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Abstract

In this paper, we prove that cyclic hamiltonian cycle systems of the complete graph minus a 1-factor, K, — I, exist if and only if
n = 2,4 (mod8) and n # 2p”* with p an odd prime and o> 1.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Throughout this paper, K, will denote the complete graph on n vertices, K, — I will denote the complete graph
on n vertices with a 1-factor / removed (a 1-factor is a 1-regular spanning subgraph), and C,, will denote the m-cycle
(v1, v2, ..., Uy). An m-cycle system of a graph G is a set ¢ of m-cycles in G whose edges partition the edge set of G.
An m-cycle system is called hamiltonian if m = |V (G)|, where V (G) denotes the vertex set of G.

Several obvious necessary conditions for an m-cycle system % of a graph G to exist are immediate: 3<m < |V (G)|,
the degrees of the vertices of G must be even, and m must divide the number of edges in G. A survey on cycle systems
is given in [13] and necessary and sufficient conditions for the existence of an m-cycle system of K, and K,, — I were
given in [1,16] where it was shown that a m-cycle system of K, or K, — I exists if and only if n >m, every vertex of
K, or K,, — I has even degree, and m divides the number of edges in K, or K,, — I, respectively.

Throughout this paper, p will denote the permutation (0 1 ... n — 1), so (p) = Z,, the additive group of integers
modulo n. An m-cycle system % of a graph G with vertex set Z,, is cyclic if, for every m-cycle C = (vy, va, ..., Uy) in
%, the m-cycle p(C) = (p(v1), p(v2), ..., p(vy)) is also in €. An n-cycle system % of a graph G with vertex set Z,
is called a cyclic hamiltonian cycle system. Finding necessary and sufficient conditions for cyclic m-cycle systems of
K, is an interesting problem and has attracted much attention (see, for example, [2,3,5,6,8,9,11,14,15]). The obvious
necessary conditions for a cyclic m-cycle system of K, are the same as for an m-cycle system of K,,; thatis, n >m >3,
n is odd (so that the degree of every vertex is even), and m must divide the number of edges in K. However, these
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conditions are not sufficient. For example, it is not difficult to see that there is no cyclic decomposition of K5 into
15-cycles. Also, if p is an odd prime and o> 2, then K ,« cannot be decomposed cyclically into p*-cycles [6].

The existence question for cyclic m-cycle systems of K, has been completely settled in a few small cases, namely
m =3 [12], 5 and 7 [15]. For even m and n = 1 (mod 2m), cyclic m-cycle systems of K,, are constructed for m =
0 (mod4) in [11] and for m = 2 (mod 4) in [14]. Both of these cases are handled simultaneously in [8]. For odd m and
n = 1 (mod 2m), cyclic m-cycle systems of K, are found using different methods in [2,5,9]. In [3], as a consequence
of a more general result, cyclic m-cycle systems of K,, for all positive integers m and n = 1 (mod 2m) withn>m >3
are given. Recently, it has been shown [6] that a cyclic hamiltonian cycle system of K, exists if and only if n # 15
and n ¢ { p*|p is an odd prime and o >2}. Thus, as a consequence of a result in [5], cyclic m-cycle systems of Kopx+m
exist for all m # 15 and m ¢ {p*|p is an odd prime and o.>>2}. In [17], the last remaining cases for cyclic m-cycle
systems of Ky, k4, are settled, i.e., it is shown that, fork > 1, cyclic m-cycle systems of Kogp+m exist if m = 15 or
m € {p*|p is an odd prime and «>2}. In [19], necessary and sufficient conditions for the existence of cyclic 2g-cycle
and m-cycle systems of the complete graph are given when ¢ is an odd prime power and 3 <m <32. In [4], cycle
systems with a sharply vertex-transitive automorphism group that is not necessarily cyclic are investigated. As a result,
it is shown in [4] that no cyclic k-cycle system of K, exist if k < v < 2k with v odd and gcd(k, v) a prime power.

These questions can be extended to the case when 7 is even by considering the graph K, — I. In [3], it is shown that
for all integers m >3 and k > 1, there exists a cyclic m-cycle system of Ky,,x+2 — I if and only if mk = 0, 3 (mod 4).
In this paper, we are interested in cyclic hamiltonian cycle systems of K, — I where #n is necessarily even. The main
result of this paper is the following.

Theorem 1.1. For an even integer n >4, there exists a cyclic hamiltonian cycle system of K, — I if and only if
n = 2,4 (mod8) and n # 2p* where p is an odd prime and 0.> 1.

It is interesting to note that for n even, every cyclic hamiltonian cycle system of K, — I determines a cyclic 1-
factorization of K,,. In [10], it is shown that K, has a cyclic 1-factorization if and only if n is even and n # 2 for
t2>3.

Our methods involve circulant graphs and difference constructions. In Section 2, we give some basic definitions
and lemmas while the proof of Theorem 1.1 is given in Section 3. In Lemma 3.1, we show that if there is a cyclic
hamiltonian cycle system of K,, — I, then n = 2, 4 (mod 8) and n # 2p* where p is an odd prime and o> 1. Lemmas
3.2 and 3.3 handle each of these congruence classes modulo 8. Our main theorem then follows. For graph theoretic
terms not defined in this paper see [18].

2. Preliminaries
The proof of Theorem 1.1 uses circulant graphs, which we now define. Let S be a subset of Z,, satisfying

(1) 0¢ S, and
(2) §=—S;thatis, s € S implies that —s € S.

The circulant graph Circ(n; S) is defined to be that graph whose vertices are the elements of Z,,, with an edge between
vertices g and & if and only if 7 = g + s for some s € S. Thus, in this paper, circulant graphs are simple and finite.
We call S the connection set, and we will often write —s for n — s when n is understood. Notice that the edge from
g to g + s in this graph is generated by both s and —s, since g = (g + 5) + (—s) and —s € S. Therefore, whenever
S=8U-5, where SN —S8" = {s € S|s = —s}, every edge of Circ(n; S) comes from a unique element of the set S’.
Hence we make the following definition. In a circulant graph Circ(n; ), a set S’ with the property that S = S’ U —§’
and 8" N —8" = {s € S|s = —s} is called a set of edge lengths for Circ(n; S).

Notice that in order for a graph G to admit a cyclic m-cycle decomposition, G must be a circulant graph, so circulant
graphs provide a natural setting in which to construct cyclic m-cycle decompositions.

The graph K, is a circulant graph, since K, = Circ(n; {1,2,...,n — 1}). For n even, K,, — I is also a circulant
graph, since K,, — I = Circ(n; {1,2,...,n — 1}\{n/2}) (so the edges of the 1-factor I are of the form {i,i + n/2}
fori =0,1,...,(n —2)/2). In fact, if n = a’b and gcd(a’, b) = 1, then we can view 7, as Z, x Zj, using the

group isomorphism ¢ : Z, — Z, x Z;, defined by ¢(k) = (k (mod a)’, k (mod b)). We can therefore relabel both the
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vertices and the edge lengths of the circulant graphs, using ordered pairs from Z, x Zp, rather than elements of Z,,,
by identifying elements of Z,, with their images under ¢. This will prove a very useful tool in our results. Throughout
Section 3, as n is even, we will use the isomorphism ¢ with a’ = 2a for some a, and b odd.

Let H be a subgraph of a circulant graph Circ(n; S). For a fixed set of edge lengths S’ the notation £(H) will denote
the set of edge lengths belonging to H, that is,

L(H)={s e S'|{g,g+s} € E(H) for some g € Z,}.

Many properties of £(H) are independent of the choice of S’; in particular, neither of the two lemmas in this section
depends on the choice of S’

Let C be an m-cycle in a cyclic decomposition 4 of Circ(n; §), and recall that the permutation p, which generates
Zy,, has the property that p(C) € % whenever C € %. We can therefore consider the action of Z, as a permutation
group acting on the elements of %. Viewing matters this way, the length of the orbit of C (under the action of Z,,) can
be defined as the least positive integer k such that p*(C) = C. Observe that such a k exists since p has finite order;
furthermore, the well-known orbit-stabilizer theorem (see, for example [7, Theorem 1.4A(iii)]) tells us that k divides
n. Thus, if G is a graph with a cyclic m-cycle system & with C € € in an orbit of length %, then it must be that k divides
n =|V(G)| and that p(C), pZ(C), ey pk_l(C) are distinct m-cycles in ¢, where p=(0 1---n — 1).

The next lemma gives many useful properties of an m-cycle C in a cyclic m-cycle system % of a graph G with
V(G) = Z, where C is in an orbit of length k. Many of these properties are also given in [6] in the case that m = n.
The proofs of the following statements follow directly from the previous definitions and are therefore omitted.

Lemma 2.1. Let C = (vg, v1, . .., Un—1) be an m-cycle in a cyclic m-cycle system € of a graph G of order n. Let C be
in an orbit of length k. Then

(1) [€(C)| =mk/n,
(2) if€ € £(C), then C has n/k edges of length £, and
(3) (n/k)| ged(m, n).

When m =n, let P : vo =0, vy, ... v be a subpath of C of length k. Then

(4) foreach € € £(C), ke,

(5) vi = kx for some integer x with gcd(x,n/k) =1,

(6) vy, vo, ..., v are distinct modulo k,

(7) £(P)=4(C), and

8) P, pF(P), pk(P), ..., p"*(P) are pairwise edge-disjoint subpaths of C.

A set X of m-cycles in a graph G with vertex set Z, such that ¥ = {p'(C)|C € X,i =0,1,...,n — 1} is an
m-cycle system of G with the property that C € X implies p’(C) ¢ X for 1 <i<n — 1 is called a complete system
of representatives for %. Note that if X is a complete system of representatives for a cyclic m-cycle system % of the
graph Circ(n; S) and S’ is a set of edge lengths, then it must be that the collection of sets {¢(C)|C € X} forms a
partition of S’.

3. Proof of the main theorem

In this section, we will prove Theorem 1.1. We begin by determining the admissible values of n in Lemma 3.1.
Next, for those admissible values of n, we construct cyclic hamiltonian cycle systems of K, — I in Lemmas 3.2 and
3.3. The strategy we will adopt is as follows. For n even, we will choose integers a and b so that n = 2ab with b odd
and gcd(a, b) = 1. We will then view K, — I as a circulant graph labelled by the elements of Z,, x Z;. Recall that
¢: 7, — Zy x Zp,is defined by ¢(k) = (k (mod a)’, k (mod b)), where here a’ = 2a. Let

§"=1{(0, j), (@, HII<j< (b —D/2U{(, bII<i<a—1,0<k<b - 1},
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and observe that |S'| = (b— 1)+ (a — Db=ab — 1= (n—2)/2.Now §' N =S’ =, so that Circ(n; ¢ ' (§'U—5")) is
an (n — 2)-regular graph so indeed Circ(n; ¢ ' (S’ U —S")) = K, — I, and qS_I(S’) is a set of edge lengths of K,, — I,
which becomes the set S” under relabelling.

Let p = ¢pp~" and note that

p=(0,0) (1,1) 2,2) --- Qa—1,b—1))

generates Zp, X Zp, that is, (p) = Z2, X Zp. Let € be an m-cycle system of K, — I where the vertices have been
labelled by the elements of Z, x Zp such that C € % implies p(C) € €. Then, clearly {¢>_1(C)|C € %} is a cyclic
m-cycle system of K,, — I with vertex set Z,.

Next observe that if (e, f) € §" has ged(e, 2a) = 1 and ged( f, b) = 1, then Circ(n; {i(j)*l ((e, f))}), the graph with
vertex set Z,, consisting of the edges of length +¢~! ((e, f)), forms an n-cycle C with the property that p(C) =C. Let

T ={(i, j) € 8’| gcd(i,2a) > 1 or ged(j, b) > 1}.

To find a cyclic hamiltonian cycle system of K, — I, it suffices to find a set X of n-cycles such that {£(C)|C € X}isa
partition of 7. Then the collection

G ={p""(C), p(¢~(0)), ..., p" HPp™H(C))IC € X} U {Circ(n; (£~ (e, HIDICe, f) € S\T}

is a cyclic hamiltonian cycle system of K, — I.
We now show that if K, — I has a cyclic hamiltonian cycle system for n even, then n >4 with n = 2, 4 (mod 8) and
n # 2p* where p is an odd prime and o> 1.

Lemma 3.1. Foranevenintegern >4, if there exists a cyclic hamiltonian cycle system of K,, — I, thenn = 2, 4 (mod 8)
and n # 2p* where p is an odd prime and o> 1.

Proof. Let n>4 be an even integer and suppose that K, — I has a cyclic hamiltonian cycle system %. Let X be a
complete system of representatives for % and let C € X be in an orbit of length k. Let P : 0, vy, va, ..., vg = jk be
a subpath of C, starting at vertex 0, of length k. Clearly, if k is even, then jk = k (mod 2). On the other hand, if & is
odd, then n/k is even and since gcd(j, n/k) = 1, it follows that j is odd and hence jk = k (mod 2). Let £o(C) be the
set of even elements in £(C) and let £1(C) be the set of odd elements in £(C). Clearly [£1(C)| = jk (mod?2). Then
[€o(C)| + [£1(C)| =k and |£1(C)| = k (mod 2)implies that |[£o(C)| must be even. Thus, if C € X, then £(C) has an
even number of even edge lengths. Since {£(C)|C € X}isapartition of {1, 2, ..., (n —2)/2}, it follows that there must
be an even number of even integers in the set {1, 2, ..., (n — 2)/2}. Since n is even, we have that n = 2, 4 (mod 8).

It remains to show that n # 2 p* where p is an odd prime and o> 1. Suppose, to the contrary, that n = 2 p* for some
odd prime p and o> 1. Let X be a complete system of representatives for % and choose C € X with 2p*~! € £(C)
(replace S” by —S’ if necessary to ensure that 2p*~! € §’; since p # 2, 2p*! is not the length of the edges in the
missing 1-factor 7). Suppose that C is in an orbit of length k. Then k|2 p¥, and since K,, — I has 2p*(2p* — 2)/2 edges
and each cycle of % has 2 p* edges, we must have |%| = p* — 1. It therefore follows that 1 <k < 2p*. Hence, k|2p*~!,
and by Lemma 2.1, we must have k = 1. But if k = 1, then £(C) = {2p®~!} and since Circ(2p*; {£2p*~'}) consists
of 2p*~! p-cycles, we have a contradiction. Therefore, n # 2p* where p is an odd prime and «>1. [

We will handle each of the cases n = 2 (mod 8) and n = 4 (mod 8) separately. We begin with the case n = 4 (mod 8)
as this is the easier of the two cases.

Lemma 3.2. Forn = 4 (mod8), the graph K,, — I has a cyclic hamiltonian cycle system.
Proof. Suppose that n = 4 (mod 8), say n = 8¢ + 4 for some nonnegative integer g. Since K4 — I is a 4-cycle, we may
assume that ¢ > 1. Now, Z,, = 74 x Z54+1 and thus we will use ¢ to relabel the vertices of K,, — [ =Circ(n; {1,...,n—

1}\{n/2}) with the elements of Z4 x Z341. The set

8" ={(0,1), (2, )1 <i<q}U{(1, HI0Lj <24}
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has the property that '\ —S' =@ and ¢~ (S'U—8")={1,2, ..., n— 1}\{n/2}. Thus we can think of the elements of
S’ as the edge lengths of the relabelled graph. If g is even, say ¢ = 2 for some positive integer j, define the walk P by

P :(0,0), (0, 1),(0,-1),(0,2), (0, =2),...,(0, j), 0, =),
2. j+D.0,-G+1),2,j+2,0,-(G+2),....2,9),0,—9), (1,0).
If g is odd, say ¢ =2j + 1 for some nonnegative integer j, define the walk P by
P :(0,0), (0, 1),(0,=1),(0,2), (0, =2),....(0, /). 0, =j). 0, j + 1),
Q. =G +1).0,j+2),2, -G +2).....0,9). 2, =), (3,0).

In either case, note that the vertices of P, except for the first and the last, are distinct modulo 2¢ + 1 in the second
coordinate, while the first and the last vertices are distinct modulo 4 in the first coordinate. Therefore, P is a path. Next,
the edge lengths of P, in the order they are encountered, are (0, 1), (0,2),...,(0,¢9), 2,9), 2,g — 1),...,(2,1),
(1,g). Let

C=PUpMTI(PyUp*T2(P)U YT (P).
Then, clearly C is an n-cycle in an orbit of length 2¢g 4 1 and
€(C) ={0,1),(0,2),....0,9),2,9), 2,9 = ,.... 2,1, (L, 9)}.

Now, let dp, d, ..., d; denote the integers with 0<{d; < 2q and ged(d;j, 2 + 1) > 1. For j =0, 1, ..., ¢, consider
the walk P; : (0,0), (1,d;), (2, 2g). Clearly, P; is a path and the edge lengths of P;, in the order they are encountered,
are (1,d;), (1,2 —d;). Let

Cj=PiUp*(P) U (P U (P — j)u-- pYT2(P)).
Then C; is an n-cycle in an orbit of length 2 and

Since ged(g, 2g + 1) = 1, we have that d; # g and thus £(C) N £(C;) =¥ for 0< j <.
Let T = {£(C), £(Cp), ..., £(Cy)}, and let (e, f) € S'\T. Then e = 1 and gcd(f, 2¢ + 1) = 1. Thus,

X ={¢p"1C), ¢~ (Co), ..., 7' (CH}U (Circ(n; (£ (e, F)DI(e, f) € S\T}

is a complete system of representatives for a cyclic hamiltonian cycle system of K,, — 1. [J

Before continuing, let @ denote the Euler-phi function, that is, for a positive integer a, ®(a) denotes the number of
integers r with 1 <r <a and ged(r, a) = 1. For a positive integer a, @ (a) is easily computed from the prime factorization

ofa.Leta = Pipy pf’ where py, p2, ..., p; are distinct primes and &y, k>, . . ., k; are positive integers. Then

t
o =[] pi " pi = D).
i=1

We now handle the case when n = 2 (mod 8).

Lemma 3.3. Forn = 2 (mod 8) with n >4 and n # 2p* where p is an odd prime and o> 1, the graph K,, — I has a
cyclic hamiltonian cycle system.

Proof. Suppose thatn = 2 (mod 8) withn # 2 p* where p is an odd prime and « > 1, say n = 8¢ + 2 for some positive
integer ¢. Let 4g + 1 = p]]‘I p];Z coprral'ql g where pi, pa. ..., pr.qi, qo .. ., qs are all distinct primes with
r,s20; pr<pr<---<pr; pi = 3(mod4), k;>1 for 1<i<r; ¢, = 1(mod4), and j, >1 for 1 <m <s. Since

n = 2 (mod 8), it follows that Y k; is even.
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Case 1. Suppose that s > 1, or some k; is even for 1 <i<r,orr > 2. Let
g if s>1,

a= pfi if s =0 and k; is even for some 1<i<r, or

PPy if s =0, k isodd for 1<i<r, and r>2.

Note that for each choice of a, we have that a = 1 (mod 4). Let b = (4 + 1)/a and observe that gcd(a, b) = 1. Next,
we will use ¢ to relabel the vertices of K,, — I =Circ(n; {1, ..., n — 1}\{n/2}) with the elements of Z,, x Z;. The set

8" =1{(0, ), (@, PII<j< b= D/2}U{GE, HII<i<a—1,0<j<b— 1}

has the property that S’ N —S" =@ and ¢~ ' (S’ U —8") ={1,2,...,n — 1}\{n/2}, so we can think of the elements of
S’ as the edge lengths of the relabelled graph.

Let dy, d>, ..., d, denote the integers with 1<d; <a and ged(d;,2a) > 1 and let ey, e, ..., 41—, denote the
integers in the set {1, 2, ...,a — 1}\{dy, da, . . ., d;} so that gcd(e;, 2a) = 1 for 1 <i <a — 1 —¢. We will need to show
that2(a — 1 —t) >t + 1.

First, @(2a) is the number of integers » with 1 <n <2a and ged(r, 2a)=1. Thus, 2a — ®(2a) is the number of integers
rwith 1 <r <2a and ged(r, 2a) > 1 so that (2a — ®(2a))/2 is the number of integers r with 1 <r <a and ged(r, 2a) > 1.
Hence t = (2a — ®(2a))/2 — 1, since each d; < a. Substituting t = (2a — ®(2a))/2 — linto2(a — 1 —t) >t + 1, we
obtain the inequality @(2a) >2a /3, which needs to be verified for each choice of a above. Suppose first that a = q{ L
Then, since g1 =5 > 3 and ?(2a) = q{ -1 (g1 — 1), it easily follows that @(2a) >2a/3. Similarly, if a = pll."', then again
®(2a) >2a/3 since p; >3. Next suppose that a = p]2€2 pé” and observe that since p3 > p> > py, it follows that p, >7
and p3>11. Now ®(2a)>2a/3 is equivalent to ®(2a)/a >2/3, and since ®(2a) = p5> ™ (pr — DHp5 ™ (p3 — 1), it

follows that @(2a)/a = (p2 — 1)(p3 — 1)/(p2p3) 260/77 > 2/3. Hence, ®(2a) >2a/3 if a = p,” p3°.
Let b =2m + 1 for some positive integer m. Since b = (4q + 1)/a and a = 1 (mod 4), we also have b = 1 (mod 4),
so m is even. Say m = 2 j for some positive integer j, and define the walk P by

P :(0,0), (0, 1), (0, =1), (0,2), (0, =2), ..., (0, j), (0, =j),
(@ j+1D,0, =G+ D). (aj+2),0, =G +2).....(@m), 0, —m)),(e0).

Note that the vertices of P, except for the first and the last, are distinct modulo b in the second coordinate, while the
first and the last vertices are distinct modulo 2a in the first coordinate. Therefore, P is a path. Next, the edge lengths of
P, in the order they are encountered, are (0, 1), (0, 2), ..., (0, m), (a,m), (a,m — 1), ..., (a, 1), (e1, m). Let

C=PUP(PYUP*(P)U---pE=D0(P).
Since the last vertex of P is (e1, 0), and gcd(eq, 2a) = 1, we have that C is an n-cycle in an orbit of length b where
£(C)=1{(0,1),(0,2),...,0,m), (a,m), (a,m — 1), ..., (a,l), (e, m)}.
Now, define the walks Py, P, ..., P; as follows fori =1, 3,5, ...,
Pi :(0,0), (di, 1), (0, =1), (d;,2), (0, =2), ..., (di, m), (0, =m), (—e(i+1)/2, 0),
and
Piy1:(0,0), (dit1, D), 0, =1), (di+1,2), (0, =2), ..., (dit1,m), (0, —m), (e(i+1)/241. 0).

For j =1,2,...,1, the vertices of P}, except for the first and the last, are distinct modulo & in the second coordinate,
while the first and the last vertices are distinct modulo 2« in the first coordinate. Therefore, each P; is a path. Next, the
edge lengths of Pj, in the order they are encountered, are (d;, 1), (dj,2),...,(dj,m),(dj,m +1),...,(d;,b—1),
and (e(jy1y/2,m + 1) if jis odd or (ej/241, m) if j is even. Let

Ci=P;Upt(PHUPP(PHU-- pPa=b(py,
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Since the last vertex (k, 0) of P;, where k = —e(j11),2 or k =e¢ 241 has the property that gcd(k, 2a) = 1, we have that
C; is an n-cycle in an orbit of length b where

L(Cj)={d;,1),(d;,2),....dj,m),(dj,m+1),...,(dj,b—1),(ejrnsp2, m+ 1}
if j is odd, or

UCy) =1{d;, 1), d;,2),....dj,m), (dj,m+1),...,(dj,b—1),(ejjpt1,m)}
if j is even.

Define the set A=£¢(C)UL(C1)UL(Cy)U---UL(Cy). Now, A contains ¢t + 1 elements from the set {(e;, m), (e;, m +
DI1<i<a — 1 —t} whose size is 2(a — 1 — ¢). Since we have seen previously that 2(a — 1 — 1) >t + 1, it follows
that there are enough distinct values of ¢; to make edge lengths in A distinct, so |A| = (t + 1)b.

Let 1, c2, ..., ¢y denote the integers with 1<c; <b and ged(cj, b) > 1 for 1 < j <x. Fix j with 1< j<x and for
i=1,2,...,a—1—t,consider the walk P; ; : (0,0), (e;, c;), (2¢;, b — 1). Clearly, P; ; is a path and the edge lengths
of P; ;, in the order they are encountered, are (e;, c¢;), (¢;, b — 1 —c;). Let

Cij=Pi;Up*(P ) Up (P ) UpS(Pi ) U---p*0=2(p ).
Since ged(e;, a) = 1, it follows that C; ; is an n-cycle in an orbit of length 2 and

L(C; ;) ={(ei,cj), (eij,b—1—c))}.
Define the set

B= ] GCi).
llgiSa—lft

YA

We want A N B = (. Now, if AN B # @, then as gcd(ck, b) > 1 for every k and b = 2m + 1, we cannot have ¢y =m
or ¢y =m + 1, so it must be the case that b — 1 — ¢y =m + 1 for some k with 1 <k<x. Thuscy =(b —3)/2=m — 1.
In this case, fori =1,2,...,a — 1 — ¢, define P; ; : (0, 0), (e;, ck), (2e;, m) and create C; y as before. Thus

L(Cix) ={(ei, cr), (ei, D}

Since ged(2e;, 2a) = 2, it follows that C; ; will be an n-cycle in an orbit of length 2. Thus A N B = #.
Finally, consider the path P’ : (0,0), (1,0), (—1,0), (2,0), (=2,0),...,((a — 1)/2,0), (—(a — 1)/2,0), (a, 1)
and let

C/ —PU f)a(P/) U f)Za(P/) U..-U 'ba(Zb—l)(P/).
Since ged(1, b) = 1, we have that C’ is an n-cycle in an orbit of length a and
€(CH ={(1,0),(2,0),...,(a—1,0), ((@a+ 1)/2,b - D).

Since a = 1 (mod 4) we have that gcd((a + 1)/2, 2a) = 1 and therefore ((a + 1)/2,b — 1) ¢ AU B.
Let T = S"\(AU BU{(C")) and let (e, f) € T. Then, it must be that gcd(e, 2a) = 1 and ged(f, b) = 1. Thus,

X={¢p""(C), ¢~ (CD),...¢7(C), ¢ (C1D, dHC1 ), s THC1), ¢ H(Co 1), 7o),
N (Cor)s o 0T N (Camte 1), TN (Camt—02)s o TN (Caumi ), $7H(CN)
| J(Ciren: (£¢~"((e. )DICe. ) € T)

is a complete system of representatives for a cyclic hamiltonian cycle system of K,, — I.

Case 2. Suppose that s =0, k; is odd for | <i<r,and r =2. Thus n = 2[)11{l p’f where k| and ky are odd. In this
case, we will leta = plfl ,b= p]2(2 and use ¢ to relabel the vertices of K,, — I = Circ(n; {1, ..., n — 1}\{n/2}) with the
elements of Z5, x Zp. The set

S ={(0, j), (a, DII<j<b—1)/2} UG, Hl1<i<a—1,0<j<b—1)
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has the property that ¢~ (S) is a set of edge lengths of K, — I, so we can think of the elements of S as the edge
lengths of the relabelled graph.

Let dy, d>, ..., d, denote the integers with 1<d; <a and gcd(d;,2a) > 1 and let ey, ez, ..., 41—, denote the
integers in the set {1,2,...,a — 1}\{d1,da, ..., d;} so that gcd(e;, 2a) = 1 for 1 <i<a — 1 — t. In this case, note
that as p; = 3 (mod4) and k is odd, ged((a + 1)/2, 2a) =2 so that (a + 1)/2 € {d;, da, ..., d;}. Without loss of
generality, letd; = (a + 1)/2 and e; = 1.

Since kj is odd and py = 3 (mod4), it follows that b = p];z = 4j 4 3 for some positive integer j. Define the
walk P by

P . (07 0)5 (Ov 1), (Ov _1)7 (07 2)7 (01 _2)7 ceey (Ov .])7 (01 _])7 (01 ] + 1)5 (a1 _(] + 1))’
©0,j+2),@ -G +2),...,0,2j + 1), (a,—2j + 1)), (Ba +1)/2,0).

Note that the vertices of P, except for the first and the last, are distinct modulo b in the second coordinate, while the
first and the last vertices are distinct modulo 2a in the first coordinate. Therefore, P is a path. Next, the edge lengths
of P, in the order they are encountered, are (0, 1), (0,2),...,(0,2j+ 1), (a,2j + 1), (a,2j),...,(a, 1), ((a+1)/2,
2j4+1). Let

C=PUpPYUPP(P)U...p2a=Db(p).

Since the last vertex ((3a + 1)/2, 0) of P has the property that gcd((3a + 1)/2, 2a) = 1, we have that C is an n-cycle
in an orbit of length b where

£(C)=1{(,1),(0,2),...,0,2j +1),(a,2j+1),(a,2j),...,(1),{(a+1)/2,2j + D}.
Define the walk P; by
P :(0,0), (@ + 1)/2,1), 0, =1), ((a+1)/2,2), (0, =2), ..., ((a + 1)/2, j), (0, =),
Lj+D, A=+ 1D/2, =G+ 1), (1, j+2), 1 =@+ 1/2, - +2),
o (L2 41), 0,25 + D), (—eg—1—+, 0).
Ift>3,fori =2,3,...,¢t — 1, define the walk P; by
P;:(0,0), (di, 1), (0, =1), (di,2), (0, =2), ..., (d;, 2] + 1), (0, =(2j + 1)), (e(i+1)/2, 0),
if i is odd, or
P; :(0,0), (di, 1), (0, =1), (di,2), (0, =2), ..., (di, 2j + 1), (0, =(2j + 1)), (—ei/2,0)
if i is even. If > 2, define the walk P; by
P, :(0,0), (d;, 1), (0, —1), (d;,2),(0,=2),...,(d,2j + 1), (0, —2j + 1)), (ea—1-:, 0).

Fori=1,2,...,1t,the vertices of P;, except for the first and the last, are distinct modulo b in the second coordinate,
while the first and the last vertices are distinct modulo 2a in the first coordinate. Therefore, P; is a path. Next, the edge
lengths of P; fori # 1, in the order they are encountered, are (d;, 1), (d;,2), ..., (d;,2j+1), (d;,2j+2),...,(d;,b—
1), and (e(iy1)2,2j+1)if 1 <i <tisodd, (e;2,2j+2)ifi <tiseven,or(e,—1-¢, 2j+ 1) ifi =¢. The edge lengths
of P, in the order they are encountered, are ((a + 1)/2, 1), ((a + 1)/2,2),...,((a + 1)/2,2j),(1,2j + 1), ((a +
1)/2,2j+2),...,(a+1)/2,b—2),(1,b— 1) and (eg—1—,2j + 2). Let

Ci= P UpP(P) U™ (PYU--- p2=Db(p).

Since the last vertex (€, 0) of P; has the property that gcd(¢, 2a) = 1, we have that C; is an n-cycle in an orbit of length
b where

UC) ={di, D, d;,2),...,di,2j+ 1), (di,2j+2),...,(di,b—1), (ei+1)2, 2] + D}
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ifiisoddand 1 <i <1,

LCH=1{d;, D, (d;,2),...,(d;,2j+ 1), (d;,2j+2),...,(di,b—1),(eis2,2] +2)}
ifiisevenand 1 <i <1,

UC) ={(di, D), (d;,2), ..., (d;,2)),(1,2j+ 1), (di,2j +2),....(1,b— 1), (ea—1-1, 2] + 2)}
ifi =1, or

LC) ={d;i, 1), (di,2),...,di,2j +1),(di,2j+2),...,(di,b—1), (eq—1—1, 2] + 1)}

ifi =tandt>2.

Define the set A = £(C) U £(Cy) U £(Ca) U --- U £(Cy). Now, A contains ¢ + | elements from the set {(¢;, 2 +
1), (e;,2j +2)|1<i<a—1—1t} whose size is 2(a — 1 — ¢t). Asin Case 1, t = (2a — ®(2a))/2 where in this case
a= pllq, and we need 2(a — 1 —t) >t + 1. Since p; >3, the inequality follows. So there are enough distinct values of
e; to make edge lengths in A distinct and therefore |A| = (¢t + 1)b.

Let ¢, c2, ..., cx denote the integers with 1 <c; < b and ged(cj, b) > 1 for 1< j <x. Fix j with 1< j <x and for
i=1,2,...,a—1—t,consider the walk P; ; : (0, 0), (e;, cj), (2e;, b —1). Clearly, P; ; is a path and the edge lengths
of P; ;, in the order they are encountered, are (e;, ¢;), (¢;, b — 1 —c;). Let

Cij=PF ;U f’z(Pi,j) U [34(1’1',]') U f’6(Pi,j) U--- ;52ab_2(Pi,j)-
Since ged(e;, a) =1, it follows that C; ; is an n-cycle in an orbit of length 2 and
UCi ;) ={(ei,cj), (ei,b—1—cj)}.
Define the set

B= |J wap.
1<i<a—1-t
1<j<x

We want A N B =§. Now, if AN B # J, then as gcd(ck, b) > 1 for every k and b =4 + 3, we cannot have c =2j + 1
or ¢ =2j 4+ 2, so it must be the case that b — 1 — ¢y = 2j + 2 for some k with 1 <k<x. Then ¢ = (b — 3)/2. This
implies that 3|p]2<2 since ged(cy, plzcz) > 1. This is impossible since py >7.

Finally, consider the path P’ : (0, 0), (1,0), (—1,0), (2,0), (=2,0),..., ((a — 1)/2,0), (—(a — 1)/2,0), (a, 1)
and let

C'=P UM PHUP(PHU---Up*=D(ph.
Since ged(1, b) = 1, it follows that C’ is an n-cycle in an orbit of length a and
0CH ={(1,0),(2,0),...,(a—1,0), ((@a+1)/2,b — D}
Let T = S"\(AU B U{(C")) and let (e, ) € T. Then, it must be that gcd(e, 2a) = 1 and gcd(f, b) = 1. Thus,

X=1{p"1C), ¢ (CD),... 7 (C), dHC1), dHC12),s o dTHC1), HTH(Ca 1), dTH(C22),
s 0 NC2)s T (Cami—e1)s @ N (Cam1=02)s s T (Cami—r)s 7 HCN)
(J(Circn: (£~ ((e. PODICe, ) € T)

is a complete system of representatives for a cyclic hamiltonian cycle system of K,, — I. [
Theorem 1.1 now follows from Lemmas 3.1, 3.2 and 3.3.
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