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Abstract

Representations of real Toeplitz and Toeplitz-plus-Hankel matrices are presented
that involve real trigonometric transformations (DCT, DST, DHT) and diagonal matri-
ces. These representations can be used for fast matrix-vector multiplication. In partic-
ular, it is shown that the multiplication of an » x n Toeplitz-plus-Hankel matrix by a
vector requires only 4 transformations of length »# plus O(n) operations. © 1998 Else-
vier Science Inc. All rights reserved.
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1. Introduction

Matrix~vector multiplication for general n x n matrices requires about 2n?
operations. It is desirable to reduce this number in case the matrix has a certain
structure. In this paper we consider matrices with a Toeplitz [a,_;] or Toeplitz-
plus-Hankel structure [a;_; + b;,;]. There are many motivations to consider the
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problem of fast matrix—vector multiplication by Toeplitz and Toeplitz-plus-
Hankel matrices. One of them is the fact that for the solution of linear systems
of equations with a Toeplitz or Toeplitz-plus-Hankel coefficient matrix itera-
tion methods are turned to be very convenient, especially the combination of
circulant or related preconditioning with the conjugate gradient method (see,
for example [6]). In connection with the construction of an efficient iteration
procedure the problem of fast matrix—vector multiplication emerges.

In order to multiply a vector by a circulant matrix C = [a,_ ,]g‘l (a-; = a,_)
FFT can be applied because circulants can be diagonalized by the DFT (see
¢.g. [7]). Thus the multiplication by a circulant can be carried out with the help
of 2 DFT’s and multiplication by a diagonal matrix, and the costs are only
O(n log n). The idea how to multiply a vector by a Toeplitz matrix is to reduce
this problem to the circulant case. There are two possibilities to do this. The
first one is to represent the Toeplitz matrix as the sum of a circulant and a
skew-circulant, which is a Toeplitz matrix with a_; = —a,.;. We will refer to
this way as decomposition approach. The second possibility is to extend the
Toeplitz matrix to a circulant. We call this way extension approach. The decom-
position and extension ideas are mentioned directly or indirectly at a number of
places in the literature (see for example [10,11,16,19,26,27]) and can be consid-
ered as folklore among specialists. In [2] matrix-vector multiplication by Toep-
litz matrices is proposed to carry out by embedding the Toeplitz matrix into a
matrix of a multiplication operator. This is, however, less efficient than the
circulant embedding.

In the case of a dense Toeplitz matrix the decomposition and the extension
approaches are equivalent in the sense that they both require 4 DFT’s of length
n plus 2 DFT’s of length n for preprocessing. In the case of a banded Toeplitz
matrix the extension approach seems to be advantageous since in this case the
amount can be further reduced to 2 transtormations of length # +s where
2s + 1 is the bandwidth of the matrix. It is remarkable that for multiplication
by a general Toeplitz-plus-Hankel matrix also only 4 DFT’s of length » (or 2
DFT of length 2n) are required plus 4 DFT for preprocessing. The extension
approach for this was mentioned in [16] but a decomposition formula can also
easily be found using some intertwining relation between the DFT and the
counteridentity.

All operation counts above concern complex operations. If the matrix and
the vector are real then it is desirable to use only real arithmetics. There are
special algorithms for DFT with real data that require » log,n multiplications
and 2n log,n additions, provided that n is a power of 2. The same amount can
be achieved for the Hartley transformation (see [8,21]). The calculation of dis-
crete sine and cosine transform is very often reduced to real DFT, like, for ex-
ample, in [27] (see also {18,20,28]). These versions require the same amount like
real DFT. However, algorithms do exists with only 17 log,n, i.e. only half the
number, multiplications and %n log,n additions (see., for example, [22,23,25]).
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Therefore, it is reasonable to ask about representations of Toeplitz and Toep-
litz-plus-Hankel matrices involving these transformations. Subject of the pres-
ent paper is to discuss this problem. We give also representations involving the
Hartley transformation. In one case, namely banded nonsymmetric Toeplitz
matrices, we could get a better computational bound for the Hartley transfor-
mation compared with sine and cosine transformations.

Note that the representations with trigonometric transformations are of in-
terest beyond the computational advantage. To mention one example, the kind
of preconditioner used for a Toeplitz system may depend on the nature of the
underlying continuous problem. In particular, this kind of boundary condi-
tions determines the convenient preconditioner which is connected with a trig-
onometric transformation. For this reason it is desirable to have a library of
representations for all trigonometric transformations.

A decomposition formula for symmetric Toeplitz matrices with the help of
the sine-I1 and a modified cosine-1 transformation, which is analogous to the
circulant/skew-circulant representation for complex Toeplitz matrices, was
found by Huckle and presented in [14]. The drawback of this formula is that
the diagonal factor appearing there is not easily obtained by a transformation.
The extension approach for symmetric Toeplitz matrices involving the sine-1
transformation was discussed in [3] by Boman and Koltracht. In the unpub-
lished note [17] of Olshevsky it is shown how triangular Toeplitz matrices
can be multiplied by vectors using properties of Chebyshev polynomials. This
ends up with an algorithm requiring 4 transformations and leads to a proce-
dure to multiply general real Toeplitz matrices by vectors with the help of 8
transformations.

The structure of this paper is as follows. In Section 2 we introduce the real
transformation we will use, which are the 4 common sine and cosine and the
Hartley transformations. Besides the usual Hartley transformation we intro-
duce another transformation which we call skew-Hartley.

In Sections 3-5 we discuss the decomposition approach, in Section 3 for
the case of symmetric Toeplitz, in Section 4 for general Toeplitz, in Section 5
for general Toeplitz-plus-Hankel matrices. The main conclusion of our formu-
las is that a general n x n Toeplitz-plus-Hankel matrix can be multiplied by a
vector with the help of only 4 transformations of length » plus O(n) opera-
tions and 4 transformations of length n for preprocessing. Since the fast algo-
rithms for trigonometric transformation are highly parallizable this would
mean that in parallel computation the complexity is only O(logn). All proofs
of the representations are completely elementary and use only trigonometric
identities.

The Section 6 dedicated to the extension approach. This approach is in par-
ticular advantageous for banded Toeplitz matrices. The multiplication of an
n x n Toeplitz matrix with bandwidth 2s + 1 can be carried out with 2 transfor-
mations of length » + s if the matrix is symmetric and with 3 transformations of



228 G. Heinig, K. Rost | Linear Algebra and its Applications 275-276 (1998) 225-248

this length in the general case. It is remarkable that if the Hartley transforma-
tion is used then also in the general case only 2 transformations are required.

In Section 7 we present some hybrid formulas involving both extension and
decomposition. The application of these formulas involves higher costs. We
nevertheless included them because some of them are quite nice and they give
an indication how more formulas can be found which can be used for special
purposes.

While writing this paper we took notice that Steidl and Tasche are also pre-
paring papers [24] including representations for symmetric and triangular
Toeplitz and centrosymmetric Toeplitz-plus-Hankel matrices. Furthermore, af-
ter this paper was almost completed we received a manuscript of the paper [15]
by Kailath and Olshevsky which contains formulas for Toeplitz matrices using
trigonometric transformations both for the decomposition and extension ap-
proaches. These formulas are derived there only for the case of symmetric ma-
trices but the approach can be straightforwardly generalized. Note that the
method in [15] is different from our approach. We thank all these authors
for useful discussion on the subject. We also thank Olshevsky for providing
us with the unpublished note [17].

The representation formulas discussed in this paper are not the only ones.
For example, with the help of the formulas for transforming Toeplitz and
Toeplitz-plus-Hankel matrices by trigonometric transformations into Cauchy
matrices presented in [13] representations for Toeplitz and Toeplitz-plus-Hank-
el matrices can be derived, since the Cauchy matrices occuring there can be rep-
resented with the help of the same transformations. One formula of this type is
presented in [14] (Theorem 7). This formula seems to be not very efficient for
fast matrix—vector multiplication but there are more possibilities which could
lead to more efficient formulas. Another way to obtain representations for
Toeplitz and Toeplitz-plus-Hankel matrices involving sine and cosine trans-
forms is the splitting approach described in [12] for the transformation of
Toeplitz into paired Chebyshev—Vandermonde systems. The algorithms emerg-
ing from these representations are of the same complexity as those presented
here. So far it is not clear to us whether this way leads to qualitatively new pro-
cedures. Let us furthermore mention the papers [5,4,9] where representations of
more general Toeplitz-plus-Hankel-like matrices are derived from their dis-
placement representation which can, of course, also be applied to simple Toep-
litz-plus-Hankel matrices. This application, however, leads to algorithms with
higher complexity than those contained in the present paper.

It is quite surprising that the problem of multiplication by inverses by Toep-
litz and Toeplitz-plus-Hankel matrices found so far more attention in the liter-
ature than the same problem for the original matrices (see for example [10,11,5]
and references therein). We are planning to discuss the corresponding represen-
tations of inverses of Toeplitz and related matrices using trigonometric trans-
formations in a forthcoming paper.
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2. Preliminaries

For convenience of notation, we define the common real trigonometric
transformations in simplified form, without scaling factors:
DST-I and DCT-I:

. . N-1 .. N—1
S = [sin (_’i].lv)%“ﬁf] ’ %, = [cos Nlﬂtl} ,
0 — 1]
DST-II and DCT-II
. ) No1 . N-1
o | G+ D2+ D i i(2j+ 1w
Sy = {sm BT . , €x Ccos N , ,

DST-1II and DST-III
tSplll (yll) (glll ((g[l)
DST-1V and DCT-1V

2 . Mol . . Nl
g [sin( l+1)(2j+1)‘ﬂ.’] ’ @ = [cos (21+1)(2j+1)1’t:| .
0 0

4N 4N

Hartley transformations

2ijn V! ) i(2j+ DHrM!
Hy = [cas—N——}0 ) Hy = [cas——T— .

where cas x = cos x + sin x.

The transformation ' is the usual Hartley transformation DHT; 5, is
possibly a new invention. We call it skew-Hartley transformation.

These transformations are almost unitary. More precisely,

(S =Q@/N+D)EY, ()7 =(@2/N-1)D(%),)'D,

(N = Q/N(FNDy (6 = /NS D,

(W) = /MDA, (@) = @/N)D(EY),

() =N, (@) = @/NEN)

(AN =N )T = N
where

1
D :diag<§,l,...,l>, D, :diag(l,..., 1%) D = D\D.

Furthermore, these transformations enjoy some intertwining relations listed
next. Let Jy denote the matrix of the counteridentity,
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1
Iy = - )
1
and let Xy denote the matrix Xy = diag((—1)");,. Then
SNy = IS, EIy = Iy6L,
SN =EnSF . CyIy = ZvEy.
SNy = EnEy Gy = InTY,
PNy = ZyEY, CVIy = InSY.

In order to describe the corresponding intertwining relations for the Hartley
transformations we introduce the flip matrix

J,)[l O}
YO v )

Then
HGTy =T Ho,  HyIn=—I A .

Let us point out that the first J in the second equality has no prime.
For ¢ > p, we denote by P,, the (¢ — p) x N restriction matrix defined by

qu(x,-)gq = (Xi)‘H

i=p
We will use also some slight modifications of the transformations, namely

.. N-1 . . N-1
o0 T i (4 DG+ D
ryl!v = [Sm N 1:| s %]’V = [COS___—N+I—— . .

i

0
The matrix 1z |, is just the matrix .}, , bordered by zero columns and rows, i.e.
S\ =P, S\ Py, The matrix €, is a submatrix of 4., viz.
%\ = Piy%).,P,. The intertwining relations for these matrices are
Py = —IxSl By = —IyE.
N i N NV ] N

Throughout the paper, we denote by Zy the N x ¥ matrix of the forward
shift

Zy =
1 0
Let us finally discuss some complexity issues. We denote by t(»n) the compu-
tational costs for a sine or cosine transformation of length n. At the present
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state of the art [24], t(n) = ((1/2)n logyn + cn)(M) + (3/2)n log,n(A)+o(n).
where (A) stands for additions and (M) for multiplications, and the factor ¢
ranges between 0 and % depending on the transformation. Furthermore, let
¢(n) denote the amount for a real DFT or a Hartley transformation. One
has ¢(n) = n log,n(M) + (3/2)n log,n(A) + O(n).

3. Symmetric Toeplitz matrices

First we consider symmetric Toeplitz matrices 7, = [a, ;]; . We assume
that n is already an integer which is convenient for the transformdtlons, for ex-
ample a power of 2. Otherwise 7, has to be embedded in a larger n atrix which
is easily done.

The vector a = (a;) ' is the cosine-1 transform of some 7 = (2,)) ', ie.

a=%6. (3.1)

Theorem 3.1. Let 4 be given by Eq. (3.1). Then the Toeplitz matrix
T, = lay_l5" admits a representation

T, =616 + 9 AP, (3.2)
where A = diag /.

Proof. If a i1s given by Eq. (3.1) then

n—1 . .
- )k
ary =3 s cos (= J)kn

—0 n—1

! JkT ikm . Jkm
= Z/L/\ cos cos -+ sin sin = .
-1 -1 n— 1

Written in matrix form this means

[a"‘*/“];;ﬂl = %IIIA%III + "Oy)ﬂlr/l';)rll'
Now Eq. (3.2) follows immediately. [

Corollary 3.2. The multiplication of a symmetric n x n Toeplitz matrix by a
vector can be carried out at the costs of 4t(n) + 2n(M) + n(A) + o(n) plus t(n)
for preprocessing the data.

Let us show how Huckle’s formula in [14] can be obtained from Theorem
3.1 We choose @, and a,., in such a way that the first and last components
of the cosine-I transform of the vector a — (a;);'' vanish. It can easily be
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checked that this can always be done and an explicit formula can be given. Sup-
pose thata = % ,,(0 4 0]". We apply Theorem 3.1 for n replaced by n + 2. Can-
celling the first and last columns and rows we obtain the following.

Corollary 3.3. Let A be as above. Then the Toeplitz matrix T, = [a);_ j']g‘] admits
a representation

T, =646 + ' 19", (3.3)
where A = diag A.
Note that there is also a representation of 7, using the vector given by

Eq. (3.1) but involving type III transformations instead of type L. This repre-
sentation can be derived using the identity

(i—=jkn (2i + 1)kn (2j+ Dkn
cos P = COS P cos P
. (2i+ Dk . (2j+ Dkn
+ sin m_2 sin m_2

We refrain from presenting it because it is more complicated.
Next we mention decompositions involving transformations of type II and
Iv.

Theorem 3.4. Let 2 be given by

a=¢"a. (3.4)
Then the Toeplitz matrix T, = [a‘,-A”]g" admits representations

T, =%6" 16" + 2,919 7] (3.5)

T, =646 + VAP, (3.6)

where A = diag A.
Proof. If a is given by Eq. (3.4) then

(i— )2k + D)n

1
Ay = Ay €Os o

n—
k=0

n—1 . .
_ Zik(cos i(2k+ )n COS](2k + D
=0

2n 2n

+sin i(2k+ 1)m sin J2k+ )m ’
2n 2n

which leads to

faJ1 " = €A 4 2, AP,
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Now Eq. (3.5) is immediate. Relation (3.6) is proved in the same way. [

We derive now a representation involving the Hartley transformations. First
let us agree upon some language. A vector x € R" is called ever if J\x = x and
odd if J'x = —x. The vector x € R" is said to be symmetric if J,x = x and skew-
symmetric if J,x = —x.

We decompose the Hartley transformations into two parts #* = ¢, + .9,
where %.. is the cosine part and % the sine part of # . We need the following
facts.

Lemma 3.5.

1. If i€ R" is even then & 4 =0 and # /. = 6 /. is even. Vice versa, if € 4 is
even then 1 is even.

2. If 7. € R" is symmetric then ¥_A =0 and # /= C_+ is odd. Vice versa, if
M4 is odd then A is symmetric.

Proof. The rows of &, are odd and the columns of ¥, are even. The inner
product of an even and odd vector vanishes. This implies the first assertion.

The rows of &_ are skew-symmetric and the columns of 4_ are odd. The
inner product of a symmetric and a skew-symmetric vector vanishes. This im-
plies the second assertion. [

Lemma 3.6.

1. If A € R" is even and A = diag A then the matrix T = # [ AH is a symmetric
Toeplitz matrix, T = [ay )y ', where a = (a,)y ' = A7) is even.

2. If i € R" is symmetric and A = diagh then the matrix T = #; A(#)" is a
symmetric Toeplitz matrix, T = [al,;ﬂ]g_l, where a = (a,~)g"l = # s odd. 2

Proof. Suppose that T’ = [t,-_,-]gél. In the first case we obtain, taking Lemma 3.5
into account,

n—| . . n—1 . . . .
\ 2ik 2jk Z 2(i — jk , 2 k
t’./. — /Vk Cas_l_n Casﬁ — /vk (COS w + sin M)
’ P n n =0 n n

= Ay

Furthermore, in the second case we have

2 Actually, 7 in Lemma 3.6 (1) is a circulant matrix, which agrees with a result in [5). The T in
Lemma 3.6 (2) is a skew-circulant matrix.
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n--1 . .
2k +1 2k +1
t = g A casl( + m cas‘/( +1r
k=0

n—1 . . . .
— )2k 2k + 1
= g ),k<cos (= )2k + 1)n+ sin (4 )2k + )n) =y
k=)

n n

n n

According to Lemma 3.5, the vector a is even in the first case and odd in the
second one. [

We present a representation with the Hartley transformations. Let
T,,:[a\,-,,-\}éj" be the given matrix. We set a, = ay, and define vectors
a* = (a?); ' by

I

a” = %(a/ +a, ).

Then a™ is even and a™ is odd and a = a' + a~. According to Lemma 3.5 there
exists an even vector /' and a symmetric vector ;~ such that

at = _W:/Z“L, a = ‘//'”'/1- . (3~7)
The following is now immediate.

Theorem 3.7. Let /. be given by Eq. (3.5). Then the Toeplitz matrix T, admits a
representation

To=A7A(F)

1

Yo+ A ()
where A* = diag A%,

Theorem 3.7 can also be obtained from the representation of T as the sum of
a circulant and a skew-circulant matrix. The circulant part can be diagonalized
with the Hartley transformation according to [1], and the skew-circulant part
can be diagonalized according to an analogous result.

4. General Toeplitz matrices

We consider now general Toeplitz matrices 7, = [a,;]; . First we deal with
transformations involving sine-I and cosine-1 transformations. We split the
vector a = ga,)';:,‘, into its symmetric and skew-symmetric parts a =a™ +a",

+ )=

a* = (a7 )\_,, aF = (1/2)(a; = a_;). Suppose that

(@) =600 (@)=L (4.1)

Then we have
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n—1 . . . .
ikm km . dkm . jkm
= E AL | cos cos 2 4 sin sin -2
= n—1 n—1 n—1 n—1

n-2 . . .
Jkm ikm . jkm
+§/A<51n oS — 1 cosn_lsmn-1 .

Translating this into matrix language we obtain the following.

Theorem 4.1. Let A7 be given by Eq. (4.1). Then the Toeplitz matrix
T, =lai_jly ' admits a representation

T” = (g;l <A+(6rli - A—(;}lll> + 'yz (A + 5/;111 + A‘(6'111> *

= diag(4)y ', where /LO =A_, =0

S1m11ar1y the followmg is derived.

Theorem 4.2. Let 1= be given by

4yn—1 Iy a+\—1 . 1 n—1
@)y =6/, - (@) =0
where a* are defined as above and a; is arbitrary. Then the Toeplitz matrix
T, = |ai- ,} ~' admits a representation

T;; — (gll(A+(g'”l _ szTyl”> + Zne(/[l(A+ZT'g7”[ + /1_(6”1)‘
where A* = diag(iF);™.
If one wants to use transformations of type T11 and IV one has to decompose
the vector a = (a; )1 , generating the Toeplitz matrix 7, in a different way,

namely as a = a, +a_, a+ = (as,;)|_ ,',, as; = (1/2)a;+a;),a_,=0. Then
a,,; = *a, _;-;. Now we represent

(@ )y =W, () =SV (4.2)

A similar calculation as for the type-1 transformations then leads to the follow-
ing.

Theorem 4.3. Let Ay be given by (4.2). Then the Toeplitz matrix T, = [a;_ ] :
admits a representation

7-;1 - l:(gl“ (A P()ng ZnA PI n+l=sp,,¢ 1)

n+l

yl” <ZT/1 P(),, ¢/1+l + A Pl a1 6,;4])}R}/}'

where Ay = diag A..
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For a representation with type-1V transformations we assume that
-1 1V - -1 .
(a+.i)3 = %},V/V#—a (a,_,»);; = y),l;VAf' (4~3)

An elementary calculation leads to the following.

Theorem 4.4. Let Ay be given by Eq. (4.3). Then the Toeplitz matrix
T, = [aiJ0”" admits a representation

T, =6V (A6 — 4™ + V(AN 1 A G,

where Ay = diag /..
The main conclusion of this section is the following.

Corollary 4.5. An n x n Toeplitz matrix can be multiplied by a vector at the costs
of 41(n) + 4n(M) + 3n(A) + o(n) plus 2(n) for preprocessing.

In order to get representations with Hartley transformations we need the
following counterpart of Lemma 3.5, which can be proved in the same way.

Lemma 4.6.

1. If 2 € R" is odd then 6,4 =0 and # 1= %) is odd Vice versa, if & ./ Is
odd then 4 is odd.

2. If 2 € R" is skew-symmetric then €_/. = 0 and # L = S _4 is even. Vice ver-
sa, if A A is even then J is skew-symmetric.

The counterpart of Lemma 3.6 is the following.

Lemma 4.7.
1. If A e R" is odd A = diag i then the matrix T = #[AJ,# is a skew-sym-
metric Toeplitz matrix, T = [a;,_j]y", where a — (a;)y ' = #F 4 is odd.

2. If 2eR" is skew-symmetric and A =diag.s then the matrix
r= "#’;;illjf;(:yf’;)iis‘a skew-symmetric Toeplitz matrix, T = [a;,_}]i ', where
a={(a;), =H_ A Is even.

Proof. First let us recall that

. 2"7.[ ) 2”TC n—1
-],;””r = ,W,'I: ’; = (:COSL__ sin 17 jl
n n o
g j 2 i 1 . ; 2 ; 1 n—1
J’,’f%":—"yf;*]n:—[cosl(]—k )n—sml(-/_l_ )‘ﬂ?} A
" n 0

n—1

Suppose that T = [t,],” . In the first case we obtain, taking Lemma 4.6 into ac-
count,
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n—1 . . . .
2 . 20— Pk
ti; = Z/lk (cos (i + )k + sin (i—J) n) =a;;.
p n n
In the second case we have

E‘ ( +J)(2k+l) .n(i—j)(2k+1)n>

n n iy
According to Lemma 4.6 the vector « is even in the first case and odd in the
second one. []

Combining Lemmas 3.6 and 4.7 we obtain a representation of general Toep-
litz matrices by Hartley transformations. Suppose T, = [a,-j]o be the given
matrix and a = (a<) . We split a into its symmetric and skew-symmetric parts
a=a"+a andthe halfs of these vectors into even and odd parts. That means
we define the following vectors ay. = (ai:{:.i)']’:,l, by

_1
A+ =3 (@ £ ap_;i+a_;*+a,),

4.4
a-i; = % (@ £a,; — (a_; £a;_,)). 44
Furthermore, let AL, be given by
n—1 + n—1 —~
Ay, =H A, ay_; =H, A
( +4. )() n 4+ ( +-— ) v+ (45)

@iy = Aoy () = AL

",_

note that A, , is even, A, _ is symmetric, A_, is skew-symmetric, and 4__ is odd.

Theorem 4.8. Let iy, be given by Eq. (4.5). Then the Toeplitz matrix
T, = |ai- j]gfl admits a representation

Ty = (Apy + AINVHT + H (A + A JNAH), Ay = diagh,.

5. General Toeplitz-plus-Hankel matrices

We consider now general n x n Toeplitz-plus-Hankel matrices R,. These ma-
trices can be represented in the form

R, =TV + 7%y, TO=1"p" (=102). (5.1)

n i—J

Applying the theorems of Section 4 and the intertwining relations for the
transformations listed in Section 2 we obtain the following.

Theorem 5.1. 1. Suppose that ag?,» = %(az('l) + “(—l?)’
(@) =600 @)= L00)7 1=1.2).

Then the Toeplitz-plus-Hankel matrix R, admits a representation
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Ry =6 (AN 4+ 5,42)6! — (41— 5,409
+ S(AY = £ AT 4 (A + 5,42)6)),

NGRS Y, (/)
where Ay = diag(/, { o ,/v(,jj() =", =0.

=1
2. Suppose that a'’, = %(af:” +d").
(@ly =Gy @) = o =1.2),
where a‘f?n is arbitrary. Then the matrix R, admits a representation
R, =%"(A" — A ZTE )M — (417"
— APz M) + 2, </"'((A Nzl + AP )N 4 (AN
+ A 2775y,

n]

where A = diag(1"

[

i

Hyyn=1 N yn-1 [y yn—1 n—1
(a(+_),»)0 (/n( {+A)0 ,(a( o = qw( ')0 (1=1,2),

where at! _’” is arbitrary. Then the matrix R, admits a representation

3. Suppose that a', = Ha" + al ),

R, =6 (A} = 2,46 — (A1 — 2,489
TN AN (AT 2 AP,

where A = diag(Z\" )"

These formulas simplify significantly if the matrix R, is centrosymmetric, i.e.
if both TV and T?' are symmetric. Let us mention the corresponding formula
for the type-I case.

Corollary 5.2. Suppose that R, is as above where 7" ({ = 1,2) are symmetric and
@yt =y, (1=1,2).

Then R, admits a representation

R, =6 (A + 2,46 + S (AN = 5,405,
where AV = diag(2");"

The main conclusion of this paper is the following.
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Corollary 5.3. An n x n Toeplitz-plus-Hankel matrix R, can be multiplied by a
vector at the costs of 4t(n) + 8n(M) + Tn(A) plus 41(n) for preprocessing. If R,
is centrosymmetric then the costs for preprocessing reduces to 2t(n).

We present now a representation of general Toeplitz-plus-Hankel matrices
with the Hartley transformations. Suppose that R, = T + T!2J, is as above.
We extend the matrix R, to an (n+ 1) x (n + 1) matrix R adding one column
on the left and one row at the top via

(1)
THH + II+IJ/1+I

where T,ff, =[a]s and & is arbitrary (/=1,2). Then we have

R, = P .\RP| .. We can use now the intertwining relations for the Hartley

transforms in order to get a representation for R.
We define, like in Section 4,

(1 (0
a-fj:J_J;( l :tan*l i+a Bia: n— l) (52)
m 1 A0 0 '
a-vi.i:Z( i j:a/1+l I_( - ia—n 1))
and
0y \n ~ () )y \n _ s— (1)
(afjoj)() =7, (++ (ayli)e =, AL, (5.3)
() \n =50 (OGN 5 (1) ’
(aZi)o= A, o (a})o = b#:’(f—
where [ =1, 2.

Theorem 5.4, Let Aii be glven by Egs. (5.2) and (5.3). Then the Toeplitz-plus-
Hankel matrix R, = T,, (h + T J,, admits a representation

Ry = Pt (A (AL + A%+ (AN + ATy )

n+i

+ yfn+](‘/1(1 - El + (A(—+ - Af—)J"'H)(#rH»]) )PlTn+l7
AL = diag 4. (1=1,2).

6. Extension approach

The idea of the extension approach is to identify given n x n Toeplitz, Hank-
el or Toeplitz-plus-Hankel matrices as submatrices of N x N matrices, N > n,
of the form Ry = 7\ A(7 Y, where 7\V(1 = 1,2) are real trigonometric
transformations and A is a diagonal matrix. Matrices of this form are for many
choices of the transformations special Toeplitz-plus-Hankel matrices, as we see
at once.
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6.1. Symmetric Toeplitz matrices

First we want to embed symmetric Toeplitz matrices T, = [a);— j|]f,7' into ma-
trices of this form. It is reasonable to assume in this case 7| = 7 2.

Lemma 6.1. Suppose that a = (ai)gl‘l,A = diag 4.
N-—1
1. (g;\,/l(gl\, = % [a‘(;j‘ + a,'+j10 3
where a = ‘gjvi,am_g_,- = q.
<] I o 1 N_l
2. AALy =5lai-g —agl
where a = ‘6}\,2, Aan_o_i = a;.
1l T Nl
3. EyAGy) =slag T agl
where a = ‘6,1\}/1, awn_; = —a;.
it T Nl
4. SwASL ) = %[a\i—.i{ —anjaly
where a = ‘62/1, awn_; = —a;.

3. (g}\lvl/l((g}v“f =3l + “i+.i+l]gfla

a 1
where = %N-H 0 yAon—i = 4.
ay L

6.  IMAFM =1aq— aily

a 1
where =%y Jaay_i = 4.
ay A

IV 40V 1 Nl
7. Gy Ay =3lay-+ ainly
where a = (6}\;2, dan_i = —a;.
8 VALY =Lap—ar iy
: 7N N T 31—l i+jt+tlo
1l
where a = €A aw_; = —a;.
o+ + N-1
9. HNAKH Yy = e + sivlo s
where ¢ = € A, s = L 1A, Sin = Si.
_ N T N
10. fNA(#N) = [C,'A_,' +Si+.i]0 f
where c = €_A,s = F _A,sin = —5i.
11 (H)TAHy = e+ iy
. N Ny = 1€i—j T Sitjlo >

AT - T
where ¢ = € i, s = S A sin = —si.
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In Lemma 6.1 (5) and (6) the number ay has to be chosen in such a way that
the first or the last component of (%) '[a ay]" vanishes. But this can easily
be achieved.

In the following theorem we are looking for the smallest possible N for
which a symmetric banded Toeplitz matrix can be embedded into a matrix
of the form Ry = I yAT ; Of course a embedding into matrices of larger size
is also possible. Note also that in the case of a dense matrix sometimes this
number N can still be reduced by 1.

Let us illustrate the structure of the matrix Ry in the following figure.

p{ Toeplitz+Hankel
n banded Toeplitz
p{ Toeplitz+Hankel

Theorem 6.2. Ler T, = [ay;.. /!] "bea symmetric Toeplitz matrix such that a; =0

for izs and let (a,)o =UpuA, where Uy is one of the trigonometric
transformations. Then

T, = 2P, T yAT LPT (6.1)

p.ptn?

where N = n + 2p, A = diag/ and one of the following is valid:

Tn="%6y, Uy=%y, M=N, p=][s+1)/2],
Tx=Sy. Uu=%y, M=N, p=][s+1)/2],
Tn=%Y, Uy=%%, M=N, p=][(s+1)/2],
Tn=9% Uy=%", M=N, p=|s—1)/2],

N

N=EY, Ay =6, M=N+1, p=[s/2],
Tn=SW, Uy=%,, M=N+1, p=I[s/2],
Tn=6Y, Uy=%Y, M=N, p=1Is/2],
=N Uy =%, M=N, p=Is/2].

}

N

Here [ denotes the integer part.
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Corollary 6.3. An n x n banded symmetric Toeplitz matrix with bandwidth 2s + 1
can be multiplied by a vector at the costs of 2t(n+ s) + (n + 5)(M) + o(n) plus
1(n + ) for preprocessing.

For the Hartley transformations the extension approach is slightly different.
We do not extend the g; by zeros but in such a way that the extended vector is
even is odd. In this situation the matrix Ry is, according to Lemma 3.6, purely
Toeplitz and an extension of the original matrix.

Theorem 6.4. Let T, = [aI,-,i,-f}S*l be a symmetric Toeplitz matrix such that a; = 0
Jor i =s. Assume that N =n+s—1 and the a; for i 2 n are defined by
ay_; = ta;. Then

T, = P A AL (HE) P,

where (a,-)gLI = #Hiig, A = diag iy,
6.2. Triangular Toeplitz matrices

We discuss now the extension approach for triangular Toeplitz matrices.
Suppose T, = [a,-__,-}g*' where a, =0 for i< 0. We set N=2n+1 and
b= (b,-)‘OV“1 with b, = a, , ;. Let u be defined by b = %} u. The matrix 7, can
now be found in the upper right corner of the matrix Ry = %), diag u%},. Only

the first row and the last column have to be cancelled.

n+1 ) .
\ triangular Toeplitz

Toeplitz+Hankel

More precisely, the following is true.
Theorem 6.5. Let M = diag u, where u is as above. Then the lower triangular
Toeplitz matrix T, can be represented in the form

Tn = 2Pl4l1+l(67}[vM%il\lPT

n2n-1"
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Remark 6.6. It is also possible to choose N = 2r — | and b and p as above.
Then 7, is the upper right corner of Ry except for two 2 entries.

Analogous representations can be deduced for the other trigonometric
transformations, except for the Hartley transformations. We refrain from pre-
senting them all because for triangular Toeplitz matrices no gain is achieved
with the extension approach in comparison with decomposition approach.

6.3. General Toeplitz and Toeplitz-plus-Hankel matrices

In order to get representations for general Toeplitz matrices we need expres-
sions generating skew-symmetric Toeplitz matrices in an analogous manner
like symmetric Toeplitz matrices were generated in Lemma 6.1. This can be
done combining sine and cosine transforms and is outlined in the next lemma.

Lemma 6.7.
o 1 ,
pl % N-1
1. (/J’VA%.NY = -2— [a,;,- + (l,‘+},‘}0 )
N-2 A WN=2 -
where (a;)) = ,9""&,72(/%)1 Ao =Avoy =0,ay.n i =a_, = —a;.

N-1

1
2. Zn'gﬂllwl’/l(g/l\[’l ~ 2 i+ ai iy

N g \N-1
where (a;), = S y(A)y Qi = —a_; = a,.
3 (/]”Z']_A(g” _ 1 N-1
. v enAty =3 i+ ai iy
Nt 1 - \N—1 s
where (a;)) " = Ly (4)] Ao =0,amw_;, =a., = —a.
4 yllA((:lllZ _ 1 N—1
: S NACN L _E[ai,,+a,,,,3]0
N I/~ \N—1
where (a;)] = S y(A)y aw—i = —a_; = a;.

W ooy 1 N-1
5. Sy A€y = 3 [ai-; + aivjily s
N » \N-1
where (a;)| = ,9"1\}(41\.)0 Jay_i = —a_; = aj.
1 ,
IV geolll N1
6. Ly Ay = 3 lai-; + Qinyly

where (a,-)‘g"l = ,V’LY(ik)}:/*l,agA,»,[ =a,.) = —a_,;.

In the next theorem we formulate only a few of all possible representations
of banded Toeplitz matrices with trigonometric transformations.
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Theorem 6.8. Let T, = |a; ;157" be a Toeplitz matrix such that a; = 0 for |i| = s
and at = (1/2)(a; + a_;). Then:
L lf

N1 \ _\N=2 TNN-2 ..
(a)o :(g;vMs (a; )/]V = Zlv 2 (4 )|V ?, by =iy =0

1

then
T, = Pp./’+n((6?;\//1+ + ‘g)g\’ )(6 PI-TI”"
2. If
@0 = A (@) = S

then
T, = Pppin(GyAs + ZNSNANEYP) .
3. If
@)y =i, (a)) = SN0,
then

T, =P, 6y A+ S A)EY P!

N pptn

In the first case p=[(s+1)/2], in the other cases p=s/2]; in all cases
A:t = dlag j':t'

Corollary 6.9. An n x n banded Toeplitz matrix with bandwidth 2s + 1 can be
multiplied by a vector at the costs of 3t(n +5) + 2(n + 5)(M)+ (n + s)(A)+ o(n)
plus 2t(n + s) for preprocessing if sine and cosine transforms are used.

Thus, the extension approach is advantageous compared with the decompo-
sition approach if s < n/3.

If the Hartley transform are used one gets always a gain if the matrix is
banded. The approach to derive the formulas is quite different. Note that, dif-
ferently to the sine/cosine transformations the combination of different Hartley
transformations leads again to symmetric and not to skew-symmetric matrices.
The skew-symmetry is achieved with the help of the middle factor J}, (see Lem-
ma 4.6). Applying Lemmas 3.6 and 4.6 we obtain the following.

Theorem 6.10. Let T, = [a; ;3 ' be a Toeplit= matrix such that a; = 0 for |i| =

Assume that N =n+s— 1 and aF = (1/2)(a; £ a_;).

1. Leta* fori=n,...,N — | be defined by at_, = +a*, (ab)) ' = #is, Ay =
diag A.. Then

T, = Poa 5 (A + AT (AP,
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2. Let at for i > n be defined by ai , = FaF,(a¥)y ' = #5is, As = diag iy.
Then

T, = Pon 5 (Ay + A_JL)(H#7) P
Corollary 6.11. An n x n banded Toeplitz matrix with bandwidth 2s + 1 can be

multiplied by a vector at the costs of 2¢(n+s) +2(n+s)(M) + (n + s)(A)+
o(n) plus 2¢(n + s) for preprocessing if Hartley transformations are used.

All formula presented in this section can now be generalized to Toeplitz-
plus-Hankel matrices using the intertwining relations listed in Section 2.

7. Hybrid formulas

It is also possible to combine the decomposition and extension approaches
to get some hybrid formulas. First we present such formulas for Hankel matri-
ces H, = [h,-H]g*‘. Weset N=2n—1and h = (h,-)(’;’". Suppose that

h=6 5, h=Lu"
and
= diag A%, M* = diag p*,

where X =1, I, I1I, IV. Now #,,; can be represented as a linear combination of
cosines or sines in which the sum of arguments appear. For example, in the co-
sine-I case we have

L3
hiyj = Z’k cos Zilcos km ]\f—nl

k=0
Ni:l)[ sin ik sin Jkm
- L, si .
LHTTN—1T N -1

Written in matrix form this leads to the following.

Theorem 7.1. The Hankel matrix H, admits the following representations:
1. DCT-I

H =B, [@NA% _ ,s"ﬁ'NAk&IN] AT
2. DST-1

Hn = PO.II ['SP;\/MI(%I ) + (gl M yl ZT]

latl1?
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where
(()l\ - Rh\"(d\' uPI,\ul- (Z,Iw - P]»N"lf("‘l\wlpl].-.\#l'
3. DCT-II
H, =Py, [N A" (@7
— ZyINANS ) 2R,
4. DST-1I
H, =Py, [Zyv s MY (6 7,
+EWM" ()R,
5. DCT-1II
H, =Py, (60 A" %)
~ NI TR,
where here
Ty = P\, Pl Ty =Pl Bl
6. DST-II1
H, =Py, [/ VM (@) Zy
+ Zy M ()R,
where here

(le = Pl,,»\ur]%",[yHPJN, 9’[\, = Pl.:\"+l-(/)l]\,v$|})(I\,v,
7. DCT-1V
Hn = PO.n [(611\],/1]\/((9//1,\\/ — Z\/(/jil/llv(/)l\v] ])(')ll-”,
8. DST-1V
. . T . ) T
Hy = B [2es e (6) = o™ ()T

We consider now general Toeplitz-plus-Hankel matrices R, = H, + G,J,,
where H, = [h,,,s"" and G, = [g;. ;s

We intend to combine Theorem 7.1 with the intertwining relations listed in
Section 2. Below we mention two cases where such a combination leads to sim-

ple formulas.
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Theorem 7.2. 1. Suppose that
h=4%6\7 g=%.
Then
R, = Py, |6 (A" + D)6 — # (A" = 1)L | BT,

where A' = diag 4', I' = X diag 7.
2. Suppose that

h=4Yi", g=9Vu
Then
R, = Py, |68 (AY + M)EY — Zy sy (A = M) Y|Py

where A" = diagi" and M = Z diag p.
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