments in [4, Section 8], we will establish L(f, &, x) > Oforany & € A

and x = pey, 1 < p < pp. The remaining cases are recovered through rotation.
relies on the following estimates which hold fora > b > 0 and ¢ > O:

b
(a+b)y ™ >a (1 —q—> ,
a

1
(a+b) 9+ @—b)"9>2a"9+ Sala+ Db*a™172.

The argument

Since f(px) > p~ P f(x) and f(pe1) = p~? f(ey) for all p > 1, using a change of variables

we may scale out p:

flpler +2)) + fpler —2)) —2f(per)

uﬁam=p4%uw>m PLEs Ke(p2) dz

f(el+Z)+f(el_Z)_2f(el)’C

—25—p(1 _
p (1 S) |Z|N+2s

v

RN
If |z| < 1/2 we have

8= fler+2)+ fle1 —z2) —2f(e1)
> 21+ 2P + g(p + 221+ )PP -2
> §<p +2)23 — plzf? - §<p +2)(p + 12zl

Then, forr < 1/2 and s € (0, 1),

e(pz)dz.

1) 1)
P TPL(f, E,x) = (1 —S)/B W’Q(pz) dz+(1—5) s W’Cs(m) dz

2

v

— CllKelloo(1 — s)f(p +2)(p +Hr*F — ClIKelloo

P z s
5(p+2)(1_s)/3 Wﬁ/@(pz)dz—CpIIIC§||OO|8B1|r2(1 )

1—s _,
}"23,
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where moving to the last line we used § > —1 for all z. Let 7 and ¢; be as in Lemma 3.9. If
r < 7/po then

2 2
73
/ | |N+2s’C€(pZ)dZ =p —20- S)f | |N+25’C§(Z)dZ

—2(1 )
’ Z/pr | |N—&-23’C5(Z)dZ

o
(1 _ 2
=209 (5201 S)CIZ|A2*/<|1+N
k=0

v

= CyrX1=9¢,.
This implies
PP IPL(f.E, e1)
= Oy Z(p + 201 = CplIKe ool By 1127

1—=s
—C||icg||oo<1—s)§<p+2)(p+4>r4—25—Cnicgnoo - re. (13)

Ignoring the common factor r~%*, the positive term on the right hand side of (13) is ~p?r?
while the negative terms are ~pr2, ~p3r*, and ~1 respectively. Hence, choosing r = p—3/4,
for p sufficiently large we get that r < 7/pp and the right hand side of (13) is non-negative, as
desired. [

Corollary 3.11. There is a function @ such that:

@ is continuous in RN.

P(x) =00n RN \ B, /5.

®d(x) > 2o0n Qs.

L™ ®d(x) > —¢y(x)in RN for some ¥ (x) > 0 supported in 31/4.

for every s € (so, 1).

Proof. Let p and f be given by Lemma 3.10 with gy = 8+/N, so that after scaling
L(f(-/4),& x) > 0forall £ € Aand x such that § < |x| < 24/N.
Then we set

0 if x € RV \ B, /.
®=ci4” <|x|_1’ — <2\/ﬁ>p> ifx € By /5 \ Biy4,
q if x € Byys.

where ¢ is a quadratic polynomial chosen so that @ is C!:! across 3 By /4 and c is chosen so that
@ > 2in Q3. It is easy to check that @ satisfies all the desired properties. [

3.4. Point estimates

We recall that I denotes the operator defined in (1).



C. Bjorland et al. / Advances in Mathematics 230 (2012) 1859-1894 1869

Lemma 3.12. Let s € (sq, 1). There exist g > 0,0 < u < 1, and M > 1 such that if

eu>0inRY,
e infp,u <1,
o L u(x) < ¢g inside Q4f,

then [{u < M} N Q1| > . These constants are independent of s € (s, 1).

Proof. Consider v := & — u where @ is as in Corollary 3.11. Then, for every x € Q, /y there
exists € € A such that L(v, &, x) > —(x) — 2¢g. The proof now follows the one of [4, Lemma
10.1. O

The following theorem is a direct consequence (using a covering argument and scaling) of
Lemma 3.12. The Harnack inequality and Holder estimates can be deduced from it.

Theorem 3.13. Let u > 0 in RN, u(0) < 1, and assume L~ u(x) < Cy for any x € Ba,. Then,
Hu > 1) 0 B, < Cr¥w(0) + Cor®)€t—*

for everyt > 0 and s € (so, ). Here, the constants C and € depend only on N, s, and the
constants in Assumptions 2.1 and 2.2.

3.5. Harnack inequality

Theorem 3.14. Let u > 0 in RY, and assume
L*u > —C|, L u <C} inB.

Then u(x) < C'(u(0) + Cy) for every x € Byj» and s € (so, 1). Here C' depends only on N, s,
and the constants in Assumptions 2.1 and 2.2.

Proof. This is proved arguing exactly as in [4, Section 11], using Theorem 3.13 above. [J
3.6. Holder estimates

Theorem 3.15. Let s € (0, so) and u a bounded function in RN, Furthermore, assume there is a
constant C, > 0 such that

L*u > —C|, L u <C{ inB.

Then there are constants C" and a > 0, depending only on N,s, and the constants
in Assumptions 2.1 and 2.2, such that u € C*(B1,2) and

lullces, ) < C” (sup lu| + C(’)> .
RN
Proof. This is proved arguing exactly as in [4, Section 12], using Theorem 3.13 above. [

4. Non-local p-Laplacian

Throughout this section we use A‘;, to denote the operator (1) with (2). We restrict ourselves

to the case s € (%, l) and p € [2, co) but all of the results hold for the p € (1, 2) case described

in Remark 4.5. Our main goals are to demonstrate how A‘; — A, the classical p-Laplacian, as
s — 1, and describe the existence and regularity properties for solutions.
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4.1. Preliminary definitions

4.1.1. Local definitions
Recall the classical p-Laplacian:

Apu = Au+ (p — 2)|Vu|2D%u : Vu ® Vu.

This is the Euler—Lagrange formula (after canceling |Vu|P~2) associated with the functional
Jo |Vul? dx.

The p-Laplacian is not obviously defined when Vu = 0 and we adopt the following
convention (see also [9]).

e If Vu(x) # 0 then
Apqux) = A, _ulx) = Apu(x).
e If Vu(x) = 0 then

Apiu(x) = Au(x) + (p—2) sup D?u(x): € ®E,
EESN—I

Ap_u(x) = Au(x) + (p — 2)5 inf | D*u(x) : & ®E.
eSN—

We interpret solutions of the classical p-Laplacian in the following viscosity sense (the
definition of viscosity solution can be given equivalently either with quadratic polynomials or
with C? test functions, but for convenience we prefer to adopt the first one):

Definition 4.1. An upper [resp. lower] semi continuous function u : 2 — R is said to be a
subsolution [resp. supersolution] at xo € {2, and we write A,u(xg) > 0 [resp. Apu(xg) < 0],
if every time a quadratic polynomial ¢ touches u from above [resp. below] at xyp we have
A, 4 ¢ (x0) = 0 [resp. A, _¢p(x0) < 0]. If a function is both a subsolution and a supersolution,
we say it is a solution.

We recall that the viscosity definition of A, | coincides with the variational one, see [11]. We
record now some well known facts that will be useful throughout this section.

Theorem 4.2. Given a continuous f : 3§2 — R the Dirichlet problem

{Apv(x)zo if x € 12, (14)

v(x) = f(x) ifx e€dfl.
has a unique solution in the sense of Definition 4.1.

The regularity associated with the classical p-Laplacian is also well known.

Theorem 4.3. Let u : By — R solve 4.1 with 2 = By. Then

lullcracp, ) = CN, P fllL=@sy)
for some a = a(N, p) > 0.
Proof. See, for example, [8,10,12,14-16]. O
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4.1.2. Non-local definitions
Reflecting the definition of solutions for the classical p-Laplacian, throughout this section
we adopt the following definition of solutions corresponding to AS, s € (%, 1). This definition
makes use of the following observation: for the kernel (2), when u € C L1(x) and Vu(x) # 0,
the infimum and supremum in definition (1) are obtained in the direction of Vu(x) (see also [1]).
Define A‘;’ 4 and A;’_ in the following way: (See (15) and the discussion below for the
precise definition of «,, ¢ . At the moment, think of them just as two positive constants.)

o If Viu(x) # 0 then
A;’_Fu(x) = A;’_u(x)

(s [ DG+ +ute =) = 200N, 1 (7 )
= |y|N+2s

dy,
ap RN
. v
with & = ng)y
o If Vu(x) = 0 then

1 —ys) / [u(x + y) + ulx — y) = 2u()] L, 11 (I;_I -E)
i dy,

|y|N+2s

(1—s) | / [u(x+y>+u(x—y)—2u(x>]11[c,,,u(l,-s)d
y.

BY
RN |y|N+25

Definition 4.4. An upper [resp. lower] semi continuous function # : RN — R is said to be a
subsolution [resp. supersolution] at xo € {2, and we write Afyu(xo) > 0 [resp. A‘;,u(xo) < 0],
if every time a test function ¢ € Cl’l(xo) touches u from above [resp. below] at xo we have
A;, 4u(xo) = O [resp. A}, _it(xo) < O] where i is as in (7). If a function is both a subsolution
and a supersolution, we say it is a solution.

We also use the notation A}n =A4,, A}L+ =A, 1, and A;,’_ =A,_.
4.2. Connection with the p-Laplacian

In this subsection we demonstrate how A;u(x) — Apu(x) as s — 1 when u is smooth. To
begin we make precise the choices of «), and ¢, in (2). We define

1
ap == (@ e2)* L, 1) (@ - €1) do(), (15)
2 0B
1
Bp = 3 (a)~e1)2]1|c,p,1](w'el) do(w) — ap. (16)
0B

For p > 2 we choose ¢, € [0, 1] such that 8, /a;, = p — 2. Such a choice is possible for any
p € [2,00). (The case p = 2 corresponds to ¢, = 0.)

Remark 4.5. To handle the cases p € (1, 2) one should instead use the kernel

_ 1 y
A= s () = T, (—)
£(y) o) .ot | 73] §
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The difference between this kernel and (2) is the cone which defines the kernel: here we use the
indicator for the set [0, ¢, ] while (2) uses [cp, 1]. The ideas and theorems in this section may be
applied to this model in a straightforward way.

For the remainder of this subsection let u € C2(RY) N LY (RY; s¢) for some sg € (0, 1) and
assume always that s > sg.

4.2.1. Limit in the case Vu(x) # 0

1
First we handle the case Vu(x) # 0. Set €, = (1 — 5)2¥+29, Then, for s sufficiently close
to 1:

AS u(x) = () u(x +y)+ulx —y) —2u(x) - 1](y W)dy

op  JrN |y|N+2s Iyl Vul
1=s) , y®y y Vu
= — 2 D%ux): —Tie, | =" dy
o) s, IV Iy v
(1—y3) ux+y)+ulx—y) —2ux) V. Vu
LI N+2s ]llcp 1] dy
ap JrRM\B, [yl vyl IVl
1— 2 v
Uy (Y (1, ”)d
ap  Jp IyINT Iyl [Vul
= A1 + Ay + Az.
With a change of variables,
1-— \Y
Ay =l onl=s) D*u(x) : —yi?yz L,y ( A ) dy,
op By Iy Iyl [Vul
2(1 A)(l )D2u(x) . o ® ol < )
: nlo- do(w)
op 3B fep. 11 [Vul

= 63(1_“) (Au(x) + —*= Py 22 \Vu|?D%u : Vu ® Vu)

ap
Also, since

—N-2s
N-2s _ 2e;

— > >
= T5 P for |y| > €; and s > s,

[y~

we get

ge—N-21=9) lu(x +y) —u)|

Ay <
2= ay Jev I yNE0

and we see Ay — O as s — 1 (observe that (1 — s)e N=2s — /1T —5).

Moreover, since 62(1 D 5 lass — 1, we see that A} — Apu(x) and A3 — 0 (recall that

Bplap = (p—2)).

Hence
lim A;u(x) = Apu(x),
s—1

as desired.
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4.2.2. Limit in the case Vu(x) =0
For the same choice of €; we have

(I'—ys) 2 y®y Yy
A% Lu(x) < sup D’u(x) : o &) dy
* Up  gesh-t s e

(I—) IM(X-H’)—M(X)l y
2 Sup / N12s L, | 7§ ) dy
Up  gesN-1 JRV\B, [yl [yl

(1-2s) o(ly|» ( )
+ 1p
op |y|N+2s [ep, | | 'i:

Be

Arguing similar to the case Vu(x) # 0 above, one can show the second and third terms on the
right hand side tend to zero as s — 1, so that

0< hm Ap qu(x) < Au(x) +(p—2) sup E)éu(x) Ay yu(x).
EESN 1

Likewise,

. s . 2
0> Sh_r)nl Ap’_u(x) > Au(x) + (p — 2)&5131‘1]3?_1 dgu(x) = Ap _u(x).

4.3. Basic properties of A,

For the remainder of this section we investigate the following Dirichlet problem.
Given a domain {2 and data f : RV \ 2 — R we are interested in solutions of

{A;u(x) =0 ifx e, (17)

ux) = f(x) ifx e RV\ Q.
In order to construct barriers at the boundary, we will assume {2 is a bounded subset of RN

which satisfies an exterior sphere condition, that is, we assume there is a fixed radius Ry > 0 so
that any point on 92 can be touched from the outside by a sphere of radius Ry. Furthermore, we

also assume that s € [sq, 1) for some s € (%, 1) we have fixed beforehand.

4.3.1. Stability
We will now show A‘; is stable under suitable convergence of solutions. The definition of
half-relaxed limit is borrowed from [7, Section 6].

Theorem 4.6. Let u, : RY — R be a family of upper semi continuous functions, and
{sn} C (%, 1) be a sequence converging to s € %, 1|asn — oo. Let 2 C RN and assume that

o there is a function g € L' (RN) such that llm—(’ﬁgm < g(x) forall n and x € RV,
. A‘;;ﬁ+un > 0in .
Let u denote the “half-relaxed limit” of uy, i.e.,

ut(x) = limsup{u,(z) : z € Bi/j(x) N 2, n > j}

j—o00

Then A;’+u+ > 0in {2
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Notice that if u,, — u locally uniformly, then u™ = u and so u is a subsolution.

Proof. First of all, using the definition of a half-relaxed limit it is easy to check that u™ is upper
semi continuous.

Let us first assume s < 1, so that {s,} < 5§ < 1 for n large. As shown in [4, Lemma 4.3], it
suffices to test the subsolution condition with C?2 test functions.

Letgp € C Z(Br (x0)) touch u™ from above at xg € 2, and let x,, be a sequence as in the
assumption above. Since ¢ touches u strictly at xq, using the definition of a half-relaxed limit we
see that for n sufficiently large there exists a small constant §,, € R such that ¢ + §, touches u,
above at a point x,, € B, (xo). Define r,, = r — |x,, — xo| (observe that r, — r asn — 00), and
define

" \un(x) if |x — x| > 1.

~ {¢(x)+5n if |x — x| < 1,

By assumption, A;f’ +in (xp) = 0. We will show A%, L ii(xo) > 0.

Case I: If V¢ (xq) # 0, taking n large enough we can ensure V¢ (x,) # 0. Let &, € SV~! denote
the direction of V¢ (x,,) and &y denote the direction of V¢ (xg). We have

[¢Cen + ) + ¢ (i — ) = 20 )1, 11 (ﬁ : §n>

0< —sn>/B4 v dy
| [un(xn +¥) + un(xn —y) — 2un(xn)]:ﬂ-[c,,,l] (&_‘ ) En) |
+ (1= sm) RN\B,, [y|N+2sn dy. (18)

The first integral on the right hand side is bounded by the integrable function M|y|>(1=9—N,
By assumption, the integrand in the second integral is also bounded by the integrable function g.
Since &, — &y and r, — r¢ as x, — xo, the dominated convergence theorem implies

dy

[# k0 + ) + 6 (o — ) = 260G e,y (- 0)
0<(1-s) /
B,

|y|N+2s

[uo(x0 + ¥) + uo(xo — y) — 2uo(x0) 1,11 (&_‘ . Eo)

+{—-ys) dy.
RN\ B, |y|N+2s
This is exactly A}‘,,_le(xo) > 0.
Case II: If Vg (xp) = 0, for any € > 0 there is a sequence &, € SN=1 50 that
—€ = (I—s)
[ o + ) + & 0w = ) = 26 @i, (- &)
dy+ (1 —sy)
X /B |y|N+2x,, y n

n

(19)

/ [un(n +y) +up(xy —y) — 2’/tn(xn)]:ﬂ-[cp,l] <‘§_| : én) 4
X y.
RN\B,, |y [V +2sm
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Since SV~ is compact, there is a & € SV ~! and subsequence (which we do not relabel) so that
&, — &p. Arguing as in the V¢ (xg) # 0 case we find

dy

[q(xo+¥) + q(x0 — ¥) — 2g(x0)1Lic,.1) (|§_| . 50)
—e <
/l;r |y|N+2s

[uo(x0 + ¥) + uo(xo — y) — 2uo(x0) 1,11 (Ii_l . Eo)
* / N+2s d
RN\B, Iyl

liio(x0 + ¥) + fig (o — ¥) = 2di0 (o) Lic,.1 iy - €)

= sup / N+2s Y,

gesN-1 JRN Iyl
where iig is as in (7). As € > 0 is arbitrary we conclude the right hand side is positive which
implies Aj,’_kﬁo(x) > 0.

To finish we need to handle the case s,, — 1.

Let ¢ = g be a quadratic polynomial (see Definition 4.1). We follow a path similar to
Section 4.2: again assume Vg (xp) # O and rewrite the first integral on the right hand side
of (18):

[ Cin + ) + a0 = ) = 20 o) e, (5 - &)
a-s [ e dy
B |y |2

= R0 4, g,

The second integral on the right hand side of (18) is bounded by

Jt4n (xn)|
C(l—sn)|:||g||L1(]RN)+ n,zsn }
n

which tends to zero as n — o0. Thus,
0= nlgrolo Asp;l,_pﬁn(xn) = Ap,JrQ(xO)-
If Vg (xp) = 0 we start instead with (19) and find A, 1 g(x9) > 0. O

Remark 4.7. A similar statement can be made about supersolutions u, by applying this lemma
to —uy,.

Remark 4.8. If, in the statement for Theorem 4.6, we replace the assumption “A;” Lup > 0in
£2” with:
For every x € (2 there is £ € S¥~! such that

| [0 (e 4+ ) + (6 = ) = 20011, 11 (7€)
RN

|y |V +25 dy >0 (resp. <0)

interpreted in the viscosity sense,
we have instead the conclusion:

i s>dy20

[t (x4 3) 4t (e = ) = 20 (01, (7
w/RN |y|N+2s
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(resp. <0)if s <1,
Aut(x)+ (p — 2)a§u+(x) >0 (resp. <0)ifs=1.

The following corollary will be used to construct solutions using Perron’s method.

Corollary 4.9. Let F be a set of subsolutions such that % < g(x) for all u € F, where
g € LYRN). Set

w(x) :=supu(x) <oco Vxe2,
ueF

and let w* be its upper semi continuous envelope, i.e.,
w*(x) := limsup{w(z) : z € Byyj(x) N £2}.
j—o0
Then w* is a subsolution.

Proof. Since the maximum of two subsolutions is a subsolution, there is a sequence of
subsolutions w, whose half-relaxed limit is given by w*. The result then follows from
Theorem 4.6. [

4.3.2. Partial comparison

Subsolutions and supersolutions for A;, satisfy a weak comparison principle given by the
following lemma. This comparison principle is not strong enough for a full uniqueness theory
but we will use it to prove growth estimates away from the boundary.

To prove it, we will rely on the well known inf/sup-convolution approximation (see, for
example, [3, Section 5.1]):

Definition 4.10. Given a continuous function u, the “sup-convolution approximation” u€ is given
by

€ lx — x0|2

u®(xg) = sup qu(x)+e — —

x€RN

Given a continuous function v, the “inf-convolution approximation” v is given by

_ 2
Ve(xg) = inf Jv(x) — e+ M
xeRN

We state the following lemma without proof, as it is standard in the theory of viscosity
solutions (see, for instance, [3, Section 5.1]).

Lemma 4.11. Assume that u, w : RN — R are two continuous functions which grow at most as
|x|? at infinity. The following properties hold:

e u¢ | u [resp. we 1 w] uniformly on compact sets as € — 0. Moreover, if u [resp. w] is
uniformly continuous on the whole RN then the convergence is uniform on RV .

e At every point there is a concave [resp. convex] paraboloid of opening 2 /¢ touching u€ [resp.
we | from below [resp. from above]. (We informally refer to this property by saying that u¢
[resp. we] is cl! from below [resp. above].)
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o If A;u > 0 [resp. A;w < 0] in §2 in the viscosity sense, then A;',Lf > 0 [resp. Ajl',wE <0/
in £2.

Theorem 4.12. Let 2 C RY be a bounded domain. Also, let s € (%, 1) and u, v € Ll(RN, s)

satisfy
/ [uCx + ) + 1 = ) = 20, 11 () - o0
>
g:;le_l RN |y|N+23 y=zu
[0 + ) + 0 = ) = 200 e, (7 - €) o .
<
568;11\11)71 /H‘QN |y|N+2s y=u ( )

inside {2. (Here u is a subsolution in the sense of Definition 3.3, while we are assuming stronger
control on v.) If u(x) < v(x) forall x € RN \ 2 thenu < v in 2.

Proof. Assume by contradiction that there is a point xo € {2 such that u(xp) > v(xp). Replacing
u and v by u¢ and ve, we have u€(xg) — ve(xg) > ¢ > 0 for e sufficiently small, and
u€ —ve) VO — 0 as € — 0 locally uniformly outside 2. Thanks to these properties, the
continuous function u¢ — v, attains its maximum over {2 at some interior point ¥ € f2. Set
8 = u(¥) — ve(¥) > ¢ > 0. Since u€ is C"! from below, ve + 8 is C! from above, and v, + 8
touches u€ from above at X, it is easily seen that both u€ and v, + § are C L1 (x). Thus, we can
proceed directly without appealing to test functions.
To begin we note (20)—(21) and a slight variation of Lemma 4.11 imply

/ [u (X +y) +u (& = y) = 2u (DL, 1 <|§_\ ' 5)
RN

su dy > 0,
seSNP*I |y|N+2s y=
[oe(F +) 4 velE =) = 20 @My (376)
su <0.
cosh A; IV =
Let & € SV~! be such that
ut(x+y) +ux—y —2u(x) y
<(1- 1 —. . 22
0<(-ys) /RN YN fep 11\ 73] €0 (22)

(We are always able to find such a & because SV~! is a compact set and u€ is C11(x) N
L! (RN; s), so L(u€, &, x) is continuous in &.) Then,

wx +y) +wix —y) Y
0<=d-s ox s Lie,11 (m '50) dy,

where

wEx +y) =u(X+y) —v(x+y —34.
Notice w < 0 so that w(x + y) = 0 for all y € R \ B, such that 1, 1 (\;_I .50) > 0. This
contradicts u¢ < v, in RV \ £2 completing the proof. [

Before proceeding we record another partial comparison theorem relating to subsolutions in
the sense of Definition 4.4 that will also be useful.
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Theorem 4.13. Let s € (%, 1) and u, v € L\(RV: 5) satisfy

A;,_;_”(x) >0,
A;’+v(x) <0,

for every x in the bounded set £2. If u(x) < v(x) forall x € RN \ 2 thenu < v in 12.

Proof. The proof of this theorem is argued the same as the proof of Theorem 4.12. In fact, if
u¢ and v€ + § touch at x and Vu€(x) = Vuve(x) = 0 the exact same argument applies. If
Vu€(x) = Vue(x) # 0 then one uses this common direction as the choice of & along which to
compare. [

Notice that Theorems 4.12 and 4.13 are not symmetric in # and v, as we are asking more on
v and less on u. In the sequel we will use Theorem 4.12 when we are comparing solutions with
barrier functions, and Theorem 4.13 when we are comparing solutions with each other.

4.3.3. Growth from the boundary

In this subsection we examine how solutions of (17) attain their boundary values. The
argument below uses a barrier function and the partial comparison theorems to bound growth
from the boundary.

Lemma 4.14. There is continuous function ¢ such that:
e ¢ =0in By.

e $>0inRVN,

e p=1inRV\ B,.

e Foranys € (so, 1) and x € RN \ By, ¢ satisfies

[Bx +3) + ¢ x =) = 261 ie,.11 (- §)
su - dy <0. (23)
p N+2s
gesN-1 JRN Iyl
Proof. We claim there are «,7 > 0 so that the function u(x) = ((|x] — 1)T)¥ satisfies

A;, +u(x) < 0in Byy, \ By for any s € (sg, 1]. Indeed, it can be computed directly that
Alog(lx] = 1) + (p — 2)8§2 log(j]x] — 1) — —oo as |x| — 1, uniformly in &€. So the proof
of this claim is argued exactly as in the proof of [5, Lemma 3.1], using Remark 4.8 to address
stability for fixed &.

Set ¢ (x) = min(1, r ~*((|x| — 1)7)%). It is immediate that (23) holds for x € By, \ B;. Since
¢ attains its global maximum at any point in RN \ By, (23) follows for x € RN \ By,,. O

We now demonstrate how bounded subsolutions grow from the boundary. By applying this
lemma to —u we find a similar estimate for supersolutions.

Lemma 4.15. Let 2 C RN be a bounded subset satisfying the exterior sphere condition. Fix
z € 342 and let s € (sg, 1). Assume there is a modulus of continuity p and a bounded function
u: RN — R satisfying

ly

¢)
sup dy>0 Vxel,

EESN’I

[w(x 4+ y) +ulx —y) = 2u(x)]L, 1 (i\ '
[I‘RN |y|N+2s
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u(x) —u@@) < p(x —z) Vzed, x e RV\ 0.

Then there is another modulus of continuity p, independent of s € (so, 1), such that

ux) —u@ <px—z) Vzean, x eRV,

Proof. This proof follows that of [5, Lemma 3.5]. Letv € S N—1 denote the outward unit normal
at z € 9f2. For each R > 0 small, the barrier function

b(x) = u(@) + pBR) + llull Lo vy (x R v)

satisfies

b(x) > u(x) ifx e RN\ (2N B3r(2)),
A;H_b(x) <0 ifx e 2N B3r(2).

Lemma 4.14 combined with Theorem 4.12 then implies u(x) < b(x) on R, so that

X—2z
— <p(x —z]) = inf 3R o -
u(x) —u(z) < p(lx —z|) & (p( )+ llull oo mvy® < R v>>
Vx eRY,
where Rog > 0 is the radius given by the exterior sphere condition. [J

The following corollary gives control on the boundary growth for solutions which are
unbounded but controlled in how they approach infinity.

Corollary 4.16. Let 2 C RY be a bounded subset satisfying the exterior sphere condition. Fix
z € dRandlets € (so, 1). Assume there is a modulus of continuity p and a functionu : R¥Y — R

satisfying

sup dy>0 Vxel,

EESN—I

| [Cx + ) + ur = 3) = 20 e,y (77 - €)
RN

|y|N+2s
u(x) —u(z) <p(x —z|) VYzed, xeRV\ 0,

lu(x)| < M1+ |x|)* for some a € (0, 2sq).
Then there is another modulus of continuity p, independent of s € (so, 1), such that

u(x) —u(z) < p(x —z|) Vzed, x e RV,

Proof. Fix Ry > 0 and let R > 0 be large enough that dist ({2, RN \ Br) > Ry and truncate u
at M(1 + R)*:

w(x) = min{—M(l + R, max{u(x), M(1 + R)“}}.
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Then, it is easy to check that, for every x € {2,
A}, sw(x) = —Co(M, Ro, so, @).

Moreover, there is a constant ¢o = co(M, Ry, so, @) > 0 such that p(x) = max(0, 1 — |x|>/R?)
satisfies

/ [P0+ )+ pe =) = 2p e,y (7 - £)
RN

Sup |y|N+2s

§ESN_1

dy < —cq

inside 2. Then w — f—(‘)’ p is bounded and satisfies the assumptions of Lemma 4.15. Since p is
uniformly continuous, we have proven this corollary. [

Remark 4.17. Assume that u solves (17) and satisfies the uniform bound
lu(z) —ux)| < p(lx —z)) ¥Yzed, x e RV,

Then, by the same argument as in the proof of [5, Lemma 3.6] one can use the Holder estimates
from Theorem 3.15 (suitably rescaled) to find a modulus of continuity 0 such that

lu@) —u@x)| < p(x —z|) Vze R, x eRY.

4.3.4. Existence
To prove existence of solutions to (17), we use Perron’s method. Hence, we need the following
standard “bump” construction:

Lemma 4.18. Let u : RN — R be a subsolution in £2, that is Aju(x) = 0forallx € 2. If u
is not a supersolution in {2 then there is another function w such that w(xg) > u(xg), w = u in
RN \ £2, and w is a subsolution in ).

Proof. We recall that, by [4, Lemma 4.3], one can use C 2 functions as test functions.
If u is not a supersolution then there are two constants a, r > 0, a point xo € {2, and a function
¢ € C2(B(x0)) touching u from below at xg, such that A;)fﬁ(xo) > a where

¢(x) ifx € B(xo),

(x) = {u(x) if x € RV \ B, (xo).

Notice that if x € B, (xo) we may evaluate A%, _it(x) classically.

Claim. There exists ro < r such that A;,’_ﬁ(x) > a inside By, (xp).

In the case when V¢ (xg) # O, A‘;,’_ﬁ(x) is actually continuous. Indeed, there is a small
neighborhood of xq so that V¢ (x) # 0 in this neighborhood. The continuity of A;‘fﬁ(x) in this
neighborhood is a now a consequence of the dependence of the operator on V¢, and the claim
follows.

In the case V¢ (xp) = 0 the claim will follow immediately once we show

inf inf L, & x)>a
x€By (x0) £e SN
for some rg € (0, r) (recall the definition of L in (6)). Assume for the sake of contradiction that
there are sequences x, — xp and §, € § N=1 guch that

lim L(u, &, x,) <a.
n—oo
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Relying on the compactness of SV~! there is an & € SV~! and a subsequence (which we do
not relabel) such that &, — &j. Arguing as in the proof of the Theorem 4.6 it is easy to show
L(u, &, x0) < a contradicting A, _ii(xp) > a, and the claim is proven also in this case.

Using the claim we now prove the lemma. Possibly shrinking the ball we may assume
ro < r/2 and B;, C 2. Next choose §o > 0 small enough that ¢(x) + do < u(x) for any
X € 0By,(x0) and

(1 —5)doldB| .

2s
OlpSl"O

It is left to prove that w := u A (¢ + 8) is a subsolution for any § < §¢. For any x € {2 let
peC L1(%) touch w from above at x. If @ touches u from above, we use that w > u and that
u is a subsolution to see A‘;’_Fﬁ)(f) > A‘Yp’+ﬁ(i) > 0 (where w and « are as in (7)). If ¢ does
not touch u, then it must touch ¢ + § from above. Hence, since r — ro > rg (as rop < r/2 by
assumption), we get

AS L (E)

IV

_ 2(1 —s5)8 1
AS ﬁu)——————/ &
p,+ ap RN\Br—rO |y|N+2s
(I =9)do[dBy]
aps(r —rg)?

—_ Y

concluding the proof. [

Theorem 4.19. Let 2 C RN be a bounded subset satisfying the exterior sphere condition
and f : RN\ 2 — R a uniformly continuous and bounded function. Furthermore assume
f e L'®N \ 2;5). Then there exists a solution for the Dirichlet problem (17). Moreover
any solution is uniformly continuous up to the boundary of {2, with a modulus of continuity
independent of s.

Proof. Similar to the proof of Lemma 4.15, for each x € 92 let v, be the unit outward normal
and let p, be the modulus of continuity for f. Then, for any R € (0, Ry) (R¢ being the radius
from the exterior ball condition) we define the barrier functions

by ) = () = pBR) = | £l oamicy (y L vx> ,

+ — y—x
by g(¥) = f(x)+pBR) + I fll Lo wm\ )9 ( - Vx) )

In this definition ¢ is the function given by Lemma 4.14. Set
Fo={u:4, u(y)=0V¥y e 2, u(y)=f(y)Vy e RN\ 02},

As in Lemma 4.15 the functions b, are subsolutions, so Corollary 4.9 implies

x€df2 Re(0,Rp)

sup sup b p(y) ifye€ 2,
w-(y) =
S ify e RV \ 2,
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is a subsolution, and the set F is nonempty. Moreover, by Theorem 4.12 applied with v = b; R
(see Lemma 4.14), each u € F is pointwise bounded by b; g forany x € 9{2. So, if we define

inf  inf bt —
w4 (y) = XIG%.Q Rel(g,RO) x,R()’) if y
f) £y RV \ 2.
we find

w(x) = sup u(x)
ueF
satisfies w™ < w < w™. In particular, w = f on RV \ {2 and attains continuously its boundary
value.

To conclude the proof one would like to use Corollary 4.9 to deduce that w is a subsolution,
and Lemma 4.18 to get that it is a supersolution. The only point where one needs to pay some
attention is that a priori w is not continuous, while the definition of viscosity solution requires
continuity (see Definition 3.3). This can be addressed however in a rather standard way: since
we have already a uniform growth near the boundary, one observe that w may be also defined as

w(x) = sup R, (x),
ueF, w-<u<wt
where
Ry (x) == sup u(x +2) — p(2).

zeRN

Here p is a modulus of continuity which is weak enough so that R, = f outside {2, and moreover
so that the sup in the definition of R, in attained at x + z € {2 when x € {2 (this can be done
since, by assumption, w~ < u < w™).

In this way, since u(- + z) is a subsolution whenever x + z € (2, R, is a subsolution
by Corollary 4.9. Moreover, all functions {R, },cF, w-<u<w+ have o as a uniform modulus of
continuity. This implies that w is (uniformly) continuous, and so it is a viscosity solution.

Finally, to show that any viscosity solution of (17) is uniformly continuous up to the boundary
of 2, it suffices to apply Lemma 4.15 and Remark 4.17. [

4.3.5. Regularity up to the boundary, compactness and stability

By a simple approximation argument and using Corollary 4.16, Theorem 4.19 can be extended
to boundary data which are not necessarily bounded (we leave the details of the proof to the
interested reader):

Proposition 4.20. Let s € (so, 1) and let us solve (17) with f : RYN \ 2 — R a uniformly
continuous function satisfying the growth estimate | f (x)| < M(1 + |x|)¥ for some o € (0, 2s¢).
Then there is a modulus of continuity p, independent of s, such that

lu(z) —u)| < pllx —zl) Vze 2, xeRY.
We have the following corollary:

Corollary 4.21. Let 2 C RN be a bounded subset satisfying the exterior sphere condition
and f : RYN \ 2 — R a uniformly continuous function satisfying the growth estimate
[f(x) < MQA + |x])* for some o € (0, 2s0). Let {sy}nensr C (50, 1), and u, be solutions
of (17) with s = s,. Then {uy},enr is uniformly bounded and equicontinuous on {2.
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In particular, the uniqueness of solutions for the classical p-Laplacian gives the following
stability result as s — 1:

Proposition 4.22. Let 2 C RN be a bounded subset satisfying the exterior sphere condition
and f : RN\ 2 — R a uniformly continuous function satisfying the growth estimate
[f(x)] < M1 + |x])* for some o € (0, 2s9). Let {sp}nen C (50, 1) be a sequence such that
sp — 1 and uy be solutions of (17) with s = sy,. Then u, converges uniformly to u, the unique
solution of (17) for s = 1.

Proof. Combining Corollary 4.21 with the Arzela—Ascoli Theorem gives, for any subsequence
Un;,a limit u¢ so that Un; = UQ uniformly on (2. Theorem 4.6 implies uq solves (17) with s = 1,
so it is unique and we conclude the whole sequence u,, converges to ug. [

Since the moduli of continuity of the functions u, inside 2 depend only on the modulus of
continuity of f, M, and « (see Proposition 4.20), the above result can be restated as follows:

Proposition 4.23. Let 2 C RN be a bounded subset satisfying the exterior sphere condition
and f : RN — R a uniformly continuous function satisfying the growth estimate | f(x)| <
M + |x|)* for some a € (0, 2s0). Let v be the corresponding solution of (17) with s = 1.
Given € > 0 there is 51 € (S0, 1) such that if s € (s1, 1) and u solves (17) with s, then

sup lu — v| < e.
0
The constant s1 depends only on the modulus of continuity of f, M, a and €.

4.4. CY“* regularity of the non-local p-Laplacian

In Proposition 4.22 we showed that solutions of our non-local p-Laplacian converge to a
solution of the classical p-Laplacian when s — 1. Moreover, by Theorem 3.15 we also have C¢
bounds which are independent of s. Finally, we recall that solutions of the classical p-Laplacian
are C1"*. We will now demonstrate that these ingredients imply that, for s sufficiently close to 1,
solutions of our non-local p-Laplacian are C'* as well

4.4.1. Subtracting linear functions from solutions

To prove the C1-¢ regularity we will follow the argument established in [5]. We will measure
the difference between a solution of (17) for s close to 1 and a sequence of affine functions. The
affine functions will be the linear part of solutions of A ph = 0, with s = 1, at different scales.
One obstacle to this approach is that the operators A, depend on the gradient, so the difference of
a solution and an affine function is not a solution. To handle this problem we introduce modified
versions of A}, which also depend upon a vector b € RV,

We define

I;(u, b, x) = A;(u —b-x).

Solutions are interpreted analogously to Definition 4.1.
The work in this section can be extended to I®. Specifically we will use analogues of
Proposition 4.23 and Theorem 4.2 which we record here:

Theorem 4.24. Given a continuous function f : 9By — R and b € RY, the Dirichlet problem

{1,1,(u,b,x)=0 if x € By, (24)

ulx) = f(x) if x € 0B;.
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has a unique solution in the sense of Definition 4.1. Moreover, u € C-% (B1,2), with

lullcracs, ) = CN, p)A + 1 fllL=@B))),
and a = a(N, p) > 0as in Theorem 4.2.

Proof. The non-trivial fact in the above result is that the bound on the C'% norm of u is
independent of b.

To show this we observe that if b belongs to a bounded sets (say |b| < R for some uniform
constant R = R(N, p) > 0), then the uniform C L estimate follows from Theorem 4.3 since
solutions of (24) will also satisfy A,u = 0in By andu = f +b-x on d By. On the other hand, if
|b] > R(N, p) and R(N, p) is sufficiently large, then the operator / ; becomes uniformly close to

the second order constant coefficient operator Au + (p — 2) agu (l; := b/|b|), for which uniform

(with respect to b) interior C2-estimates hold. Arguing as in [16] (see in particular Lemmata 2.2,
2.3 and 3.2), a compactness argument completes the proof. [J

We now get an analog of Proposition 4.23:

Lemma 4.25. Let 2 C RN be a bounded subset satisfying the exterior sphere condition and
f : RN\ 2 — R a uniformly continuous function satisfying the growth estimate | f(x)| <
M + |x)* for some a € (0, 2s9). Let v solve (24) for some b € RN. Given € > 0 there is an
s1 € (so, 1) such that if s € (s1, 1) and u solves

Is(u,b,x) =0 ifx € Bl,
{Mlzx)=f(x) if x € 9By, (25)

then

sup lu —v| < e.
2

The constant s1 depends only on the modulus of continuity of f, M, o and €.

Proof. With respect to Proposition 4.23, we need to check that s; does not depend on b. This
follows from the fact that the family of operators / ;;(-, b,),be RY, satisfies the assumption of
the previous sections, uniformly with respect to b. Indeed the presence of b only modifies the
domain of integration in the definition of A;,i, not the “size” of the operator: for instance, if
Vu(x) + b # 0 then

(1—s) [u(x +y) +ulx —y) = 2u(x)]L, 1 (\§—| : 5)

I,(u,b,x) = ,
P(u x) ap RN |y|N+2s y
with £ = %. Thus, by a covering argument the Holder estimate from Theorem 3.15

(suitably rescaled) implies uniform continuity of u in the interior of {2, independently of » and
s € (8o, 1). Then the same argument leading to Proposition 4.23 gives the desired result. [

We are now ready to prove C'** regularity when s is close to 1.

Theorem 4.26. Let & be the exponent in Theorem 4.24. Let 2 C RN be a bounded subset
satisfying the exterior sphere condition and f : RN \ 2 — R a uniformly continuous function
satisfying the growth estimate |f(x)| < M(1 + |x|)* for some a € (0,2s9). There is an
s1 € (so, 1) such that if s € (s1,1) and u is a solution of (17), then u € Cl](;f((l) for any
B < min{a, 251 — 1}.
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Proof. Since the argument is standard, we only sketch the proof, referring the reader to
[5, Theorem 5.2] for more details.

Without loss of generality we can assume that 0 € 2, and we prove that u is C* at the origin.
Then the result follows by standard arguments.

The proof of this theorem follows the inductive argument used to prove [5, Theorem 5.2].
Set [p = 0 and fix A > 0 which we will be picked small to finish the inductive argument. Fix
0 < B < B1 < min(a, 251 — 1), and assume we are given [y (x) = ax + by - x satisfying

sup [u — Ig| < AP, (26)
B,k

lags1 — a| < AFHP 27)
|bes1 — bil < CoaMP, (28)
lu(x) — ()] < x| vx e RV \ By (29)

After scaling the original equation we can assume these assumptions hold for /y. Define

_ [u—h10fx)
wk(x) - )\‘k(1+ﬂ) N

Consider the Dirichlet problem

K —kpB _ :
{1 (u,bxA™,x) =0 ifx € By, (30)

u(x) = wr(x) if x ERN\Bl.

The function wy is a solution of (30) with s = s. Let & be the solution of (30) for s = 1.
Lemma 4.25 implies there is a s; such that if s € (s1, 1) then |wx — h| < A1*8 This choice of
s1 depends only on A but not on k. Theorem 4.24 implies & is C1-% (B /»2) with a uniform a priori

estimatei (since |wg| < 1 on dBj). The argument now follows directly the proof of [5, Theorem
5.2]:if I = Vh(0) then

i1 () = () + 2T ()

satisfies (26)—(29) for a small enough A. This implies u is C LB at the origin, completing the
proof. [

5. Kernels with lower order gradient dependence

In this section we consider the following non-local operator:

Tu(x) = —(—=A)’u(x) + sup </H;N %Kgl(y)dy)

g esh-1
Ke(y) = Iyl A Dy (ﬁ] .g) _ o)

Here ¥ : [—1, 1] — R is some bounded non-negative function, and the operator (—A)* is
defined by
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ux +y) +ulx —y) —2u(x)
ds,
|y|N+2s

C(— AU = 2N (1 — ) / (33)
RN
(the constant 2N (1 — s) ensures that —(—A)* — Aass — 1).
The operator (32) is exactly the one described by (3) and satisfies Assumptions 2.1 and 2.2.
Throughout we assume for convenience that || < 1, but this assumption does not impact the
following arguments in any substantial way.

5.1. CY¥ regularity

We can deduce C1¢ regularity for solutions related to the operator (3) using the regularity
results established in [4,5]. These results rely on the following notion of uniform ellipticity for
non-local operators.

Definition 5.1. Given a family of kernels {K¢, ¢, }, a nonlocal operator I defined by

fu(x) = infsup/ (wx+y)+ulx—y) —2u(x)Ke & (y)dy
§I g JRY

is said to be uniformly elliptic if there exist A, A > 0 such that

A A
(1 _S)W < Kg e (y) < (1 — S)W-

Definition 5.1 is a consequence of [4, Definition 3.1] applied to the class of operators in
[4, Eq. (1.4)]. Indeed, as shown in [4, Lemmas 3.2 and 4.2], under the above assumption Tu (x)1is
well defined for u € C'1(x) N L1(R; s), and moreover Ju(x) is continuous in 2 (as a function
of x) whenever u € C2(£2) N L'(R; s).

For € € (0, 1) define

IT9%x) = —(=A) u(x)
-2
* supg) 1/RN S +|;l|(1ifc+2sy) M(X)/Cé(,V),Oe(y) dy, (34)
EeSN-
1%9u(x) = —(=A)u(x)
. ) Ul —y) =2
* ’;‘el.;l’\’ffl /RN D |;t|(1ilc+2sy) M(X)Ké(y),oe(y) dy. (35)

Here, pc(y) = po(y/e€), with pg a smooth cutoff function equal to 1 when |y| < 1/2 and
supported in By, and K is as in (32). In Lemma 5.7 we will see the relation between the operator
I defined in (31) and suitable rescaling on the above operators.

The operators /(€ and 1€ should be thought of as uniformly elliptic (in the sense of
Definition 5.1) perturbations of (—A)® and we will show they are close to the s-fractional
Laplacian on every scale. This is measured using the following norms.

Definition 5.2. Given a nonlocal operator I as in Definition 5.1, we define its norm I I || inside a
domain {2 by
]| = sup{[Tu(x)|/(1 +M): x e 2,uecCl(x),
lu(y) —ux) — (y —x) - Vu(x)| < Mlx — y|* Vy € Bi(x), (36)
lull 1wy < M} (37)
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Definition 5.3. Given s € (0, 1) and an operator I, we define the rescaled operator
Law(x) == A* Tw; (Ax), wy(x) = w(x/A).
The associated norm reflecting this scaling is defined

7 7 F(1 72
T = 1P = sup I = L2,
r<l1

We make use of the following regularity by perturbation from [5, Theorem 5.2].
Theorem 5.4 (Caffarelli-Silvestre). Fix sg € (%, 1) and let s € (so, 1). Let IV and I® be two
nonlocal operators as in Definition 5.1, satisfying
= (=2 =1V <

forsomen >0andi =1, 2.
Moreover, let u be a bounded function satisfying

[1MDux) = -y inBy,
1Pu(x)<n  inB.

Then there exists no > 0, independent of 1 ® and u, such that if n.€ (0,n9] then
u e Cl*“(Bl/z)foranyoz < 2s — 1, and

lullcracs, ) < ClullLo@yy +m).

The constants depend on so, A, A, and o, but not on s.

Remark 5.5. The statement in [5, Theorem 5.2] is more general, as (—A)® can be replaced with
any translation invariant operator for which C!* estimates are known.

Lemma 5.6. Given any n > 0 there is an €y € (0, 1) such that for every € € (0, €g] the
operators (34)—(35) satisfy

I(=2)" =195 <y
fori=1,2
Proof. Starting with a change of variables we find

—(= A wx) — 1P w(x)

(x + y/0) + w(x — y/A) — 2w(x)
= )\25 S / w K: d
gE;lAIJ)71 RN |y|N+2s S(Y),Oe(y) y
wx +y) +wx —y) — 2w(x)
= o / L Ke (1y)pe(hy) dy.
gesN-1 JRN [yl

Then K¢ (Ay)pe(Ay) < |Ay| implies

lwx +y) + wx —y) —2w(x)| dy

| = (A w@) — [P w)| < k/ [y NF2s=1

Be /.
We proceed in two cases: A < € and A > €. In the case A > € we apply (36) to see

/ |w(x+y)+w(x—y)—2w(x)|d - M (e)1+2(1—s)
Be; |y|N+2371 Y= 3 —2s5 \A ’
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If A < €, we observe that (36)—(37) imply the bound |w| < C M inside the bounded set (2. (In
this estimate C is independent of s but does depend on the size of 2.)
Now, inside By we apply (36), while in B/, \ By we use the inequality

1 ~ (€ 2
|y[N+2s—1 = (X) 1+ [y|N+2s-1
together with (37) and the bound |w(x)| < CM. Thus,

lwx +y) + wx —y) — 2w(x)| J
Be; |y|N+2s—1 y

- Iw(X+y)+w(x—y)—2w(X)|d
- B |y|N+23—1 y

+/ Iw(X+y)+w(x—y)—2w(X)|dy
Bejs\Bi |y|N+2s—1

=

3—2S+CM<§>

SC3ﬁ/12s <§>

All together we have

—(— A w(x) — I)El’e)w(x)‘ <cC € < CMe,

3—-2s
which concludes the proof by taking € sufficiently small. [

We now relate the operator / in (31) to the operators /(€ and I (2:€) defined in (34) and (35):

Lemma 5.7. Givenr > 0, let u be a bounded function satisfying ull 1 gn.s) < M and
Iu = f(x) inB,

for some bounded functions f. Then, given any n > 0 and € € (0, 1), there exists pp € (0, 1)
(depending only on M, || f||L=(B,), n, and €) such that if p € (0, pol, then w(x) = u(px)
satisfies

Ilg]’e)w > —n in By,
Ilgz’é)w < in Byp,

Proof. We first observe that /u = f implies that

—(=A)’u(x)+ sup AN ut +y) +|;t|(;,c+;y) —2ux) Ke(y)dy > f(x)

§ESN_1

in the viscosity sense. Recalling the definition of / (1.6 (see (34)), we get

u(x +y) +ulx —y)—2u(x)
/RN N KeW[1 — pe(y)dy  (38)

119y > f(x)— sup
fGSN71

> f(x) —C(M,e), (39)
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where in the last inequality we used that 1 — p.(y) = 0 inside B./>. The result now follows from
the observation that

19w (x) = p* (I u) (px) = —p (Il flloo + C(M, €)),

by choosing p > 0 small enough. (The case of I %€ is completely analogous.) [

Theorem 5.8. Let u satisfy the same hypothesis as Lemma 5.7. Then u € C 1’O‘(Br/z) for any
o <2s — 1.

Proof. Let us observe that if /) are nonlocal operators satisfying the assumptions of
Theorem 5.4, then also the kernels / ,S‘) satisfy the same assumptions for any p < 1, uniformly
with respect to p: indeed

I(=A) = IPllge < 1(=2)* = I1Pse Vp <1,

and / ,gi) satisfy the assumptions from Definition 5.1 with the same constants A, A.
Hence we first choose g as in Theorem 5.4 with A = 1 and A = 2 (recall that || < 1), then
we apply Lemma 5.6 to find € so that

(=) =10 <no.  (=A) = 1PV < o,
and we finally use Lemma 5.7 to find pg € (0, 1) so that w(x) := u(ppx) satisfies

[1€0)y, —no in By/p,s

=
=<no in Br/po-

P
3.e0)
L™ w
We then conclude from Theorem 5.4. [
5.2. C>® regularity

Here we prove C 2. regularity for solutions of /u = 0, with [ as in (31)—(32) (the same result
would be true for solutions of /u = f with f Lipschitz).
To establish this higher regularity, we examine the equation solved by the difference quotient

ulx +h) —ulx)

wp(x) = [P

We observe that, since u solves Tu(x) = 0, then

/ wh(x +y) — wi(x)
RN

(1—s) inf N Ke(y)dy

SESN_I
—(=4) wy (x)

IA

IA

(1—s) sup
SesN—l

+_ —
|, K dy, (40)

The idea for proving C> is that the decay of K¢ near the origin implies that both integrals are
finite, giving control over (—A)*w”. More precisely, let us recall that by Theorem 5.8 we already
know that solutions are C* for any o < 25 — 1.

Now, our goal is to show that, if u € C LA for some B > 0, then the control above yields
C1@+P regularity for u. Iterating this result finitely many times, this will imply C>¢ regularity
for u.
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To begin we localize our considerations. Assume C'-# regularity for u in some ball B,. Take
§ < r,and let ps(y) be a smooth cutoff function equal to 1 in B, _ 5 and equal to zero outside of

B,. Define
u(x + h)ps(x +h) —u(x)ps(x)
|h|P
ux +h)(A — ps(x +h)) —ux)(1 — ps(x))
|h|# '

ul(x) =

)

uz(x) =

We will now argue C¢ regularity for u!.
A consequence of the C!-# regularity for u is that u! is uniformly Lipschitz. Also, u> = 0 in
B,_ b Hence, using the equation /u(x) = 0,

lul (x +y) — ul ()]
(1 _s) |y|N+2s71

RN
/ wi(x +y) — w(x)
RN |y|N+25

—(-Aru' @)

IA

dy

(2N + K:(y)) dy| .

+ (1 —s) sup
%-ESN—I

= A; + Aj.

Relying on the uniform Lipschitz bound for u!, A; is bounded.

For A;, we notice that uz(x) = 0 for x € B, 5 and h small enough. Moreover,

1 — ps(x +y) = 0for y € Bs;4. Hence, denoting K¢ (y) := %, and changing variables:

/RN [ (x +y) — u?(0)]1Ke () dy'

/ u?(x + y)Ke () dy'
IRN
= |n|7P ‘/R u(x + )1 — ps(x + yDIKe () — Ke(y — h)]dy‘

K. — K —h
/ £(y) — Ke(y — h) dy
RN\ Bs 4

< llullooln|'—# -

So, if we assume that

C
sup |VyKe(n)| = —, (41)
gesn—1 [yl
then
sup sup L/ <2N+lcs(y) _2N+ICs(y—h)> iy < o0
h>0gesN-1 |h| RN\35/4 |y|N+2S |y _h|N+2S

and we deduce that |(—A)Su1| is bounded inside x € B,_s)>.
This implies that u! is C1*, so u € C'**# _Tterating this finitely many times, we obtain:

Theorem 5.9. Let I be given by (31)~(32), and assume that (41) holds. Let u € L™®(RN) solve
ITu = 0 in some ball B,. Then u € Cz'a(Br/z)for anya < 2s — 1.
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5.3. Non-local p-Laplacian with lower order gradient dependence
The goal of this subsection is to construct a family of operators which belong to the class

(31)—(32), and which approaches the classical p-Laplacian as s — 1. To accomplish this we use
a coefficient which tends to infinity as s — 1 with the lower order term.

> ux +y) —ux)
I — 2 (—A) i +y) —u) .
u(x) 4( ) M(X)—i_g,:l;}\?*l </RN |y|N+2s g6 () y)
; u(x —y) —u(x)
! A K (0 dy ),
N 5261?]"‘1 (\[;gN |y|N+2s £ () y)

1 —_
Ke(y) = 2aps (% A 1) Lic,.n (% -5) :

In this subsection we define ), and B, as in (15)—(16), but choose c), so that 8,/(4a,) =
1

p — 2. Such a choice is possible for any p € [2, 00). Also, we choose §; := ¢ (-7 so that it
pushes the lower order term into a second order term in the limit s — 1. (Other choices of &
will work but it is important that 5! ™) — 0 ass — 1.)

We remark that Theorem 3.15 applies to this class of operators: indeed, if we consider the
expression

ulx +y) —ux)
su ————K () dy)
glesirv)—l (/IRN |Y|N+2S s

£resN-1

then since for any £; in the maximization problem one can choose & = &, it follows that the
above expression is bounded from above by

ulx +y) —u(x) u(x — y) — u(x)
sup </]RN W’C& (ndy+ fRN W]Cgl ) dy) .

£ esh-1

Analogously, it is bounded from below by

. =+ —_ _ _

&resh-1 RN

Hence, given so € (0, 1), Theorem 3.15 holds uniformly for s € [sg, 1].

Moreover, Theorems 5.8 and 5.9 also all apply to this class of operators: more precisely, the
C1¢ regularity is uniform for s € (1/2, 1] (as a consequence of Theorem 5.8, and a variant of
Theorem 4.26 to deal with the case s — 1 once the convergence result to A, will be proved),
but the C>¢ regularity degenerates as s — 1.

The main goal of this subsection is to show how this operator approaches the classical
p-Laplacian as s — 1. Combining this convergence with the uniform C'% estimate and the
uniqueness of solutions for the classical p-Laplacian, we may conclude that any sequence of
solutions us of I*uy; = 0 will converge in C1¢ to the solution of A put =0ass — 1. Hence, we
regard I® as a non-local regularization of the classical p-Laplacian.
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1
Assume u € C2N LYRY: s) and set, as in Section 4.2, ¢, = (1 — s) 2% 2 . Observe that
8s < € for s close to 1. Then

R ()

= 1z;psv”(x)' 5. s (81 ) - ”<| | E) “

u(x) : / y (51'/\1) Lie,.11 (ﬁé) dy
/%(U) n(e) o

1—sf oy <|y| ) (y )
+ Tie, nl=—-¢)d
2a, Jo, IV 5 et {5 ) &

= A1+ Ay + Az + Ag.

To start,

Vp 1-2s 1—s ( 1-2s 172_9)
A =22V 5! - —5 , 42
1= 2ap ux) - < + 1—2s s $ (42)

Vp = / w-e1l, 1) (@-e) do(w).
9B

Arguing as in Section 4.2 one also finds:

1 Bp 2 L =5 ha—sy 1 [ 20-5 2(1—s)
Az = 5 (AM + Eagu ESY s + E (Es s) _ 6s s ) ,

—s 1 /' lu(x +y) —u(x)| — ()
RN B 7

€£V+2s 1+ |y|N+2s

1
[A3] <
Ag = o(1).
5.3.1. Limit in the case Vu(x) # 0

Notice Ay, A3 and A4 are uniformly bounded as s — 1. Hence, since Vu(x)/|Vu(x)]| is an
admissible choice in the supremum

u(x +y) — u(x) <|y| ) ( )
sup [ AEENZu@ (g (e gy,
fosh /RN N AT

by (42) we have Vu(x) - &, > |[Vu(x)| + 0(835_1) where &1 is the value which attains the
supremum. Likewise, the £, which attains the infimum in

. u(x —y) —u(x) <|y| > ( )
f ——— = Al L
gzelgN—l /RN |y|NF2s 5, lep 11 1y &

will satisfy Vu(x) - & > |Vu(x)| + O(82~1). This implies &, & — ‘g_gxg‘ as s — 0. Since &
is an admissible choice in the infimum, for s close to 1 we have

Tu(x) < ——( Au@) + (Au(x) + Py 8; u(x)) JI7 4 A3+ Ag,
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SO

lirr% Tu(x) < Apu(x).

Similarly one can establish the opposite inequality and conclude

lini Tu(x) = Apu(x).

5.3.2. Limit in the case Vu(x) =0
In the Vu(x) = 0 case first note that the £; which attains the supremum in

u(x +y) — u(x) <|y| ) < y )
— = "= Al . d
o /R |y N2 55 lep 1\ gy 51 ) 4

§1€SN_1

is an admissible choice in the infimum of

. u(x —y) — u(x) (Iyl ) <y )
inf — 2 " (= A1]|1. - . d
£resh-1 A; |y [N+2s 55 lep 1\ g 82 ) 4

so that

lim Tu(x) < Au(x) + & sup 8§1u(x) = Apu(x).
s—1 Olp E]GSN’I

Likewise

lim Jux) 2 Apu(x),
concluding the proof of the convergence result.
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